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Pilgrim Trust Lecture 
Molecular layers 
By Irving Langmuir, For.Mjem.RJS. 

(Read 8 December 1938 —Received 5 January 1939) 

If fragments of camphor are placed upon a clean water surface they 
move about vigorously and may even be made to propel toy boats. The 
late Lord Rayleigh ( 1890 a, 1890 c) found that these movements stopped 
rather abruptly if the surface tension of the water was lowered by 21 
dynes/em. by oily contamination of the surface. The amount of olive oil 
needed for this purpose was surprisingly small, corresponding to a thick¬ 
ness of only 16 A (16 x 10~ 8 cm.). 

Miss Pockels ( 1891 ) proved that any amount of olive oil less than enough 
to give a critical thickness of about 10 A had no effect whatever on the 
surface tension of water, but above this limit the surface tension decreased 
rapidly as the amount of oil was increased. Only 5 g. of olive oil would be 
needed to cover an acre of water surface with a film of this critical thick¬ 
ness. 

Miss Pockels also showed that accidental contamination of the surface, 
which had previously complicated nearly all observations of surface-tension 
phenomena, could be eliminated by using a trough filled to the brim with 
water, and sweeping impurities off the surface by the motion of barriers 
which rested on the edges of the trough. This use of movable barriers to 
confine films, to compress them or to remove them from the surface, laid 
the foundation for nearly all the modern work with films on water. 

The early theories of surface tension had been developed by physicists 
(Thomas Young 1805 ; Laplace, Gauss, etc.) who either treated liquids as 
continuous fluids between whose elements of volume forces acted, or con¬ 
sidered only spherical molecules which exerted upon one another forces 
that varied as a function of the distance between molecular centres. Such 
theories naturally could not take into account the wealth of knowledge 
that had been accumulated by organic chemists regarding the structures 
of organic molecules. 

Lord Rayleigh ( 18906 ) gave a valuable analysis and a criticism of the 
classical theories of surface tension but with hardly a mention of mole¬ 
cules. He called attention, however, to a remarkable estimate of the range 
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of molecular forces made some 80 years previously by Young: “The extent 
of the oohesive force must be limited to about the 250 millionth of an inch 
( 1*0 A).. .nor is it very probable that any error in the suppositions 
adopted can possibly have so far invalidated this result as to have made 
it very many times greater or less than the truth.” The logic of Young's 
method of arriving at this conclusion is still valid, hut for over a century 
no applications seem to have been made of tliis fact that the molecular 
forces of cohesion have a range of action which is even less than the 
diameters of atoms. 

Systematic studies of the surface tensions of aqueous solutions of 
organic substances were made by J. Traube ( 1891 ). He investigated 
particularly the effect of increasing chain length in homologous series of 
aliphatic acids, alcohols, esters, amines and aldehydes. He found many 
empirical relations between the compositions of various substances and the 
lowering of the surface tension produced by them, but was not able to 
give any theoretical interpretation. 

A few years later Lord Rayleigh ( 1899 ) repeated many of the experi¬ 
ments of Miss Pockels and made further applications of the methods she 
had devised. He suggested that olive oil spreads on water until it forms a 
film consisting of a single layer of molecules. The thickness and many 
other properties of the films gave support to this hypothesis. He stated: 
“It is obvious therefore that the present phenomena lie entirely outside 
the scope of a theory such as Laplace’s, in which matter is regarded as 
continuous, and that an explanation requires a direct consideration of 
molecules.” The work of Traube and Rayleigh thus mark the beginning 
of the science of surface chemistry. 

Henri Devaux since 1903 has published about 100 papers dealing with 
monomolecular layers (monolayers) on water and on mercury. He has 
developed many new and valuable techniques. As early as 1905 he proved 
that egg albumin spreads on water to give a remarkably elastic monolayer 
which cannot be driven back into solution by compressing itibe&^&en 
barriers. He measured the thicknesses of various films and 
these served as a measure of the molecular diameter; in many cases these 
values agreed well with those calculated in other ways. 

Evidence of the short range of the forces which 

CAUSE ADSORPTION 

Between 1910 and 1916 I made many studies of the effects produced 
by the introduction of low pressures of gases into highly evacuated bulbs 



Pilgrim Trust Lecture 


3 


containing heated tungsten filaments. I found (1912, 1915) that small 
amounts of hydrogen could be made to disappear by heating the filaments, 
and this gas was not adsorbed by the filament but was dissociated into 
atoms which condensed on the surface of the bulb as a single layer of 
atoms which retained their chemical activity even after the filament was 
allowed to cool. This adsorbed hydrogen on the glass was able to react 
immediately with oxygen subsequently admitted, causing the disappear¬ 
ance of an amount of oxygen which was the chemical equivalent of the 
atomic hydrogen that had previously been adsorbed. Sinoe hydrogen 
atoms on the glass, if they are in contact, react with one another to form 
molecular hydrogen it was never possible to obtain a layer more than 
1 atom thick. 

When oxygen was allowed to act on the heated tungsten filament the 
trioxide W0 3 was formed. At the highest temperatures about 50% of 
the molecules of oxygen striking the filament reacted to form W0 3 . This 
proved that the surface of the filament must have been nearly completely 
covered with an adsorbed film of oxygen which reacted with the impinging 
oxygen molecules to form W0 3 (Langmuir 1913). Since these experiments 
involved temperatures as high as 3000° K and pressures of oxygen of‘the 
order of 0*001 mm., it is evident that the film of adsorbed oxygen has an 
extraordinary stability. Subsequent experiments (Langmuir and Villars 
1931) showed that the heat of evaporation of the oxygen film was about 
100 kcal./g. atom. At 1500° K the life of this film was calculated to be 
about 3 years. The presence of the film could be detected by its effect in 
decreasing the electron emission by a factor of 10,000 and by preventing 
the dissociation of molecular hydrogen by the hot tungsten filament at 
1500°K. 

These experiments indicated that adsorbed films of very great stability 
were formed in which single layers of atoms were chemically bound by the 
underlying surface. The forces involved were clearly those between atoms 
in contact and were not at all like those which had previously been thought 
the cause of adsorption—forces which were assumed to act over con¬ 
siderable distances holding the adsorbed gas molecules as a kind of 
miniature alpj^ghere. 

Although mlfe cases of adsorption which I have just described mani¬ 
festly involved chemical forces like those that act between atoms within 
molecules, I was led to the hypothesis (1916a) that short-range forces 
should be responsible for nearly all types of adsorption. The chemist was 
already famiUax with forces that showed an enormously wide range of 
intensities, including weak forces of the secondary valence types illustrated 
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by the occurrence of water of crystallization in many crystals. In general 
the experience of the chemist had been that molecules interact only when 
in contact. According to this concept a solid or liquid surface should 
have its adsorbing power completely altered when it becomes covered by a 
single layer of foreign atoms or molecules, since molecules in a second 
layer can be in contact only with those in the first layer and not in contact 
with the substrate. 

To find whether these ideas were generally applicable I began to con¬ 
sider the surfaces of liquids. The work of Marcelin, Devaux and Lord 
Rayleigh with oil films on water supported the idea that the forces acted 
only between molecules in contact. I wished particularly to know the 
cause of the spreading of oil on water. I noted that a pure hydrocarbon 
oil, such as a higher hydrocarbon like hexadecane or liquid petro¬ 

latum, does not spread at all on water. A drop of such an oil remains on 
the surface as a lens of considerable thickness, while a higher fatty acid 
such as palmitic acid, C 16 H 31 COOH, spreads to form a monolayer. The 
spreading must, therefore, be caused by the presence of the carboxyl 
group, —COOH, at the end of the long hydrocarbon chain. Acetic acid 
and proprionic acid, lower members of the fatty acid series, are readily 
soluble in water while the corresponding hydrocarbons are relatively 
insoluble. The carboxyl group is thus hydrophilic or has a marked affinity 
for water. 

The postulate of short-range forces thus automatically leads to the con¬ 
clusion that a higher fatty acid such as palmitic acid should spread on the 
surface so that the carboxyl groups come into contact with the water 
while the hydrocarbon chains remain packed side by side in contact with 
one another (Langmuir 19166 , 1917 ). The molecules are thus oriented 
with the hydrophilic groups or heads in the water while the hydrophobic 
parts or tails lie above the heads in a more or less vertical position. The 
maximum amount of the fatty acid that can spread on a given water 
surface is limited by the number of molecules that can be packed into a 
single layer. There would be no tendency to spread as a second layer 
because the hydrophilic groups in this second layer could not come into 
contact with the water. 

Sir William Hardy ( 1912 ) in discussing the interfacial surface tension 
between fluids had pointed out that if the stray field of a molecule be 
unsymmetrical the surface layer must differ from the interior in the 
orientation of the axis of the field with respect to the surface and so form 
a skin having all the molecules oriented in the same way instead of 
purely random ways. Hardy, however, believed that the cohesive forces 
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between molecules were long-range forces, often acting through distances 
of several thousands of Angstrom units, and so considered that the 
orientation extended through many layers of molecules. On this basis it 
is impossible to account for the widespread occurrence of monolayers of 
insoluble substances on water. Hardy’s failure to recognize the importance 
of short-range forces prevented him from drawing useful conclusions from 
his ideas regarding the orientation of molecules on surfaces. 


Areas and compressibilities of monolayers 

To study the properties of monolayers of fatty substances spread on 
water, a known weight of the substance is dissolved in a volatile solvent 
such as benzene and definite volumes of this solution are delivered from a 
micropipette on to a clean water surface in a trough. At one end of the 
trough is a movable barrier which can be used to compress the monolayer 
and at the other end is a floating harrier attached at its ends to the edges 
of the tray by waxed silk threads or by thin flexible metal strips so placed 
that the monolayer cannot escape round the ends of the barrier. By 
means of a torsion wire or other device it is possible to apply known forces 
sufficient to hold the floating barrier in a fixed position, notwithstanding 
any force communicated to it by the monolayer. This surface balance thus 
measures the difference in the surface tension between the two sides of the 
floating barrier. If y 0 is the surface tension of a clean water surface and y 
is that of the water covered by the monolayer, then the surface balance 
measures a surface pressure F given by 

F =» y 0 -~y. (1) 

The force F, in dynes/cm., exerted by the monolayer upon the floating 
barrier is properly thought of as a surface pressure which acts to reduce 
the surface tension of the water. Of course one could regard the barrier 
as being pulled towards the clean water surface by the higher surface 
tension of this surface, but one obtains a far more realistic description of 
the observed phenomena by considering that the monolayer, when com¬ 
pressed, exerts a surface pressure upon the floating barrier. The com¬ 
pression of a monolayer by a moving barrier is thus analogous to the 
oompression of a gas in a cylinder by a moving piston. 

By applying a series of known compressions, as given by the surface 
balance, and measuring the corresponding areas of the monolayer, one 
obtains data for the construction of a curve giving .Fas a function of a, the 
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area per molecule. In a similar way with a cylinder and piston we oould 
measure the relation between the pressure of a gas or liquid and the volume 
per molecule occupied by it. The relation between the volume and the 
pressure of a gas is known as the Equation of State of the gas. Similarly, 
we can regard the relation between F and a as the Equation of State of the 
monolayer. 

A three-dimensional ideal gas has the equation of state 

pv « kT or p = nkT , ( 2 ) 

where p is the pressure, v the volume per molecule, T the absolute tem¬ 
perature, k the Boltzmann constant, 1-37 x 10 " 16 erg/deg., and n the 
number of molecules per unit volume (the reciprocal of v). This equation 
of state corresponds to the case where the gas molecules exert no forces 
upon one another. 

Liquids and solids are characterized by relatively low compressibility; 
the concentration does not increase in proportion to the pressure as given 
by equation ( 2 ), but at a far slower rate. 

The thermodynamic relation known as Gibbs’s equation enables us to 
calculate a two-dimensional equation of state of the monolayer if we 
know the partial pressure, p , of the saturated vapour of the substance 
forming the monolayer or the partial osmotic pressure, p, of the dissolved 
substance in the underlying solution—these relations being known as the 
adsorption isotherms of the monolayer. 

Whenever the ideal gas law of equation ( 2 ) is applicable in the three- 
dimensional vapour or liquid phases which are in equilibrium with the 
monolayer, Gibbs’s equation takes the simple form 

dFjd log p = crkT. ( 3 ) 

If the molecules in a monolayer exert no forces on one another, the 
surface pressure F should vary in proportion to the surface concentration 
<r, and both these quantities should vary in proportion to p. Under these 
conditions by means of equation ( 3 ) it can be shown that the monolayer 
behaves as an ideal gas and its equation of state must then be 

Fa « J kT or F = arid. ( 4 ) 

In comparing these equations with equation ( 2 ) we see that they are of 
similar forms and the Boltzmann constant k occurs in both. 

The F-a curves (Langmuir 1917 ) for several substances are given in 
fig. L The abscissae are the areas per molecule in sq. A. The dashed line, 
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marked palmitic acid, represents the lower part of the F-a curves which 
are obtained for the higher saturated fatty acids and alcohols having 14 or 
more carbon atoms. The monolayers of these substances are relatively 
incompressible and occupy areas of about 20 sq. A/mol. Since they do not 
tend to spread indefinitely as F is reduced to zero, these monolayers, which 
are said to form condensed films, act as two-dimensional solids or liquids 
rather than gases. 

The difference between the liquid and solid states in a film is readily 
determinable by the degree of mobility of dust particles or a small strip 
of paper placed on the surface. If one blows gently on the surface, these 



objects move if the monolayer is liquid but appear as if frozen into the 
surface if the monolayer is solid. The films given by the fatty acids and 
aloohols on pure water are liquid, but the presence of low concentrations 
of divalent or particularly trivalont cations in the water, especially if the 
pH is high, causes the films of the acids to become solid. 

We have seen that molecules of a fatty acid spread to form a single 
layer of oriented molecules with the carboxyl groups in the water. The 
area per molecule, a, is thus determined either by the size of the head or 
hydrophilic portion, or by the cross-section of the hydrooarbon chain or 
tail. In either case an increase in the length of the hydrocarbon chain 
merely increases the thickness of the monolayer but leaves the area per 
molecule unchanged. The area, a, thus represents the cross-section of the 
molecule in a horizontal plane, while the thickness of the layer, which is 
approximately the volume of the fatty acid divided by the area, measures 
the length of the molecule in the vertical direction. Early experiments 
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(Langmuir 1917 ) confirmed these deductions by showing that with fatty acids 
having from 16 to 30 carbon atoms per molecule, the cross-sections remained 
fairly constant while the lengths of the molecules increased in proportion 
to the number of carbon atoms. The molecules of stearic acid were thus 
found to have a length about five times that of the *‘ diameter M (taken 
roughly to be the square root of a). For the molecules of myricyl alcohol 
the length was about eight times the diameter. The molecule of tristearin, 
(C^HagCO^gCaHg, which has three hydrophilic groups per molecule, gives 
an area, a , about three times as great as that of stearic acid, while the 
thickness of the monolayer remains about the same. The hydrocarbon 
chains are therefore packed side by side as one would expect. 

Fig. 1 shows that the presence of double bonds between carbon atoms 
increases the area per molecule and lowers the force F at which a rapid 
decrease in area occurs. Thus tristearin, which has three hydrophilic 
groups per molecule, but no double bonds, gives a curve (not shown in 
fig. 1 ) which rises steeply like that of palmitic acid but at an area of about 
66 sq. A. Triolein, which has the same number of hydrophilic groups but 
has in addition three double bonds, occupies an area more than three 
times as great, but gives a film which is far more easily compressible. The 
area per molecule for castor oil is still greater, since the molecules of this 
substance contain six hydrophilic groups and three double bonds. 


Soluble monolayers 

The monolayers given by the lower fatty acids and other substances 
whose molecules contain short hydrocarbon chains with attached hydro¬ 
philic groups are too soluble to permit the measurement of the area per 
molecule by the methods just described. If, however, one measures the 
surface tension of solutions of these substances covering a wide range of 
concentrations, then by means of Gibbs’s equation, equation (3), one can 
caloulate <r, the number of molecules per unit area. The reciprocal of this 
quantity then gives a, the area per molecule. The data obtained by Traube 
( 1891 ) thus make possible (Langmuir 1917 ) the calculation of a as afunction 
of F (the lowering of surface tension). These measurements show that at 
very low concentrations the soluble monolayers behave as ideal three- 
dimensional gases, whose equation of state is given by equation ( 4 ), At 
higher concentrations the monolayers show marked departure from the 
conditions of the ideal gas and tend to give films that approach the state 
of a two-dimensional liquid. 
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Principle ok independent surface action 

In all my studies of the structure of the surfaces of liquids and mono- 
layers upon them, I have been guided by the thesis that the forces between 
molecules that are not electrically charged are those which act between 
molecular surfaces in contact. To understand the adsorption or orientations 
of molecules at the surface of a liquid we need to consider the energy 
changes which occur when surfaces of different kinds come into contact. 

The surface tension, y, of a liquid is measured in dynes/cm. It is also 
equal to the free energy in ergs/sq. cm., required to form a fresh surface. 
For example, consider a prism of liquid having a cross-section of 1 sq. cm. 
Let this be divided into two parts by an imaginary plane perpendicular to 
the axis of the prism and let us then separate these two portions of liquid 
from each other. This involves an increase in the surface of the liquid of 
2 sq. cm. The work done to bring about this separation is therefore 2 y. 

The total energy involved in the separation is, however, greater than y 

and is given by minm 

J = TdyjdT . (5) 

Since the surface tension, y, decreases with increase in temperature, the 
last term in equation (5) is positive and represents the energy derived 
from the thermal agitation of the molecules, corresponding to a cooling 
effect in the formation of a new surface. In general y varies approximately 
linearly with temperature so that the value of y E is independent of tem¬ 
perature and is in fact the value obtained by a linear extrapolation of the 
surface-tension curve to the absolute zero of temperature. 

The total energy needed to separate a drop of a liquid from a large 
volume of the liquid is equal to Sy K , where 8 is the surface area of the 
drop. The molecules in the vapour of a long-chain aliphatic hydrocarbon 
should assume a roughly spherical form, because of the forces of adhesion 
(surface tension) between the various parts of the molecule and the re¬ 
latively free rotation about the axes corresponding to the bonds between 
the carbon atoms. The energy needed for the evaporation of a molecule, 
or the latent heat of evaporation per molecule, A, is mainly the surface 
energy associated with the molecule of the vapour (Langmuir 1925 , 1926 , 
1929 ). Thus we may put A = ^y^, where S may be calculated as the 
surface of a sphere having a volume equal to that of a molecule of the 
hydrocarbon. I have examined the available data on the latent heats of 
evaporation of hydrocarbons, and have calculated those of the higher 
hydrocarbons from the boiling-points, and have found that all the hydro¬ 
carbons except methane give practically the same value y E « 34 dynes/om. 
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when calculated from A/& Direct determinations of y B , by surface- 
tension measurements, give y K = 50 dynes/cm. for all the higher liquid 
hydrocarbons, a value of the same order of magnitude as that calculated 
from the evaporation. 

Let us now consider the effect of replacing one of the hydrogen atoms in 
the hydrocarbon by the hydroxyl group —OH. The heat of evaporation 
will now be increased very considerably because in the vapour the hydroxyl 
groups of the evaporating molecule can no longer come into contact 
with similar groups in adjacent molecules. If we take the surface energy 
corresponding to the separation of —OH groups from each other as 
190 ergs/sq. cm., and the energy of 34 ergs/sq. cm. for the separation of 
—OH groups from neighbouring hydrocarbons, we can calculate the heats 
of evaporation of the various alcohols with considerable accuracy ( 1925 ). 
Although the heats of evaporation, and therefore also the boiling-points, 
of the alcohols are much higher than for the corresponding hydrocarbons, 
the surface energies of the alcohols and hydrocarbons are practically the 
same ( 19166 ). We can see the reason for this if we consider the separation 
of a prism of alcohol into two parte. Just as a chain under tension breaks 
at its weakest link, the alcohol prism will separate along planes between 
the surfaces of adjacent molecules which exert the least attraction for 
one another, i.e. the hydrocarbon portions. The total surface energies of 
the normal aliphatic alcohols is, therefore, very nearly the same as for 
pure hydrocarbons, i.e. about 50 ergs/sq. cm. 

The principle of independent surface action thus correlates surface- 
tension phenomena with vaporization and solubility; it also indicates that 
alcohols and pure liquids, whose molecules consist of portions having 
different activities, should be oriented in the surface layer. For example, 
in the surface of liquid alcohol the —OH groups are buried below the 
surface because the surface energy of such groups is far greater than that 
of the hydrocarbon portions of the molecules. Studies of the surface 
tensions of some 250 liquids and particularly substituted benzene deri¬ 
vatives showed (Langmuir 19166 , 1917 ) that these principles made possible 
the correlation of the surface energies with the chemical structures. This 
aspect of surface chemistry has been particularly followed up by W. D. 
Harkins and his co-workers (since 1917). 

The concept of the hydrophilic and hydrophobic natures of certain 
molecular surfaces has proved useful in an understanding of the spreading 
of oils on water. The principle of independent surface action, with its 
quantitative consideration of surface energies, is, however, capable of far 
wider application. It gives a simple rational approach to studies of the 
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properties of solutions or mixtures of organic substances, permitting 
calculations of solubilities, partial vapour pressures (Langmuir 1925 ), 
surface tensions, etc., in terms of a small number of empirically deter¬ 
minable surface energies. It enables us in a simple way to take into 
account the effects of molecular shapes and orientations. 

This principle helps in an understanding of many phenomena occurring 
in colloidal solutions. Thus, for example, small droplets of hydrocarbon 
oils may be stable in water solution if molecules are present (for example 
soap) which have hydrophobic portions that can go into the oil phase and 
a hydrophilic portion that can remain in the water phase. Such molecules 
may in fact crowd into the interface to such an extent that the interfacial 
surface tension is brought to zero, giving a thermodynamically stable 
system in which droplets have no tendency to coalesce (Langmuir and 
Waugh 1938 ). 

Just as the molecules in the vapour of a long-chain hydrocarbon tend to 
draw into spheres, so similar molecules carrying hydrophilic groups should 
tend to assume spherical forms when surrounded by water. These spherical 
molecules can readily join together to form spherical micelles as long as 
the radius of the micelles does not exceed the length of the molecules. 
Micelles larger than this are improbable since hydrophilic groups would 
then have to exist in the interior of the droplet. Dr G. S. Hartley has 
shown that many long-chain aliphatic compounds carrying ionic groups 
exist in solution in the form of micelles whose radius is approximately 
equal to the length of the chain. 


Expanded eidms 

The area per molecule, a, occupied by the condensed monolayers such 
as stearic acid, is 20-4 sq. A. This represents the cross-section of the 
hydrocarbon chains when packed tightly together but inclined at an angle 
of about 23° from the vertical. This area per molecule is the same as that 
found in crystals of stearic acid by X-ray analysis. 

Monolayers produced from oleic acid (an unsaturated acid) and from 
the saturated acids such as palmitic and myristic acids on acidulated water 
at sufficiently high temperatures, give at F « 0 much larger areas of 
about 50 sq, A. Other examples are given by the curves of fig. 1 , 

These so-called expanded films possess particularly interesting pro¬ 
perties. Pig. 2 gives a family of F-a curves obtained by Adam and Jessop 
( 1926 ) with monolayers of myristic acid on 0*01 N HC1 at a series of different 
temperatures ranging from 2*5 to 34*4°. The ordinates represent the values 
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of F in dynes/sq. cm., while the abscissae are the areas per molecule in 
sq. A. It is seen that these monolayers are very much more compressible 
than condensed films which show a nearly constant area of 20 sq. A. The 
films thus have a compressibility nearly like that of a gas but yet they do 
not expand indefinitely over the surface when the compressive force is 
removed, as would be the case if they were really gaseous films. 



Fig. 2. Experimental F-a curves for Fig. 3. Experimental F-a corves for 
myristic acid films on 0-013ST HC1. myristic acid films. 

Adam considered that the molecules in these expanded filmB are oriented 
with the hydrooarbon chains in an approximately vertical position, these 
being held apart by some kind of long-range repulsive foroe and yet 
prevented from spreading indefinitely over the surface by attractive forces 
between the hydrophilic heads of the molecules. 

If the hydrocarbon chains in the expanded films are to be spaced apart 
in this way to give an area per molecule of 50 sq. A instead of the 20 sq. A 
which is characteristic of condensed films, the average distances between 
the surfaces of adjacent molecules must be approximately 2 A. To postulate 
forces of this kind between hydrocarbon surfaces is an ad hoc hypothesis 
which receives no confirmation from experiments, and is in fact quite 
incompatible with other properties of hydrocarbons. 

A consideration of the surface energies of molecules indicates that there 
is a large decrease of surface energy when hydrocarbon surfaces come into 




Pilgrim Trust Lecture 


13 


oontact either in a gas phase or when the molecules are surrounded by water 
(Langmuir 1925 , 1926 ). If the molecules instead of being erect and separated 
from one another should take reclining positions, lying against one another, 
their surfaces would come into oontact except for small portions near the 
ends of the chains. This would involve a reduction in surface energy of the 
same order of magnitude as the heat of evaporation of the corresponding 
hydrocarbon. Since tetradecane has a negligibly small vapour pressure at 
ordinary temperatures, there should therefore be only a negligible fraction 
of the molecules which lie in positions separated from one another. 

An estimate of the magnitude of the energies involved can readily be 
made. The myristic acid molecule may be regarded as a prism of cross- 
section 20 sq. A with a perimeter of 16 A, the length of the hydrocarbon 
portion being about 18 A. The total area of contact between the hydro¬ 
carbon surface of one molecule and the adjacent molecules in a condensed 
film is thxis 280 sq. A. We have seen that the surface energy y# required 
for the calculation of the heats of evaporation is 34 ergs/sq. cm., and thus 
the total energy involved in separating the chains from one another is 
95 x 10 ~ 14 erg. 

A rough estimate of the relative probabilities for the occurrence of 
molecules in different positions or orientations is given by the Boltzmann 

equation P =I> 0 exp(\/kT), ( 6 ) 

in which P and P 0 are the probabilities of the occurrences of molecules in 
two states that differ in energy by the amount A per molecule, and k is 
the Boltzmann constant. Thus at ordinary temperatures kT is equal to 
4-0 x 10~ 14 erg. 

Since the energies involved in bringing the chains of myristic aoid into 
contact is twenty-four times as great as kT, the relative probabilities of the 
molecules in the two states are in a ratio of about 1 to 10 10 . 

The principle of independent surface action thus forces us to the con¬ 
clusion that the hydrocarbon chains in a myristic acid expanded film must 
remain in oontact with one another. 

This conclusion may also be reached in another way. If a drop of a 
pure hydrocarbon liquid, such as tetradecane, is placed on water it draws 
together into a relatively thick lens: surely this indicates that the mole¬ 
cules exert no long-range repulsive forces on one another. We may calcu¬ 
late the force F that would be necessary to spread a hydrocarbon out in a 
thin film on the surface of the water. The surfaoe tension of the water of 
suoh a film at 25° 0 is 72 dynes/om. The surface tension between tetradecane 
and air is 27 dynes/cm. and the interfacial surface tension between the 
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hydrocarbon and the water is 51 dynes/cm. These latter two forces, which 
act to draw the film together, amount to a total of 78 dynes/om., which 
exceeds the surface tension of the water by 6 dynes/cm. The spreading 
force F 0 of the hydrocarbon film is thus — 6 dynes/cm., the negative sign 
indicating that the hydrocarbon, instead of spreading, tends to draw 
together into a lens. 

If now we replace one of the methyl groups at the end of the chain in 
the tetradecane by a carboxyl group, we convert it into myristic acid 
which then spreads out over the surface. The presence of the hydrophilic 
head thus generates a surface pressure sufficient to overcome the negative 
spreading force characteristic of the hydrocarbon. It is not necessary, 
however, to assume that this positive force due to the heads represents a 
repulsion between the heads. It is rather to be looked upon as a result of 
the two-dimensional gas pressure exerted by the heads because they are 
free to move by the Brownian movement in the interface between the 
hydrocarbon and the water. 

By these considerations I was led (Langmuir 1925 , 1926 , 1933 b) to a 
theory of expanded films which regards these as duplex films consisting 
essentially of a thin three-dimensional hydrocarbon liquid phase or inter- 
stratum which is bounded by two interfaces. The upper interface is that 
between a hydrocarbon liquid and air, while the lower interface is one 
between a hydrocarbon liquid and water in which there exists a spreading 
force due to a two-dimensional gas consisting of the hydrophilic heads of 
the molecules. 

This duplex film theory leads to the following equation of state for 
expanded films: 

{F-rj(a-aJmkr, (7) 

where F G is the spreading force (-13 dynes/cm. for myristic acid) and 
a 0 is a correction for the finite size of the hydrophilic heads (about 15 sq. A 
for myristic acid), which corresponds to the 6 -term in the van der Waals 
equation of state for a three-dimensional gas. Equation (7) agrees excel¬ 
lently with the experimental F~a curves for expanded films. In fig. 3 
(p. 12 ) the hyperbolic parts of the curves which lie to the right of the 
kinks were calculated by this equation. They are seen to agree well with 
the corresponding parts of the curves in fig. 2 . 

The kinks in the curves were found to be due to the sudden formation 
of micelles of close-packed hydrocarbon chains arranged like the molecules 
in condensed films of fatty acids. It was possible in fact to calculate the 
heat of formation of these micelles and to show that this energy increased 
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linearly with the length of the hydrocarbon chain but was independent of 
the nature of the hydrophilic heads of the molecules. 

The experimental data thus show that in monolayers there can be 
definite changes of state, from gaseous to liquid, which occur at critical 
temperatures. In the case of myristic acid films the liquid phase appears 
as a kind of two-dimensional colloidal system corresponding to the forma¬ 
tion of a two-dimensional fog. 

The fact that in an expanded film the tails of the molecules can act as 
a three-dimensional liquid having an upper and lower interface that act 
independently of one another, is a striking confirmation of our conclusion 
that the ranges of molecular forces within these monolayers is small 
compared to the dimensions of the molecules themselves. The properties 
of the three-dimensional hydrocarbon phase thus remain substantially 
unaltered even in films which have a thickness only about one-third of the 
length of the molecules that form the film. The thickness, however, can 
naturally never become less than the diameter of the hydrocarbon chain, 
which is about one-fifth of the length of the molecule. 

This concept of the nature of the duplex film has been strengthened by 
the studies of the behaviour of fatty acid films at the interface between oil 
and w r ater (Langmuir 1934). For this purpose studies were made in which 
stearic acid was dissolved in petrolatum in such quantity that the hydro¬ 
philic groups present made the hydrocarbon spread out into a film whose 
thickness could be measured optically by the interference colour produced 
on water. Knowing the volume of oil placed on the surface and measuring 
the thickness by the colour, it was possible to determine the area per 
molecule. Force-area curves were obtained which closely resembled those 
of fig. 2; even kinks in the curves were obtained like those that characterize 
the expanded films. In these experiments, however, the duplex films were 
several hundred times thicker than those of the expanded films of pure 
substances. 


Properties op monolayers on water 

We have seen that monolayers of fatty acids can possess the properties 
of two-dimensional solids, liquids or gases and may even exhibit simul¬ 
taneously properties of both liquids and gases in a way that is not possible 
for three-dimensional states of matter. 

Alterations of the state of the film can be produoed by the presence of 
minute traces of dissolved salts in the substrate (Langmuir 1936; Langmuir 
and Schaefer 1937^), Divalent cations react to form soaps or salts if the 
substrate is sufficiently alkaline (high pH). When stearic acid is spread 
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upon water containing small amounts of calcium or barium chloride 
( 10“ 6 to 10~ 4 M), the monolayer can be skimmed off by sweeping a barrier 
across the surface. This skim, confined between two barriers 2 mm. apart, 
can then be transferred to a narrow platinum ribbon. By using a large 
tray of about 0*5 sq, ra. it is easy to obtain several mg. of skim for analysis 
(Langmuir and Schaefer 1936 ). 

If the substrate is sufficiently acid {pH 3) the skim contains practically 
no calcium or barium, but with increasing pH the metal oontent increases, 
showing about half-conversion to neutral soap at about pH 6 , and nearly 
complete conversion at about pH 9. The metal content of the film can, 
therefore, be varied at will. Interesting changes in the mechanical pro- 
parties of the films ocoux under these conditions. At pH 7 the films become 
viscous, so that a strip of paper on the surface can be blown about much 
less readily than when the film is formed at lower pH. There is, however, 
at pH 8 a striking return to lower viscosity although the metal content 
increases continuously (Langmuir and Schaefer 1937 ^). The addition of 
very low concentrations of sodium hexametaphosphate (1 part per 
million) renders the calcium or barium films at high pH extremely rigid 
and even brittle if calcium or barium are also present in the water in 
amounts more than enough to combine with the hexametaphosphate. 

Minute traces of copper, as low as 1 part in 10 7 parts of water, produce 
marked changes in the viscosity and other properties of the monolayers. 
The appearance of the “crumple pattern” when the film is compressed 
between barriers is also profoundly modified by the presence of traces of 
metallic ions in the water. 

When the skim obtained from a stearic acid monolayer on water is 
transferred to a microscope slide and heated to its melting-point and 
cooled, it crystallizes in a definite manner if it consists of pure stearic 
acid. Minute traces of metallic ions in the water may cause a failure to 
crystallize or profoundly modify the appearance of the orystalline mass seen 
under the microscope. For example, minute traces of copper give a green 
colour. As little as 1 atom of aluminium for 30 stearic acid molecules causes 
a characteristic banded appearance (rhythmic precipitation), while 1 atom 
of aluminium for every 12 of stearic acid completely prevents crystallization. 

The amounts of salts needed to produce these effects are naturally very 
small. Thus if the total amount of aluminium in the underlying water is 
sufficient only to give 1 atom of aluminium for 30 moleoules of stearic 
acid in the monolayer the presence of the aluminium may be detected. 
This corresponds to a concentration of only I part of aluminium in 3 x HP 
parts of water in a tray 2 cm, deep. 
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These methods of detecting metallic ions, and of concentrating them 
from large volumes of water into small volumes of skim, seem to provide 
a micro-chemical technique of great promise. Copper and other elements 
may he frequently detected even in good grades of distilled water. Amounts 
of salts which can dissolve from glass within a few minutes frequently 
have marked effects on the properties of monolayers of stearic acid. Even 
pure silver or gold brought into contact with distilled water gives a con¬ 
tamination which is detectable within a few minutes by the change in the 
viscosity of the stearic acid monolayer. 

The antagonistic action of various ions toward one another may be 
readily studied by these methods (Langmuir and Schaefer 1937 ^). For 
example, if one has a low concentration of barium chloride, 10 -4 M, at a 
pH at which the stearic acid monolayer is about half converted to stearate, 
the addition of sodium chloride to the substrate decreases the barium 
content of the monolayer because of the replacement of the barium by 
sodium. Such antagonistic actions are very common in the field of biology. 
It would seem that a detailed study of such actions with fatty acid mono- 
layers should throw much light on biological problems. 


Use ok indicator oil to bender monolayers visible 

Lord Rayleigh and Devaux used talc, sulphur or lycopodium powder 
dusted on the surface of water to render visible the outlines of monolayers. 
We have found that partly oxidized lubricating oil possesses many 
advantages over powdered substances for this purpose, A fresh sample 
of lubricating oil will normally not spread on the surface of water but 
if it is heated for a sufficient length of time in the air hydrophilic substances 
are produced in the oil which cause it to spread to give duplex films which 
become increasingly thin as the oxidation proceeds. If an oil is produced 
in this way which spreads to give a film that shows a first-order colour such 
as yellow or red, the colour changes rapidly if the film is compressed and 
thereby thickened. By the use of a surface balance the oil may be cali¬ 
brated so that the force F is determined, which corresponds to each of the 
successive colours on Newton’s scale. Forces of even less than 1 dyne/cm. 
con be measured in this way. 

If a minute drop of indicator oil is applied by a platinum wire to a 
water surface covered by a liquid monolayer, the oil spreads to form a 
circular coloured disk. If, however, the monolayer is solid, the indicator 
oil may tear the monolayer to give a jagged outline or star-shaped figure. 

Vol. CLXX. A. * 
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If a second drop of indicator oil is placed near the first it expands into 
the first area if the viscosity of the monolayer is higher than that of the 
indicator oil. Thus it becomes possible to detect minute differences in the 
surface viscosities of monolayers. 

The deposition of monolayers on to plates 

Lord Rayleigh showed that a single monolayer of oily substances on 
glass or porcelain was enough to decrease static friction to low values. 
In attempting to understand some of the fundamental phenomena of 
the flotation process of ore separation, I studied (1920, 19386) the effects 
produced by dipping various solid bodies into water covered with a mono- 
layer of oleic acid. I found that a small glass slider, in the form of a low 
tripod, placed on a clean glass plate would not slide off until the glass was 
tilted about 60 ° from the horizontal. If, however, the glass was first 
dipped into water covered with an oleic acid monolayer, and was then 
withdrawn slowly from the water, the glass slider would slide off the glass 
at an angle of about 8°. This surface was non-wettable by water, whereas 
the olean glass was completely wettable. The contact angle formed by the 
drop of water on the contaminated surface gave a measure of the hydro- 
phobic character of the surface. 

The dipping of a clean glass slide into water covered by a monolayer of 
oleic acid in equilibrium with a droplet of this substance causes the 
deposition of a single monolayer on to the surface. No deposition occurs 
on the down-trip into the water, for the clean surface is so hydrophilic 
that the water runs up on to the slide for an appreciable distance, giving 
a low contact angle. Proof that no oleic acid is transferred to the slide 
during this down-trip is furnished by the fact that dust particles or small 
spots of indicator oil placed in the monolayer near the slide do not move 
toward the slide while this is lowered. As soon as one starts to raise the 
slide out of the water, however, the dust or indicator oil on the surface 
moves toward the slide and may even be deposited upon it. Further proof 
that no monolayer is deposited on the down-trip oan be obtained by 
removing the monolayer from the surface of the water after a down-trip 
and then withdrawing the slide through this clean water surface. It comes 
out wet and, after drying, both the friction test and the contact angle 
obtained with a drop of water prove the absence of any monolayer of 
oleic acid. 

On the other hand, the slide can be lowered into olean water, oleio acid 
can then be spread as a monolayer on the surface, and, when the slide 



19 


Pilgrim Trust Lecture 

is withdrawn, it is found to be covered by a deposited monolayer* Since 
this monolayer is deposited only on the up-trip it is to be expected that 
the fatty acid molecules are oriented on the surface with their carboxyl 
groups in contact with the glass. Such films cannot be removed from the 
glass surface by washing the surface with pure benzene although oleic 
acid is very soluble in benzene. A sufficient number of molecules are 
therefore evidently bound firmly to the surface by their carboxyl groups 
so that they cannot be removed easily. 

Similar experiments were made with clean surfaces of various minerals 
and metals, choosing particularly those which could be easily obtained in 
a clean condition. The minerals galena, sphalerite, calcite and mica, which 
give good cleavage surfaces, were particularly chosen for this purpose. In 
every case a single monolayer was sufficient to give a large contact angle 
and a small sliding angle. However, the contact angles varied from 90° 
for an oleic acid monolayer on galena down to about 18° for a similar 
monolayer on mica* 

Since the oleic acid monolayers on all these solids are deposited only 
during the up-trips it would seem in every case that the molecules 
should be oriented with the carboxyl groups in contact with the solid, 
while the interface between the monolayer and the air should be a pure 
hydrocarbon surface. 

At first sight it appears peculiar that the contact angles observed when 
drops of water are placed on these surfaces should depend upon the nature 
of the solid substrate. It would seem that the angle should in all oases be 
about 100°, which is given by a drop of water on solid paraffin. 

We have here a phenomenon which suggests that some force is trans¬ 
mitted through a monolayer having a thickness of about 20 A, from the 
solid substrate to the water drop on top of the monolayer. Phenomena 
of this type have often been cited as proof of the existence of long-range 
molecular forces. 

I had beoome so firmly convinced of the general applicability of the 
principle of independent surface action in cases of this kind that I felt that 
I must look for some other explanation of the variable contact angles that 
did not require long-range forces. I was thus led to the view that the 
presence of a water drop on top of a monolayer tended to cause a re¬ 
orientation of some of the molecules in the monolayer if the hydrophilic 
groups of these molecules were not sufficiently firmly anchored by the solid 
substrate* For example, galena seemed to hold the carboxyl groups so 
firmly that no appreciable number could be made to overturn by the water 
placed on top of the monolayer. In this case, therefore, the contact angle 
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was approximately the same as for a solid pure hydrocarbon, about 90° * 
With calcite and quartz the carboxyl groups were much less firmly held, 
so that a certain fraction of these groups was able to leave the solid 
substrate and come in contact with the water, making the upper surface 
somewhat more hydrophilic, and giving contact angles of 70 and 40°. 
This effect was even more marked with mica (contact angle 18°), 

This theory of the overturning of molecules gives a natural explanation 
of the observed phenomenon without requiring the presence of long-range 
forces. We do not need to assume that the presence of water on top of the 
monolayer exerts a force through the monolayer upon a carboxyl group 
in contact with the substrate and pulls this group away from it. It is 
rather to be expected that, as a result of thermal agitation, molecules 
which are not firmly anchored to the substrate spontaneously overturn 
from time to time, but normally, if there is no drop of water on the surface, 
they remain for extremely short time intervals with their carboxyl groups 
on the upper surface, so that, at any given time, there will be only a 
negligible number of molecules with this reversed orientation. When, 
however, a drop of water is on the surface, the carboxyl groups of those 
molecules which do spontaneously overturn will remain for a long time in 
contact with the water. 

In recent years this theory of overturning and anchoring has helped 
to explain many puzzling phenomena observed with deposited monolayers 
(Langmuir 19386 ). 


Building of multilayers 

Dr Katherine B. Blodgett ( 1935 , 1937 ), in my laboratory, found that 
monolayers of stearic acid (spread upon ordinary tap water, containing 
calcium and magnesium bicarbonates, pH 7-2) could be deposited in 
successive layers on to a glass plate dipped repeatedly into the water. It 
was necessary to maintain the monolayer under a compression of 10 - 
30 dynes/cm., which was first accomplished by the continued motion of a 
barrier. 

Later we found that a convenient automatic method of maintaining 
a constant compression of the stearic acid monolayer consisted in the use 
of a piston oil” or liquid substance which exerted a constant surface 
pressure. For example, a small drop of oleic acid spreads on the surface 
whenever the spreading force F is less than about 29 dynee/cm. Castor oil 
used in a similar way gives a constant surface pressure of F « 16 dynes/cm. 

The technique for building multilayer films is illustrated in fig. 4 . The 
surface of water in the trough T is first cleaned by sweeping the metal 
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barrier B over the surface into the position shown in fig. 4a. A waxed 
silk thread S x is attached by small metal clips 0 to the edges of the tray 
and the thread is laid upon the surface of the water in the form shown. 
Stearic acid dissolved in about 300 parts of benzene is placed on the surface 
near O and, as the stearic acid spreads, it pushes the thread before it as 
shown in fig. 4ft. After the spreading has ceased the thread is fastened to 
the edge of the trough by two small copper hairpins F , fig. 4 c. A tiny 
drop of piston oil is now placed on the surface at P. This presses against 
the thread and exerts a constant pressure on the stearic acid monolayer. 


CB CALCHM4 srcAKATi nc* 
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Fio. 4. Us© of a waxed thread to mark the boundary 
of a monomolecuiar surface film. 

A thread 5„ia laid in the position shown in fig. 4 d, so that if piston oil accident¬ 
ally pauses S 1 it will remain in the area between 8 X and S 2 . The process of 
depositing successive monolayers upon the plate dipped into the water in 
the position marked G is then begun. Each layer that is deposited uses up 
some of the stearic acid monolayer on the water so that the thread moves 
forward through an area equal to the total area of the slide, front and back 
(see fig. 4e). 

To build multilayers from stearic acid monolayers most easily, there should 
be present in the water a low concentration (about 3 x .10-® M) of salts of 
divalent cations such as barium, calcium, cadmium or lead. Multilayers 
are more easily formed when the pH is greater than 6. 

Using a solution in the trough containing 3 x 10 _B M barium chloride 
adjusted to pH 7-2 by the addition of 4x 10~ 4 M potassium bicarbonate, 
multilayers consisting of many hundreds or even thousands of monolayers 
can. be built up. With this solution a new layer is deposited during eaoh 
down-trip and each up-trip of the plate through the water surface, except 
that, as already described, no layer is deposited on the first down-trip. 
The layers are preferably deposited at the rate of about 20 or 30 layers 
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per minute. Multilayers of this type in which two layers are deposited 
during each round-trip we have called Y-layers. 

If the solution is made more strongly alkaline, pH 9, layers are deposited 
during the down-trips and not during the up-trips; suoh layers we have 
called X-layers. 



Fia. 6. Formation of multilayers of molecules. 

The process of depositing successive Y-layers upon a plate is illustrated 
by fig. 5. In this case the plate has been rendered hydrophobic by placing 
Borne molten ferric stearate on the surface and rubbing it vigorously with 
a clean towel, which removes all but one layer of ferric stearate molecules, 
this layer being held too firmly to be removed in this way. Under these 
conditions, as shown in fig. SB, the first monolayer is deposited on the first 
down-trip. The following up-trip, fig. 5C, causes the deposition of the 
second layer; the next down-trip, fig. 5D, gives the third deposited layer. 

It is noted that the successive monolayers are thus oriented in opposite 
directions so that the barium atoms are located dose to parallel planes 
having a spacing twice the thickness of the monolayer. X-ray diffraction 
patterns (Holley and Bernstein 1937 ) have proved that the planes con¬ 
taining the barium atoms are spaced 48*8 A apart, while optical measure¬ 
ments, which I will describe later (Blodgett and Langmuir 1937 ), show 
that each monolayer has a thickness of 24*4 A. We thus have positive 
proof that in these Y-films the layers are alternately exotropic and endo- 
tropic (heads faoing outwards, and heads facing inwards). 

The method of deposition of X-films suggests that they consist of a 
series of exotropic layers. However, in this case one would expect the 
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surface to be hydrophilic, but actually the contact angles shown by a 
drop of water on X-films are about the same as for F-films. Furthermore, 
X-ray studies have shown that the spacings between layers of barium atoms 
in X-films are the same (48*8 A) as in the F-films. It is certain, therefore, 
that in the formation of the X-films there must have been a complete 
rearrangement of the molecules, involving the overturning of whole 
molecular layers. In fact it seems necessary to postulate that half the layers 
overturn once, while the other half must overturn twice, during the 
building up of these multilayer films (Langmuir 19386 ). 

Porter and Wyman have found that potentials of about 70 mV per layer 
are produced in the building of X-films, so that with 170 layers surfaoe 
potentials of over 9 V were obtained. This seems to indicate that each 
layer carries similarly oriented dipoles and suggests a succession of exo¬ 
tropic layers, contrary to the X-ray evidence. Later experiments showed 
that the surface potentials depended principally upon whether the outside 
layer of the multilayer had been deposited as an X- or a F-layer. The 
evidence therefore indicates that the surface potentials are due to a surface 
electrification produced by the recession of water from the hydrophobic 
surface during the withdrawal of the plate (Langmuir 1938 a). In the case 
of the F-films there is no recession of the water from the surface, since the 
water escapes from under the film that is deposited during the up-trip. 
In this connexion it is interesting to note that an even greater surfaoe 
electrification is obtained when a metal plate covered with a thin film of 
solid paraffin is withdrawn from a trough containing clean water. 


Optical properties op multilayers 

In our first experiments with the building of barium stearate monolayers 
these films were formed upon microscope slides. We knew from the dis¬ 
appearance of the monolayer on the water that multilayers were being 
formed on the glass and we expected to be able to see interference colours 
like those observed with soap bubbles when the films were built up to a 
thickness of a quarter or half a wave-length of visible light, but we were 
surprised to find that no such interference colours occurred. This failure 
to obtain interference effects was due to the laok of reflexion from the 
interface between the multilayer and the underlying glass because the 
refractive index of the film and the glass happened to be the same. When 
we used a glass of higher refractive index we were rewarded with brilliant 
colours. Even better colours are obtained when the films are deposited 
upon a polished chromium-plated surface, but in this case strong colours are 
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obtained only at large angles of inoidenoe such as 70-86°. The colours are 
much more brilliant when polarized light is used for their observation. 

Fig. 6 illustrates the intensity of monochromatic light from a sodium 
vapour lamp, reflected at an angle of incidence of 80° from a chromium- 
plated surface covered with barium stearate multilayers of various thick¬ 
nesses. When the light is polarized with its electric veotor perpendicular to 
the plane of incidence there is a sharp minimum in the intensity of the 
reflected light at the thickness equal to that of 49 barium stearate layers. 
The next sharp minimum occurs at 167 layers. When the light is polarized 
parallel to the plane of incidence the minima occur at 98 and 203 layers. 



Pig. 0. Intensity minima for monochromatic light reflected from a step-series of 
barium stearate Aims built on a polished chromium surface. Angle of reflexion is 
80°. Wave-length of light is 6893 A. 


Fig. 7 gives in greater detail the shape of the curve near the minimum 
of reflexion. It shows also that the position of the minimum depends 
upon the angle of incidence. This fact may be made use of to obtain 
extremely aocurate measurements of the thicknesses of these multilayer 
films. 

By dipping a chromium-plated slide to a succession of different depths 
during the building of multilayers one can obtain plates covered by multi¬ 
layers that form a series of steps, each step differing in thickness by two 
layers from the adjacent steps. We oan then adjust the angle of incidence 
until two adjacent steps (47 and 49 layers in fig. 7 at 78°) are made to 
match in intensity so that the dividing line between them disappears. 
This matching of adjacent steps can be done so accurately that a change 
in thickness of only 2 A is easily detectable. 

The ordinary equations of classical optios then make it possible to cal¬ 
culate the thickness of the multilayer films if the refractive index of the 
film is known. Dr Blodgett has devised several methods of determining 
the refractive index from measurements on the films themselves. 
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These measurements of the film thicknesses depend upon the building 
up of a known number of layers into a film of critical thickness, oorre- 
sponding to one of the sharp minima in fig. 6. For moat purposes we use 
the minimum near 48 layers which corresponds to an optioal thickness of 
one-quarter wave-length. 

The sharpness of the minima in fig. 6 is due to a series of internal 
reflexions between the top and bottom surfaces of the film. 
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Fig. 7. Intensity minimum for step-aeries of films of barium stearate built on 
polished ohromium. Films seen by ray R, of sodium light at angles of incidenoe 
»* 80 and 73°. 


These optical studies of barium stearate films have shown that the 
multilayers constitute uniaxial crystals with the optic axis perpendicular 
to the plane of the film. Such uniaxial crystals are characterized by two 
refractive indices. For the barium stearate films we have found % = 1-491 
and % - 1-535 

Electron refraction studies by Germer and Storks have shown that the 
barium stearate monolayers actually form hexagonal crystals with the axis 
perpendicular to the plane of the film. 


Skeleton films 

The barium content of barium stearate films depends upon the pH of 
the solution, the concentration of barium salts and the concentration of 
other salts such as sodium or potassium which have an antagonistic action. 
When the barium content is low the multilayers formed oontain stearic 
acid, apparently in solid solution, which can be dissolved out of the multi¬ 
layers by dipping these for a short time in benzene to which 1 % of 90% 




26 I. Langmuir 

ethyl alcohol has been added. If the amount of stearic acid in the film 
is not over about 60 %, the film remains optically clear after the removal of 
the stearic acid, but the interference colour may be completely changed. 
Optical measurements prove that this change in colour is due not to a 
change of thickness but to a change of refractive index; there is less than 
1 % change in thickness even when half of the material of the multilayer 
is dissolved away. The neutral barium stearate thus remains as a skeleton 
containing voids in place of the stearic acid molecules which have been 
removed. 

Skeleton films of this kind are particularly stable when formed from 
cadmium arachidate obtained by spreading arachidic acid on water con¬ 
taining cadmium chloride. With this substance, however, the free fatty 
acid should be dissolved out with ethyl alcohol. 

If a drop of petrolatum or other hydrocarbon be placed upon a skeleton 
film, and the film then tilted to a vertical position, the drop moves slowly 
across the surface leaving the surface apparently free from any thick film 
of oil. The colour of the film, however, is restored in this way to that of the 
original unskeletonized film. The thickness is therefore still the same as 
before, but the refractive index has been raised to that of a normal stearate 
multilayer. It is thus evident that the hydrocarbon penetrates the skeleton 
and fills the voids originally occupied by fatty acid. This hydrocarbon can 
now be dissolved out by benzene giving again the same skeletonized film 
as before. The pores of the skeleton can thus be filled at will by a succession 
of organio substances, without causing a collapse of the skeleton. 

It is particularly remarkable that the hydrocarbon chains in the stearate 
molecules of the skeleton films should show such apparent rigidity in spite 
of the large surface-tension forces that should tend to cause a collapse of 
the molecules into an amorphous mass. When one thinks of the flexibility 
of the chains which is exhibited in duplex films and in the overturning 
of whole molecular layers in the building of X -films it does seem extra¬ 
ordinary that skeleton films containing 60 % of voids should be so stable. 
If one heats a skeleton film to 50 or 60° C there is, of course, a collapse 
as indicated by a decrease of thickness and by a marked scattering of 
light. It is also peculiar that a skeleton film containing petrolatum is not 
wettable by petrolatum but that it peels back from such a surface with a 
contact angle of about 30°. 

Skeleton films can absorb hydrocarbon vapours or vapours of other 
organic liquids and undergo a change of refractive index. Since a measure¬ 
ment of the number of layers required to give a minimum reflexion at a 
given angle of incidence provides a very accurate method of measurement 
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of refractive index, it becomes possible to measure quantitatively the 
amount of any vapour adsorbed in this way by the skeleton film. 

We shall see that skeleton films can be covered by monolayers of other 
substances such as proteins or layers of unskeletonized metallic stearates. 
One can then observe the rate at whioh organic liquids or vapours can 
penetrate through such blanketing films into the underlying skeleton. 
Such methods should be useful to measure the permeabilities of many 
substances of biological interest. 

By treating a skeleton film under water with certain wetting agents 
such as sodium dioctyl sulpho-succinate, it is possible to render the pores 
of a skeleton hydrophilic so that water and salt solutions can penetrate 
into the skeleton. The refractive indices can then be measured while the 
film is under water. The water in the pores can also be displaced by alcohol 
or other water-soluble organic liquids and the change in refractive index 
can be determined. The measurement of the refractive index under water 
is best made when the film is deposited upon glass of the proper refractive 
index rather than upon a chromium surface. 

By changing the metallic ion content of the water from which stearate 
films are built up, and by skeletonizing the resulting monolayers, one can 
obtain skeletons having refractive indices that have any desired value 
between 1*18 and 1-51, and, by controlling the number of layers, one can 
obtain films of any desired thickness. 

NON-REELECTING GLASS 

Dr Blodgett has recently used this technique of building skeleton films 
to produce on the surface of glass a film which has a refractive index equal 
to the square root of the refractive index of the glass..The intensity of the 
light reflected from the upper surface of the film is thus the same as the 
intensity of the light which has been reflected from the boundary between 
the film and the glass, and has passed through the upper surface of the 
film. If now the optical thickness of the film is chosen to correspond to 
one-quarter wave-length of sodium light, then at normal incidence re¬ 
flected light of this wave-length is completely extinguished by interference. 
If both surfaces of a glass plate are treated in this way the glass becomes 
completely non-reflecting and therefore invisible. 

Iftg. 8 illustrates an electric meter covered with a plate of ordinary glass 
half of which is rendered non-reflecting in this manner. The photograph 
was taken facing an open window so that the reflexion of the sky from the 
untreated glass surface makes it impossible to read the figures on the dial, 
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while the absence of reflexion from the treated surface makes these figures 
visible. Of course such glass, since it reflects less light, transmits corre¬ 
spondingly more. 



Fig. 8. Meter with glass cover with half its surface made 
non-reflecting by built-up skeletonized multilayers. 


Conditioning of stearate multilayers 

The surface of barium stearate multilayers is remarkable in that it is 
both hydrophobic and oleophobic, that is the surface is not wettabie 
either by water or by oil, but measurable contact angles are obtained 
with drops of both substances. It seems peculiar that the hydrocarbon oil 
should not be able to wet the hydrocarbon surface of the endotropic 
stearate layer. The oleophobic property probably depends upon the 
closeness of packing the hydrocarbon chains, for if a stearic acid monolayer 
is applied to glass in other ways giving less close packing the film is readily 
wettabie by oil. The molecules of multilayers which have been deposited 
from condensed stearic acid films on water have nothing but their CH 3 
groups exposed at the surface, whereas with less closely packed moleoules 
the CH g groups constituting the sides of the chain can come into contact 
with the CH a groups of a drop of hydrocarbon placed on the surface 
(Langmuir 1934 ). 

Since the stearate multilayers have so little affinity both for water and 
for organic liquids, one would not expect to be able to adsorb many 
substances upon the surfaces of these monolayers. It has, however, proved 
possible to modify or condition the surface of the multilayers so as to render 
them capable of adsorbing many water-soluble substances (Langmuir and 
Schaefer 1937 a, 1937 b). We have found that 10~ 3 M al uminiu m chloride, 


29 


Pilgrim Trust Lecture 

thorium nitrate or uranium nitrate, within 30 sec., causes the overturning 
of the uppermost endotropic layer of a T-type multilayer of barium 
stearate making it exotropic and hydrophilic* If this is then washed with 
water, and without drying is brought into contact with a solution con¬ 
taining many substances of biological interest, such as proteins, the polar 
groups formed by the aluminium or thorium atoms serve to bind or adsorb 
these substances. If the plate has a multilayer of nearly critical thickness, 
then when it is removed from the solution, washed with water and dried, 
there will be an increase of thickness which serves as a measure of the 
amount of adsorbed substance taken up by the conditioned plate. Since 
the thicknesses of about only 2 A can be measured in this way it is evident 
that this technique enables us to see with the unaided eye adsorbed films 
even if these consist of only a single layer of atoms. 

By treating a barium stearate plate, conditioned with thorium, with a 
bile acid such as desoxycholic acid it is possible to render the plate highly 
oleophilic while it still remains hydrophobic*. A plate conditioned in this 
way can adsorb hydrocarbon vapours giving increases in thickness which 
are not otherwise observed. 

Deposition of monolayers of various substances 

Any substance which spreads on water to form an insoluble monolayer 
can be deposited upon a properly conditioned plate of barium stearate of 
critical thickness, and the increment of thickness can be used to determine 
quantitatively the amount of the substance per unit of area in the mono- 
layer. It is sometimes possible to increase the accuracy by the deposition 
of many successive monolayers. In this way we have studied chlorophyll 
(Langmuir and Schaefer 1937 c), several sterols (Langmuir, Schaefer and 
Sobotka 1937 ) and many proteins (Langmuir, Schaefer and Wrinch 1937 ). 
In general the amount of material per unit area in the deposited film is the 
same as that in the monolayer from which it is formed, but this is not true 
in all eases* The area of the monolayer that is consumed during the 
deposition may be compared to the area of the plate on which the layer 
is deposited. In this way the deposition ratio can be obtained* 

This technique of monolayer deposition is particularly useful for deter¬ 
mining the amount of material adsorbed on the surface of water when one 
does not know in other ways how much material is present on the surface. 
For example, many proteins are soluble in water, but if one introduces 
the protein into the water an insoluble monolayer is built up on the sur¬ 
face. However, one does not know whether all of the protein that was 
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introduced has actually gone into the monolayer. By determining the 
deposition ratio and the thickness of a deposited film it becomes possible to 
know just how much protein there is per unit area in the adsorbed film on 
the water surface. 

We have used this method in some studies of the effect of digitonin upon 
several sterols such as cholesterol and epicholesterol. The digitonin has 
two effects on cholesterol (Schulman and Rideal 1935 ); first it penetrates 
between the cholesterol molecules and forces them apart and, secondly, it 
becomes adsorbed underneath the cholesterol molecules. It is difficult, 
however, to determine just how much cholesterol is adsorbed in this way 
below the film. The deposition technique gives a direct experimental 
method of measuring the total amount of digitonin and so gives us com¬ 
plete data for a direct determination of the composition and structure of the 
film. 

The marked differences that were found in the behaviour of epichole¬ 
sterol and cholesterol serve to indicate that the properties measured by 
these methods are highly specific and should be, therefore, particularly 
valuable in connexion with the study of biological systems. 

Most oil-soluble organic dyes form good monolayers and can be built 
up into multilayers. Very often a single monolayer on water gives a 
distinct colour usually the complementary colour to that seen by trans¬ 
mitted light. Chlorophyll gives particularly good multilayers, but neither 
the monolayers nor the multilayers of this substance show fluorescence, 
although the amount in a monolayer, when dissolved in benzene, is ample 
to give marked fluorescence. 


Protein monolayers 

A large number of proteins which are soluble in water or alcohol-water 
mixtures, can be spread on the surface of water to give insoluble mono- 
layers which show a remarkable reversible compressibility over a range of 
areas covering a ratio often as great as 5 to 1 . According to Gibbs’s 
equation, if the monolayer were in equilibrium with the underlying water, 
the solubility should increase by the enormous factor of 10 100 when a 
surface pressure of 15 dynes/cm. is applied. The fact that measurable 
solubility does not occur even with the increased pressure proves that the 
spreading of the protein from solution is an irreversible process* Jig. 9 
gives the force-area curve which we have obtained for insulin, pepsin and 
wheat gliadin. In this figure the abscissae represent, not the area of the 
molecule, but the area in sq. m, per mg. The protein was spread by applying 
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a measured volume of solution along the edge of a nickel band having a 
length nearly equal to the width of the trough and then lowering this 
edgewise into the water. We found that this method favours the complete 
spreading of the protein. The points marked by crosses correspond to 
determinations of the amount of the protein per unit area by the measure¬ 
ment of the thickness of deposited monolayers. In the case of insulin and 



pepsin these points agree with those obtained by direct weighing of the 
applied protein. In the case of the wheat gliadin the disagreement, of 
about 30%, indicates that this fraction of the gliadin went into solution 
in the water instead of spreading on the surface. The true curve therefore 
giving the area per mg. as a function of the surfaoe pressure should there¬ 
fore be displaced by multiplying the abscissae by 1-5 giving the curve 
shown by the dashed line. 

It has often been thought that the force-area curves of most proteins 
are substantially alike. These data, however, show that there are marked 
characteristic differences and that the curves may even cross one another. 
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Expansion fatterns 

An extremely simple and useful technique for, the detection and identifi¬ 
cation of proteins has been developed by V. J. Schaefer ( 1938 ). A coloured 
film of indicator oil is allowed to cover about half of the free surface of the 
water in a trough, so there is no surface pressure. Some of the protein is 
applied in the centre of the patch of indicator oil, either as a solution or, 
by Hughes and RideaFs method, as a solid fragment of protein. Egg 
albumin spreads out to give an invisible film about 8 A thick whose outline 
is made visible by the indicator oil. With this protein the outline is very 
irregular, appearing like the profile of thunderheads or large cumulus 
clouds. If now a small drop of indicator oil on a wire is touched to the 
centre of the patch of protein, this is torn open giving a star-shaped pattern 
of indicator oil. We have not found any other protein that gives this 
particular appearance. Pepsin, for example, spreads to form a circular 
disk which tears in usually four- or five-pointed stars when the indicator 
oil is placed on the centre, thus differing from egg albumin in the shape of 
the outline produced by the spreading protein. Insulin gives a circular 
disk for the spreading protein with an internal circular spot for the 
spreading indicator oil. Wheat gliadin spread from the solid gives a cha¬ 
racteristic ragged outline both for the inner and outer boundaries. 

Tests can also be made in which indicator oil patterns are obtained 
after compression of the protein’s monolayer to definite surface pressures. 
Some protein monolayers increase very much more rapidly than others in 
viscosity as the surface pressure is raised. 

If any protein which gives other than a circular expansion pattern is 
denatured by heat, ultra-violet light or by shaking in a bottle, the progress 
of the denaturation can be followed by the changes in the type of the 
expansion patterns. The decreased area which the protein spreads as it 
becomes more highly denatured can also be measured quantitatively. It 
appears at once from these observations that the products obtained by 
different kinds of denaturation behave differently: a result in conflict with 
many statements about denaturation. 

The amount of protein needed to produce an expansion pattern need 
only be about 10~ 7 g. and the time taken for the test is often less than a 
minute. 

Viscosities of monolayers 

If a small disk of metal 1 in. in diameter is suspended by a fine wire so 
that it lies horizontally on the surface of water in a trough, oscillations of 
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the disk, or displacements due to forces applied by torsion of the wire can 
give quantitative measurements of the viscosities, the elastic properties 
and the shearing strength of protein monolayers. Different proteins give 
viscosities which vary by factors which may be as great as one million. 

In general the viscosity increases rapidly with the surface pressure. At 
F « 6 dynes/em. the surface viscosity for several protein layers is: 0*001 
for wheat gliadin, 0*002 for zein, 0*021 for insulin, 0*12 for trypsin, 0*31 for 
trypsinogen and more than 2*0 for pepsin, pepsinogen, edestin and horse 
globulin. At a pressure of F = 10 dynes/cm. the viscosities are in general 
about three times as great as F « 6 , With casein the films are very fluid 
below F * 10 but increase many thousandfold as the pressure is increased 
between 10 and 19 dynes/cm. Edestin and horse globulin form films that 
are so viscous that the oscillating disk method cannot be used. At pres¬ 
sures of 10 dynes/cm. or more films of these proteins can stand considerable 
stress without allowing the disk to rotate. They thus behave as plastic 
solids rather than fluids. 

The measurements of viscosities or other mechanical properties under 
given conditions are very reproducible and appear to be highly cha¬ 
racteristic of the different proteins and are very easily made. They provide 
a sensitive quantitative method for studying changes produced in proteins 
by various processes of denaturation. 

Reactivities of protein monolayers 

When a dilute aqueous solution of a protein is shaken vigorously in a 
bottle for a few minutes the protein is found to be denatured. For example, 
when an enzyme such as pepsin is given this treatment it loses its power to 
clot milk or to digest other proteins. 

Since monolayers are formed on the surfaces of the bubbles produced 
when the solution is shaken it has been thought that the denaturation is 
due to the formation of the monolayer on the surface, and therefore 
denaturation of this type has been called surface denaturation. 

It must be recognized, however, that during the shaking of a protein 
solution bubbles are not only formed but also break and, when they do, 
the monolayers on the surface must be crushed together just as a protein 
monolayer is crumpled when it is skimmed off the surface of a trough by 
a moving barrier. The denaturation observed by shaking may therefore 
be due not to the formation but to the destruction of the monolayer which 
occurs when the bubbles break. 

Gorier ( 1937 ) has transferred monolayers of pepsin and trypsin to a 
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casein solution and found that these enzymes, after haying been in the 
form of monolayers, showed about three-quarters of the activity of .the 
same amount of native protein. 

Schaefer and I (Langmuir and Schaefer 1938 ) have made a detailed 
study of the reactivity of pepsin which has been spread on water, has then 
been deposited on a metallic plate, washed with water and transferred to a 
given volume of skimmed milk. We have found that within a few seconds 
after the plate carrying the deposited monolayer is placed in milk, while 
being shaken, the pepsin is detached from the plate into the milk where it 
gives an activity which is usually from one-half to three-quarters as great 
as the same amount of pure native pepsin. The activity may in fact be 
several times greater than that of an originally impure pepsin, which 
indicates that the impurities in commercial samples of pepsin do not spread 
as easily as the pure pepsin. There is thus a purification involved in the 
spreading process. 

These experiments do not directly prove the reactivity of the protein 
monolayer itself, they show rather that there is something in the milk, 
which converts the protein monolayer into the globular form of the native 
protein. We hope to identify the substances in milk which produce this effect. 

We have also measured the power of monolayers of urease to decompose 
urea into ammonia. Although qualitative tests readily show the production 
of ammonia by the deposited urease monolayerB, more recent experiments 
have indicated that the activity is usually lees than 5 % of the activity of 
the corresponding amount of the native protein and that this activity 
decreases considerably the longer the monolayer is allowed to stand on 
water before being deposited. It is therefore possible that the activity that 
has been observed with urease monolayers is due to an adsorption or 
mechanical entrapment of the globular protein by the monolayer. Experi¬ 
ments are being continued to investigate this point more fully. 

Qualitative measurements have shown that monolayers of catalase are 
able to decompose hydrogen peroxide. We have, however, no proof that 
this is not due to a certain number of molecules of native protein deposited 
with the monolayer. 

The molecules of native pepsin are nearly spherical and have a diameter 
of about 35 A, whereas the monolayers produced by the spreading of 
pepsin at F = 0 have a thickness of only about 8 A. Since proteins are so 
sensitive to influences which modify their molecules it would seem extra¬ 
ordinary if the formation of a monolayer does not denature the protein. 
It is therefore particularly important to investigate thoroughly the nature 
of the process that permits pepsin monolayers to clot milk. 
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Structure of protein monolayers 

The extreme insolubility of protein monolayers even under compression, 
as compared to that of many native proteins, implies that the monolayers 
have a radically different structure from that of the globular proteins. 

We have seen that oil-soluble substances spread on water because of 
the presence of hydrophilic groups but that water-soluble substances 
(such as the proteins) can spread on water only because of the presence of 
hydrophobic groups. The high solubility of the native proteins, however, 
indicates that these hydrophobic groups are not on the outside surfaces 
of the molecules, for if they were, the tendency of hydrophobic groups to 
coalesce would bind the molecules together and render them insoluble. 
It is, of course, possible that such proteins as gliadin and zein which are 
insoluble in water but soluble in dilute alcohol have a certain number of 
hydrophobic groups on their outside surfaces. It seems necessary to 
conclude, however, that the hydrophobic groups in the water-soluble 
proteins are packed away inside of the molecule just as the hydrophobic 
groups within a micelle of soap are packed into the interior of the micelle 
whose outside surface is covered with hydrophilic groups. 

The spreading of the protein on water to form a monolayer thus involves a 
tearing open of the molecule by which the hydrophobic groups are permitted 
to occupy positions at the air-water interface. The lowering of surface 
tension of water by soap involves an exactly similar tearing open of micelles. 

The very high reversible compressibility of the protein monolayers on 
water, which resembles that of the expanded films of fatty acids (but is 
reversible over a much wider range of areas) suggests that the protein 
monolayers, like the expanded films, consist of duplex films in which there 
are groups that act as two-dimensional gas molecules. The ordinary view 
of the structure of proteins is that they contain long polypeptide chains 
consisting of a series of amino-acid residues arranged end to end. Some of 
these residues, such as that of leucine, contain hydrophobic groups. Such 
groups would attach themselves to the air-water interface so that each 
polypeptide chain would be anchored to the surface at many plaoes along 
its length, while the hydrophilio groups which are predominant along the 
chain would permit the rest of the chain to form loose folds in the water. 
The hydrophobic groups would thus act as two-dimensional gas molecules 
but would be prevented from spreading indefinitely over the surfaoe 
because they are bound into polypeptide chains. The structure thus is like 
that of a gas whose molecules are free, except that they are tied together 
by weightless, flexible strings which prevent indefinite expansion. 
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When the protein monolayer is compressed sufficiently the hydro- 
phobic groups may become so crowded in the surface that some of them 
are forced to go into the underlying water, but they cannot go into true 
solution for they are bound to the surface through the chains which 
attaoh them to other hydrophobic groups in the surface. 

Relation to cyclol theory of protein structure 

According to Dr Wrinch’s cyclol theory the globular proteins consist of 
amino-acid residues which are built into a fabric folded over the surface 
of a polyhedron, thus giving a cage-like structure. Such a model explains 
how the hydrophobic groups can be tucked away in the interior of the 
molecule. It would indicate also that globular proteins have highly 
symmetrical molecules. This is in accord with the X-ray data which show 
that protein crystals are of very high symmetry and the symmetry resides 
not only in the crystal as a whole but in the molecule (Bernal 1937 ). A 
polyhedral cyclol molecule could be torn open, so as to enable the hydro- 
phobic groups to spread as a monolayer, only by the breaking of cyclol 
bonds, leaving, however, the peptide links of the polypeptide chains. 

The properties of the protein monolayers do not seem to give any 
indication of a dorsi-ventral rigid cyclol fabric. The striking contrast of 
properties between the globular proteins and the monolayers formed from 
them, and the irreversibility of this unfolding, are best explained by the 
breakdown of the cyclol structure of the globular proteins into the poly¬ 
peptide structure of the monolayers. 


Protein ^-layers 

Barium stearate multilayer plates, conditioned by thorium nitrate, can 
adsorb proteins from solution. It seems probable that the globular mole¬ 
cules become attached by their outside surfaces to the polar thorium 
atoms on the plate and that this does not involve an unfolding or tearing 
open of the protein molecule and so does not cause denaturation. Pre¬ 
liminary tests with toxins and anti-toxins and some later experiments by 
Schaefer at Harvard with pneumonia sera and polysaccharides have shown 
that high specificity is retained by the proteins. I do not feel that my 
knowledge of biology is sufficient to contribute directly in studies of this 
kind. It would seem, however, that the direct optical determination of the 
amount of protein adsorbed upon surfaces by other proteins which are 
known to react should be a valuable research tool for the biologist* 



Pilgrim Trust Lecture 37 

Conclusions 

In this lecture I have attempted to give a general survey of the properties 
of monolayers and multilayers and of the experimental techniques which 
these provide for the study of many phenomena, particularly in the field 
of biology. 

There appears to be a whole world of two-dimensional phenomena which 
are analogous in many ways to those of the three-dimensional world. The 
experimental techniques for handling these two-dimensional systems are 
unusually simple. They enable us to make measurements in a very direct 
way of molecular sizes and shapes and permit us to study the forces that 
act between particular parts of molecules. They are thus admirably 
adapted for the study of structures of complicated molecules, I believe 
they will find important applications in the rapidly growing science of 
megamolecules. 

Summary 

The forces between molecules of organic liquids of non-ionic type are 
ordinarily of such short range that they act only when the molecules are in 
contact. The magnitude of the force depends mainly upon the area, and 
the nature, of the two contacting molecular surfaces. This principle of 
independent surface action has been a useful guide in the development of 
theories of surface-tension phenomena and should be equally valuable for 
theories of vapour pressures and solubilities. It leads directly to the 
concept of molecules having hydrophobic and hydrophilic parts which 
spread as oriented monolayers on a water surface. 

Such monolayers can have the properties of two-dimensional gases, 
liquids or solids. A type of film called a duplex film, having no three- 
dimensional analogue, has two interfaces (an upper and a lower), which 
are separated by a thin three-dimensional layer (the interstratum). 

Expanded films, such as monolayers of myristic acid on aoidulated 
water, are duplex films in which the interstratum is a hydrocarbon liquid. 
The lower interface contains all the hydrophilic groups. These, because of 
thermal agitation, constitute a two-dimensional gas that exerts a surface 
pressure, causing the expansion of the film. 

Many proteins, although very soluble in water, form remarkably in¬ 
soluble monolayers which are duplex films. The interstratum consists of 
polypeptide chains which form loose loops attached at intervals to the 
upper interface by hydrophobic groups. These give to the upper inter¬ 
face the properties of a two-dimensional gas. When the monolayer is 
compressed, some of the hydrophobic groups are driven from the upper 
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interface into the interstratum. The irreversible formation of the mono- 
layers indicates* that the globular proteins have an entirely different 
structure and gives support to the cyclol theory. 

The viscosities and elasticities of monolayers furnish information re¬ 
garding the cross-linkages between the chains. 

Stearic acid spread on water containing traces of barium salts gives 
monolayers which can be deposited by a dipping process upon solid plates. 
By successive dips, any number of layers, up to 3000, can be built up. 
Optical measurements, involving interference of light reflected from the 
top and bottom surfaces, give accurately the thickness of the film. 

Single monolayers of various substances, deposited upon barium stearate 
multilayers of critical thickness (about one-quarter wave-length), are 
readily visible to the naked eye because of the change of colour. With 
monochromatic light the thickness of the monolayer can be measured to 
within about 2 A. 

The barium stearate multilayers are both hydrophobic and oleophobic 
(non-wettablc by oil). Dipping into dilute solutions of thorium nitrate 
causes an overturning of the outside layer of molecules, making the surface 
polar and hydrophilic. Such conditioned surfaces can absorb many 
organic substances from solution, giving observable increases of thickness. 
This technique serves as a valuable tool in biological investigations. 

Free stearic acid in barium stearate multilayers can be dissolved out by 
dipping the film into benzene containing 1 % alcohol, leaving a skeleton of 
unchanged thickness, but of refractive index which may be as low as T2, 
The application of a drop of oil fills the pores of the skeleton without 
wetting the surface and restores the original colour. Films of many sub¬ 
stances may be deposited upon skeleton films and the permeability of the 
deposited films to liquids or vapours can thus be measured optically. 
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on 

The protein molecule 
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By Professor T. Svedberg 

The proposal of the subject for this discussion is in itself a remarkable 
thing and a symbol of the spirit of this meeting. A few years ago the proposal 
would have looked preposterous. Proteins were known as a mysterious sort 
of colloids, the molecules of which eluded our search. What is it then that 
has happened in these years ? Why is the most distinguished scientific society 
of this country inviting a discussion on the protein molecule? 

The brilliant work on inorganic oolloids, especially on gold sols, by 
Zsigmondy and others had shown that the mass of the particles of these 
oolloids ohanged continually with the conditions of their formation. The 
particles had no individuality from the quantum point of view—therefore 
they were not moleoules although they obeyed the same laws of thermal 
motion as the molecules. Now the proteins behaved in many respects like 
inorganic colloids, were held back by membranes, diffused very slowly, etc., 
and one therefore concluded that the protein particles were not molecules. 
Another line of thought led to the same conclusion. In spite of all their 
efforts and the wonderful achievements in other fields the organic chemists 
were not able to synthesize molecules of a mass approaching—even in a 
modest way—that of the protein particle. Giant moleoules, therefore, were 
supposed not to exist—only clusters of ordinary small molecules forming 
partioles of undefined mass. 

To-day we have, I think, definite proof that this view is wrong. Investi¬ 
gations along different lines have given the result that the proteins are built 
up of partioles possessing the hall-mark of individuality and therefore are in 
reality giant molecules. We have reason to believe that the partioles in 

[ 40 ] 
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protein solutions and protein crystals are built up according to a plan which 
makes every atom indispensable for the completion of the structure. The 
removal of even a single atom means loss of individuality. This is perhaps 
best seen in the case of proteins containing a prosthetic group. The removal 
of one atom of iron from cytochrom causes a profound change in the molecule. 
Protein reactions are therefore elementary acts which must of necessity 
obey the laws of quantum mechanics. 

The evidence for the molecular nature of protein particles and information 
concerning the mass, shape, structure and chemical properties of the protein 
molecule has been gained through the application of the following experi¬ 
mental procedures: ultracentrifugal sedimentation, diffusion, osmotic pres¬ 
sure, electrophoresis, X-ray analysis, viscosity, orientation in electrio and 
magnetic fields, stream double refraction, surface films, Tyndall effect, 
enzymatic and hydrolytic decomposition, kinetics, mutation in viruses and 
genes. 

Among these different modes of attack ultracentrifugal sedimentation 
and X-ray analysis have perhaps given the most direct proofs of the existence 
of the protein molecule, such methods of investigation as diffusion, visoosity 
and stream double refraction have taught us much about the shape of 
protein molecules, while electrophoresis and decomposition experiments 
have helped us to collect invaluable information concerning their chemical 
properties. The X-ray (and possibly the electron-ray) analysis will ultimately 
give us a complete picture of the architecture of the protein molecule as it 
exists in crystals. Recent findings seem to indicate that a study of the 
changes or mutations taking place in giant protein molecules such as we 
believe are the essence of viruses and the genes of the chromosomes might 
help us to understand the mode of reproduction or synthesis of the protein 
molecule. 

In ultracentrifugal sedimentation (Svedberg 1925 , 1926 , 1927 , 1938 ) we 
measure either the rate of fall of the protein molecule or the equilibrium 
between fall and diffusion. Especially in the former case a sort of mass 
analysis is possible. If the solution studied contains a single molecular 
species or a few kinds of well-defined molecules a diagram showing corre¬ 
sponding discontinuities is obtained. An equilibrium determination on a 
solution containing only one molecular species gives directly the molecular 
weight, but in the case of a mixture this method is less efficient. Sedimenta¬ 
tion velocity measurements must be supplemented by diffusion determina¬ 
tions in order to give molecular weights. 

If we define as sedimentation constant a the rate of settling in unit 
centrifugal field and reduced to water of 20 ° C as solvent we have for the 
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molecular weight from sedimentation and diffusion (Svedberg 1925, 
1927) 


M,= 


RTs 

W-VpV 


(i) 


where R is the gas constant, T the absolute temperature, D the diffusion 
constant, V the partial specific volume of the solute, and p the density of the 
solution. 

Molecular weight from equilibrium data is given by the expression 
(Svedberg 1925, 1926) 


2 RTln(cJc 1 ) 

* ” (1 - Vp) - x\) ’ 


( 2 ) 


where c a and q mean the concentrations at distances x a and x t from the 
axis of rotation and w the angular velocity. 

In order to ensure sedimentation and diffusion undisturbed by interaction 
between molecules the concentration of the solute has to be low. It is 
further necessary to compensate electrical forces (the Donnan effect) by 
the addition of a low molecular electrolyte (Tiselius 1926, 1932). 

The combination of sedimentation and diffusion data means explicit 
elimination of the frictional constant which is done implicitly in the equili¬ 
brium measurements. One might ask whether we are justified in assuming 
the frictional constant to be the same in sedimentation and diffusion. From 
a theoretical point of view there is no reason for a difference as long as there 
is no orientation caused by the sedimentation. In the cases so far studied 
the rate of fall is so small that any tendency to orientation is completely 
compensated by the thermal motion (Perrin 1934,1936). If the centrifugal 
force varies rapidly per unit of length, as is the case near the axis of rotation, 
one might expect a certain degree of orientation if the molecules are very 
elongated. On the other hand, the centrifugal force is low near the axis. 
For orientation experiments of this kind a very small rotor running at 
extremely high speed would be best. 

The values of specific volume used are based on dry-weight determinations, 
and the moleoular weights accordingly refer to the mass of the molecule 
without water. Hydration has no influence on the molecular weight values 
as long as the density of the hydration and adsorption shell around the 
molecule does not differ from the density of the solution. Even in case of 
such a difference the error in the moleoular weight is very small provided 
the protein and salt concentration is low (Lansing and Kraemer 1936; 
Adair and Adair 1936). Needless to say the moleoular weight values obtained 
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by this method are independent of the shape of the molecule and of the 
validity of Stoke’s law. 

The molar frictional constant may be calculated from the sedimentation 
constant 8 and the equilibrium molecular weight M e or from the diffusion 
constant by means of the equations (Svedberg 1927) 


f MALzlE) 

J °~ 8 

, _ RT 

h ~~D' 


( 3 ) 

( 4 ) 


Experience has shown /„ to be equal to f d . 

For a spherical molecule of the same mass the frictional constant is 


/o = SnriN 



( 5 ) 


where 7 ) is the viscosity of the solvent and N the Avogadro constant. 

For a non-solvated spherical particle the experimentally determined 
frictional constant / should be equal to/ 0 . Deviations of the frictional ratio 
flfo from unity may therefore be taken as a measure of the deviation from 
the spherical shape or of hydration or both (Svedberg and Sjogren 1929). 
If we have reason to believe that there is no solvation and that the dis¬ 
symmetry of the molecule is roughly that of a stretched ellipsoid of rotation 
the axial ratio a/b may be calculated by means of the equation (Gans 1928; 
Perrin 1934, 1936; Herzog, IUig and Kudar 1934) 


1/ w 


In 


1 + (1-a 2 /6 2 )*\ 

1 - (1 — a s /6 2 )*/' 


( 6 ) 


From a/b and the known volume one finds the dimensions of the molecule. 

As an example of sedimentation analysis fig. 1 gives the sedimentation 
diagram of lAmulua haemocyanin showing the presence of four homogeneous 
main components. An equilibrium measurement is exemplified in fig. 2, 
which demonstrates the molecular homogeneity of phycoerythrin. 

Analysis by means of sedimentation velocity measurements has proved 
that solutions of the native easily soluble proteins are either monodisperse or 
paucidisperse, i.e. they contain either a single or a few molecular speoies 
well defined with regard to mass and shape. Similar although less stringent 
conclusions can be drawn from sedimentation equilibrium and diffusion 
measurements. Those proteins, on the other hand, which occur as more or 
less solid deposits in the organism and are not easily brought into solution— 
such as keratin, fibroin, myosin—do not form definite molecules. 
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The application of this technique has further shown that protein molecules 
are often reversibly dissociated or associated by the action of very mild 
agents such as change of protein concentration, change of salt concentration, 
change of pH, addition of amino compounds. The products of these reactions 
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Fig. 1 . Sedimentation diagram for IAmulue haemocyanin obtained by the refractive 
index method at pH 6-8, showing the four main components and also a small amount 
of a fifth. Centrifugal force 120,000 times gravity. Time after reaching full speed 
35 min. (Pedersen.) 



Fig. 2. Relation between molecular weight and distance from centre of rotation for 
phycoerythrin {M = 290,000) at pH 6*8. (Erikason-Quensel.) 

have molecular weights connected by a law of simple multiples. The first 
step in dissociation is mostly a splitting into halves, the first stage in asso¬ 
ciation the doubling of the mass. Thus haemoglobin is split into halves when 
diluted (Pedersen and Anderson, unpubl.) and upon addition of urea (Stein- 
hardt 1938). Serum albumin is split into fragments probably one-eighth 
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of the normal molecule by the action of clupein (Pedersen 1936a, 6,1937, 
1938) (fig. 3 ). If the pH of a Helix pomatia haemocyanin solutionis gradually 
brought from the isoelectric point into more and more alkaline regions the 
molecules are first split into halves, then into eighths, then into sixteenths 
(Eriksson-Quensel and Svedberg 1936). Human serum globulin undergoes 
dissociation and association according to the concentrations of salt and 
proteins present (Pedersen, unpubl.; McFarlane 1935). In most oases the 
reaction is reversible. 

A third result of ultracentrifugal and diffusion investigations is the finding 
of a rule of simple multiples for the molecular weights of the proteins. Not 



Fig. 3. Sedimentation diagram of serum albumin 
in 2-0% clupein solution. (Pedereen.) 

only nearly related substances such as the red blood pigments obey the rule, 
but the masses of most proteins, even those of widely different origin, show 
similar regularities (Table I). If we choose 17,600 as the unit the majority 
of the proteins may be divided into eleven classes with molecular weights 
whioh are multiples of this unit by factors containing powers of 2 and 3 . 
The rule is only approximate, indicating that the underlying principle, 
which probably means a similarity in the architecture of all proteins, is 
obscured by some secondary factor. If the proteins are built up of amino- 
aoid residues according to a common plan the differences in percentage of the 
amino aoids of different molecular weight might be regarded as this 
obscuring factor. 

Osmotic measurements may be used for the calculation of moleoular 
weights of proteins (Sorensen 1915-17). The method being in principle a 
counting of the number of molecules in a known amount of material only 
mean values of molecular weight are obtained. With increasing molecular 
weight the accuracy diminishes because of the smallness of the pressures 
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observed. Donnan effects have to be corrected for or eliminated by the 
addition of salt. Theory and experimental technique were worked out by 
Adair (1928,1935), and a number of reliable values have been obtained by 
him (Adair 1925, 1938; Adair and Robinson 1930; Adair and Roche 1934). 

From measurements of the migration of protein molecules in an electric 
field—electrophoresis (Svedberg and Tiselius 1926; Tiselius 1930)—we 
cannot, by elimination of the frictional constant, arrive at values for the 
electric charge. Electrophoresis data are, however, of great importance for 
the characterization of the proteins. The position of the isoelectric point 
and the slope of the mobility curve reflect to a certain degree the composition 
of the molecule and may serve as an index of its chemistry (Table I). Slight 
changes in the structure not revealed by a mass analysis (ultraoentrifugal 
sedimentation) will show up in electrophoresis. A greatly improved tech¬ 
nique (Tiselius 19376) has recently made possible important investigations 
in this field. 

Among the results of electrophoretic measurements the demonstration 
of species differentiation in blood pigments of identical molecular weight 
may be mentioned. Thus the isoelectric points of the haemocyanins of 
Helix pomalia and H. nemoralis with the same molecular weight, 6 , 700 , 000 , 
are 5-06 and 4-63 (Pedersen 1933). Eleotrophoretio determinations have 
made it possible to prove intercombination of the dissociation produots when 
solutions of these two haemocyanins are mixed at a pH where they are split 
and then brought to a pH low enough to cause recombination (TiseliuB and 
Horsfall 1939). 

The application of the new electrophoresis technique to the study of 
serum proteins has yielded important results (Tiselius 19370). Thus in 
normal mammalian serum three electrochemically well-defined globulins 
now called a, /? and y were found. These proteins have approximately the 
same moleoular weight in dilute solution but quite different electrochemical 
properties, e.g. the isoelectric point of globulin y is at pH 6'0 instead of 5 * 1 , 
as for the a and /? components. In addition the mobilities are quite different, 
especially in the alkaline region. A separation by means of electrophoresis 
is therefore comparatively easy. The study of immune sera has shown that 
the antibody activity is in some cases connected with the y-component, 
while there sometimes appears a new component as the carrier of the activity 
(Tiselius 19370, 1937c; Tiselius and Rabat 1938). This proves the high 
sensitivity of electrochemical behaviour to changes in molecular structure. 

X-ray analysis of protein crystals and semi-solid protein deposits in 
living organisms has yielded results of the highest importance for the 
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elucidation of the structure of the protein molecule. Investigations by the two 
British schools (Bernal and others 1938; Crowfoot 1938; Astbury 1938) have 
shown that the proteins may be divided into two classes, globular proteins 
and fibrous proteins. In the latter case the structure is that of a polypeptide 
chain grid, while in the former case a multiple folding obtains resulting in a 
high degree of symmetry of crystals of globular proteins. Denaturation of 
this type of proteins would correspond to an unfolding and accordingly to 
the appearance of less folded polypeptide chains. A more detailed study 
has brought to light certain facts, such as the existence of long spacings in 
the structure of the fibrous proteins, tending to make the dividing line 
between the two groups less distinct. Astbury seems to be of the opinion 


Albumin — 

Globulin a — 
Globulin f$ — 
Antibody-- 
Globulin y — 



- Alb. 


Fia. 4. Electrophoretic diagrams of unabsorbed {A) and absorbed (B) antipneumo- 
eoocus horse serum. (Tiselius.) 

that after all there may be macro-molecules even in the protein fibre 
(Astbury 1937). 

Molecular weights of globular proteins calculated from X-ray data agree 
very well with the values obtained from ultracentrifugal determinations. 
Thus the Bernal school found for pepsin, insulin, lactoglobulin and haemo¬ 
globin the values 40 , 000 , 37 , 200 , 36 , 500 , 69,000 respectively, while the 
ultraoentrifuge gives 37 , 000 , 38 , 000 , 39,000 and 68,000 respectively (Bernal 
and Crowfoot 1934; Bernal and others 1938; Crowfoot 1935,1938). X-ray 
analysis proves the moleoular homogeneity of the globular proteins in the 
crystals. An interesting result is the high degree of symmetry displayed 
by the protein lattice. Haemoglobin has a face-centred pseudo-hexagonal 
elementary cell and the tobaoco seed globulin a face-centred pseudo-oubic 
°ell (Bernal and others 1938). The length of the haemoglobin molecule in 
wet crystals is estimated to 109 A and the breadth to 32 A. The frictional 
ratip ///o As determined by means of ultraoentrifugal sedimentation and 
diffusion is 1-2. Under the assumption of an ellipsoidal shape we get for the 
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axial ratio of the dehydrated molecule 0 - 27 , while the X-ray data require 
about 0 * 29 . 

An interesting attempt to construct a three-dimensional model of the 
protein molecule out of a few assumptions and purely geometrical reasoning 
has been done by Dr Dorothy Wrinch, Oxford (1937a, 1938). A certain 
transfer of bonds is assumed, resulting in plane triangular groups whioh can 
be linked together to a more or less complicated “cyclol” pattern. It is 
further shown by Miss Wrinch that there exist oertain polyhedrons on the 
surface of which a “cyclol” network can be drawn. Thetruncatedtetrahedron 
seems the most likely type. A closed “cyclol” network can be fitted on its 
surface fulfilling the condition that the faces form the tetrahedral angle at 
the edges where the “cyclol” network crosses over. A linear series of such 
tetrahedron networks comprising 72 , 288 , ..., 72 n 2 amino-acid residues may 
possibly represent the different molecular weight classes of the proteins. 
The cyclol with 288 amino-acid residues has been studied in detail (Wrinch 
19376; Langmuir and Wrinch 1938) and its properties compared with the 
known properties of insulin—a protein investigated both by means of 
chemical analysis, X-rays and ultracentrifugal sedimentation. 

Viscosity measurements may be used for the estimation of the dimensions 
of protein molecules. The theories which have been developed for the de¬ 
scription of viscosity in terms of molecular dissymmetry are, however, not 
very clear and certain assumptions have to be made. For rod-shaped mole¬ 
cules Kuhn (1932) has proposed the relationship 

+-(-)*, ( 7 ) 

Vo 16 \aJ 

where % is the viscosity of the solvent, O is the volume of solute per c.c. and 
6/a is the ratio of the long to short axis'of the molecule. According to recent 
deductions by Burgers (1938) we have for an elongated ellipsoid of rotation 

^2 - Ok, (8) 

Vo 

where & is a oertain function of the axial ratio of the molecule. 

Poison (1936) has studied the relation between viscosity and axial ratio 
for various proteins using axial ratios calculated from values of ///„ according 
to equation (fl). It was found that the empirical formula 

^29 « 4 - 00 + 0 - 0980 ^*, ( 9 ) 

describes the behaviour of all the proteins so far investigated. This shows 
that the relationship between viscosity and molecular shape is about the 
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same for different proteins. If we admit this general law molecular weights 
may, as pointed out by Poison, be calculated from visoosity and diffusion 
measurements, thus dispensing with sedimentation determinations. The 
procedure is as follows: By means of equation ( 9 ) and viscosity 6/a is found. 
From 6/a we compute f/f 0 using equation (6). On the other hand, / may 
be found from diffusion measurements using equation ( 4 ) and therefore we 
arrive at a value for / 0 . From this the molecular weight is calculated ac¬ 
cording to equation ( 5 ). There is really no other assumption made than the 
validity of the empirical equation ( 9 ) for the protein in question. Hydration 
canoels out because it enters both in the frictional constant / and in the 
diffusion constant I). 

In Table II some molecular weight values calculated from equations ( 7 ), 
(8) and ( 9 ) are tabulated. For comparison the ultracentrifugal molecular 
weights are also given. The relatively good agreement between the latter 


Table II. Molecular weight of proteins from vtsoosity 

AND DIFFUSION 


Molecular weight according to 

/ ... 

Ultracentrifugal 

Kuhn Burgers Poison determinations 


Protein 

Gliadin 
Egg albumin 
Lactoglobulin 
Haemoglobin 
Serum albumin 
Serum globulin 
Amandin 
Thyroglobulin 

Homarus haemocyanin 
Octopus haemocyanin 
Helix pomatia haemo- 
oyanin 


21,300 

13,600 

26,800 

20,000 

31,100 

22,900 

39,800 

30,300 

48,000 

34,900 

134,000 

91,300 

224,000 

161,000 

457,000 

310,000 

530,000 

393,000 

1,952,000 

1.337,000 

4,250,000 

3,101,000 


29,600 

26,000 

41,800 

42,100 

43,700 

39,800 

70,300 

68,000 

71,800 

68,500 

189,000 

158,000 

324,000 

329,000 

642,000 

639,000 

793,000 

777,000 

2,820,000 

2,780,000 

6,350,000 

6,650,000 


and those calculated by means of equation ( 9 ) shows that this formula may 
be of value for the computation of approximate molecular weights in cases 
where ultracentrifugal equipment is not available. The lack of agreement 
when equations (7) and (8) are used shows that so far the attempts to find a 
formula which gives absolute values have not been successful. 

In one group of methods a more or less complete orientation of the protein 
molecules in a solution is aimed at and the properties are studied by various 
Kifians. From the data so collected conclusions may be drawn as to the shape 
and Structure of the molecules. 

Vcl. CLXX. A. 


4 
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Theoretically well founded is the method of determining the orientation 
in electric fields by means of dielectric measurements. The shape of the 
moleoule and the distribution of charge may be deduced in this way 
(Arrhenius 1937,1938; Williams 1934). In the case of an ellipsoid of rotation 
the relaxation time may be expressed by the following equation: 


r = 



( 10 ) 


or 


r as 


3 8Tj 


where ^r x 


m iv~p) r ' 

1 - M/a 4 




if the molecule rotates around its minor axis, and 




l~b*la* 


1 1 + /1 - 2 6 * la*) ^ In ( ’ 
1 + (1 2b ja b j a ) 


(10 a) 
( 11 ) 


( 12 ) 


in the case of rotation around the major axis. 

If the moleoular weight or the sedimentation and diffusion oonstants are 
known, we can calculate the axial ratio provided we are informed about the 
mode of rotation. 

Orientation in electric fields may also be studied by optical means. 
Double refraction (Kerr effect) as a result of orientation or molecular polari¬ 
zation is to be expected. Owing to the high conductivity of most protein 
solutions the Kerr effect is di ff icult to measure (Bjornst&hl and Snellman, 
unpubl.). 

Orientation in magnetic fields (Majorana-Cotton effect) is more promising 
for the collecting of data about molecular anisotropy. Preliminary measure¬ 
ments in Upsala (Bjornst&hl and Snellman, unpubl.) have shown that 
certain protein solutions become slightly birefrigent in magnetic fields. So 
far the effect has not been utilized for the elucidation of protein structure. 

Measurements of the intensity and polarization of scattered light from 
oriented and from unoriented moleoules (Tyndall effect) may give informa¬ 
tion about the size and shape of the protein moleoules. Interesting studies 
along these lines have been done by Putzeys and Brosteaux (1935). 

Studies of the orienting aotion of surface forces on protein moleoules have 
led to interesting conclusions. The application of Langmuir’s surfaoe-film 



Discussion on the protein molecules 51 

balanoe method to proteins by E. Gorter (1937) and collaborators (Philippi 
1936) and by Bideal (Hughes and Bideal 1932; Schulman and Bideal 1933; 
Mitchell 1937) gave results which at first appeared difficult to interpret and 
seemed to be in conflict with the findings of the ultracentrifugal and X-ray 
technique. The cliief difficulty was the low values for the thicknesB of the 
films found which indicated either smaller molecular diameters—admitting 
globular shape—or very asymmetrical molecules. Neither of these possi¬ 
bilities are compatible with the state of protein molecules in solutions. After 
Langmuir, Schaefer and Wrinch (1937) had shown that such films could be 
transferred to solid surfaces and that piles of monolayers could be built up 
capable of being handled as ordinary membranes, results of importance for 
the understanding of the structure of the protein molecule were arrived at. 
Astbury and co-workers (1938) have made X-ray studies of these protein 
membranes and have been able to measure directly the thickness of bundles 
of a known number of monolayers. For egg albumin a value of 9-10 A was 
found in agreement with X-ray values for the side-chain spacing of fibrous 
proteins. The diameter of the egg-albflmin molecule being of the order of 
40 A it is certain, therefore, that the protein molecule is deformed or even 
denatured to a considerable degree in surface films. 

The most promising method for the elucidation of molecular shape based 
on optical measurements of orientation is the study of stream double 
refraction. Work by Boeder (1932), Kuhn (1933) and Haller (1932) has 
clarified the theoretical side of the problem. The experimental investigations 
are just beginning to give results. Von Muralt and Edsall (1930) studied 
myosin, and Boehm and Signer (1931) ovalbumin, myogen, gelatin, myosin 
and ovoglobulin. The measurements indicate thread-like molecules in the 
oase of myosin and ovoglobulin and practically spherical molecules for egg 
albumin and myogen. Beoent determinations in Upsala by Snellman and 
Bjfirnst&hl have shown that in certain antibodies the molecules are very 
elongated (Snellman and BjornstAhl, unpubl.). 

Studies of the action of enzymes on proteins may serve as a means for 
getting information about the structure of the protein molecule. Ultra- 
oentrifugal and electrophoresis measurements on the cleavage products 
seem of special interest. Among the attempts made (Annette 1936; Tiselius, 
unpubl.) those of Tiselius concerning the action of pepsin on egg albumin 
merit attention. Using his new electrophoresis method he found that the 
decomposition product has a much lower mobility than the unchanged 
protein (fig. 5). Ultracentrifugal sedimentation determinations showed that 
the molecular weight is low. of the order of peptides. 

Speculations on the constitution of the protein molecule based upon the 
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amino-acid composition have recently been brought into the foous of interest 
byBergmann and Niemann (19370,6). Complete knowledge of the oontentof 
the various amino acids is not available, but from the data collected through 
chemical analysis of the products of incomplete hydrolysis certain conclu¬ 
sions may be drawn. Following up an idea first expressed by Astbury (1934). 
Bergmann and Niemann postulate a general law which expresses the 
constitution of the proteins as a function of the “ frequencies ” of the various 



Fia. 5. Electrophoretic diagrams of unchanged egg albumin (upper pictures) and 
egg albumin acted upon by pepsin (lower pictures). (Tiselius.) 

amino acids. Each amino-acid residue is supposed to occur at regular 
intervals in the polypeptide chain. The one with the highest frequency F 0 
or lowest absolute number N it according to the expression' 

FiN t m N t , (13) 

where N ( is the total number of amino-acid residues, determines the 
minimum molecular weight. The frequency values F i deduced by Bergmann 
and Niemann from the analytical data available are very nearly multiples 
of powers of 2 and 3, and so are the N t . The molecular weights deduced by 
Bergmann and Niemann agree very well with those found by means of 
ultraoentrifugal sedimentation. The classification of the proteins according 
to molecular weight attempted on the basis of ultraoentrifugal data may 
be explained by the law postulated by Bergmann and Niemann. 
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In emphasizing the importance of the generalizations just discussed, 
especially as a stimulus for further research, one should not overlook certain 
serious difficulties. As pointed out by Astbury (1937), the frequencies 
calculated by Bergmann and Niemann would in many cases require that one 
and the same place in the polypeptide chain be occupied by two or more 
different amino-acid residues. Furthermore, the scheme is not easily 
compatible with the general structure of proteins established by X-ray 
measurements. The analytical data available at present, especially those 
relating to the amino acids of low percentage, are rather uncertain. Now N t 
and therefore the molecular weight depends on the knowledge of the content 
of these rarer acids. As an example the deductions by Bergmann and 
Niemann concerning haemoglobin may be mentioned. Here from the 
cystein content, 0-5 %, they calculate N ( = 3 for this amino acid and find 
the total number of residues in the molecule to be 576 . Their molecular 
weight v.alue is 69 , 000 , in excellent agreement with ultracentrifugal and 
osmotic values. Now the ultracentrifugal investigations have shown that 
haemoglobin can split reversibly into half molecules and that the two 
halves are probably equal (Steinhardt 1938). X-ray measurements indicate 
the same (Bernal and others 1938; Crowfoot 1938). Bergmann and Niemann 
ought therefore to have found a minimum weight of about 34,500 instead 
of 69,000 for haemoglobin. 

The study of chemical reactions in protein solutions by means of physico¬ 
chemical methods will probably yield valuable information concerning the 
structure of the protein molecule. The exceptionally rapid increase of reaction 
velooity (denaturation) with temperature and with change in pH which is 
characteristic of the proteins has been a great puzzle. Activation energies, 
calculated from temperature coefficients in the usual way, give abnormally 
high values. A promising attack on the problem has recently been made by 
Steinhardt (1937), who studied in detail the pH and temperature inactivation 
of pepsin. From his measurements he concludes that the rate of reaction 
depends on the concentration of one particular kind of pepsin ion, and that 
the amount of this ion varies rapidly with pH and with temperature. Taking 
this into account he arrives at reasonable activation energies. The very rapid 
increase of ions of the sensitive type with pH explains the slferp pH stability 
limits found for the proteins by means of ultracentqifugal and diffusion 
measurements. 

The mechanism of protein synthesis is practically unknown. Beoently 
some interesting indications as to the mode of reproduction of a certain 
protein have been observed in the field of viruses and genes (Bergmann and 
Niemann 19376; Gulick 1938; Jordan 1938; Stanley 1938). The fact that 
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several viruses are now obtained in crystalline form and shown to possess all 
the properties of proteins of very high molecular weight makes it almost 
certain that they are to be regarded as protein molecules and not as living 
beings (Bawden and Pirie 1938; McFarlane and Kekwick 1938; Stanley 
1938). On the other hand, the viruses propagate only in living tissues, and it 
has been suggested that the multiplication is due to an act of autocatalysis, 
a sort of enzymatic reaction where the virus molecule acts as its own enzyme. 
The spontaneous mutations observed in plant viruses are thought to be the 
result of the multiplication of low percentage by-products from the protein 
synthesis. A number of facts point in the direction of the genes being large 
individual protein molecules. The propagation of the gene is according to 
this view regarded as an autooatalysis as in the case of the viruses. The 
mutations caused by radiation would mean that the gene molecule has been 
changed by the absorption of a quantum and that this change is being 
reproduced autocatalytically. 


In the above survey I have aimed at showing what means are used at 
present and might with success be used in the near future for the study of the 
protein molecule. 1 have also tried to give a summary of our present know¬ 
ledge of its main properties. We have still a long way to go before reaching 
our goal—the complete elucidation of the architecture of the protein 
molecule. But looking back on the stretch already traversed we may feel 
justified in stating that the application of physico-chemical methods to the 
protein problem has already given us much valuable information. The vague 
term “colloid” for a protein has been replaced by precise information 
concerning the mass and electrochemical behaviour and in oertain cases 
even of the shape and structure of the protein particles in solutions and 
crystals. These entities appear so well defined that we really feel justified in 
denoting them as protein molecules. 
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Dr K. Linderstr 0 m-Lang. Globular proteins and proteolytic enzymes. 

Genuine globular proteins are slowly attacked by crystalline trypsin 
under conditions (pH, temperature) where the proteins are stable in the 
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absence of trypsin. On the other hand, crystalline trypsin is able to split 
synthetic peptides. The deduction from this that peptide bonds are 
present in genuine globular proteins would lose its validity in the follow¬ 
ing case. 

If, according to Anson and Mirsky, denaturation is reversible, then in a 
solution of a given globular protein there is an equilibrium between genuine 
and denatured protein, 

G&D. 

Henoe it is sufficient that D and only D should contain peptide bonds open 
to fission by trypsin, because by removal of D by hydrolysis this process is 
forced in the direction from left to right and G will gradually disappear as 
well. The problem is open to experimental test in the following way. 

When the protein is hydrolysed with so much trypsin that the rate of the 
above process becomes the limiting factor in the total reaction, then we must 
expect the temperature coefficient for the hydrolysis to approach that of 
the reversible denaturation, which is presumably very high. 

If a protein solution is heated for a short time to a temperature at which 
the process is proceeding rapidly and completely from left to right and then 
quickly cooled down to a temperature where it is a slow process, a protein 
solution is obtained which contains initially more D than corresponds to the 
equilibrium at that (low) temperaure. Hence we may expect to find a more 
normal (that is, a lower) temperature coefficient for the hydrolysis of the 
protein in this solution. Upon standing, the equilibrium will slowly be reached 
and the temperature coefficient of the hydrolysis by much trypsin will tend 
to rise correspondingly. 

Some preliminary experiments have shown this and seem to provide 
sufficient basis for giving a warning against the conclusion that genuine 
proteins contain peptide bonds because they are split by proteinaBes like 
trypsin. They give a certain indication that peptide bonds are formed or 
“appear” (like SH-groups) upon denaturation, but they are not conclusive 
enough to decide whether or not some hydrolysable peptide bonds are 
preformed in the molecules of the genuine globular proteins. 

G. S. Abate. The size and charge of protein molecules. 

Svedberg and Eriksson-Quensel (1935-6) have shown that the observed 
values of the rates of sedimentation and diffusion of proteins are lower than 
the values calculated for anhydrous spherical molecules. This reduction is 
usually attributed to deviations from the spherical form. An alternative 
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hypothesis, that in certain cases, including albumin and haemoglobin, the 
size of the molecules is increased by hydration, is supported by the calcu¬ 
lations recorded in Table I. 


Table I 

Minimum Maximum 


Proteins 

Mol. wt 
anhydrous 

Mol. wt. 
hydrate 

Crystal 

density 

radius 

crystal 

radius 

diffusion 

Egg albumin 

43,800 

68,000 

1-239 

26-4 

27-6 

Serum albumin 

72,000 

96,760 

1-237 

31*4 

331 

Haemoglobin 

67,000 

90,060 

1-226 

30-7 

30-9 


The third column gives the molecular weights of the proteins, including 
the water of hydration calculated from measurements of the densities of 
protein crystals when suspended in concentrated sodium phosphate 
mixtures (Adair and Adair 1936). The fifth column gives the radius of the 
molecules in Angstrom units, calculated from the molecular weight and 
density of the hydrate. These figures represent the minimum values, 
because it is possible that, in addition to water, the protein may take up a 
certain amount of the dispersion medium, and it is not unlikely that the 
hydration of the protein is greater in dilute than in concentrated salt 
solutions. 

The sixth column gives the maximum value of the radius calculated 
from the measurements of diffusion made by Lamm and Poison (1936) on 
the assumption that the molecule is spherical. It will be seen that the 
agreement between the minimum and the maximum values is fairly dose. 

The important development of methods for the cataphoresds of proteins, 
due to Tiselius (1937) has rendered it possible to correlate the mobilities 
of protein ions with their electric charges, calculated from membrane 
potentials (Adair and Adair 1934). Both methods show that in the 
presenoe of increasing concentrations of phosphate ions, the isoelectric 
point of haemoglobin moves towards the acid side. 


References 

Adair, G. S. and Adair, M. E. 1934 Bioohem. J. 28, 1230. 

- 1936 Proc. Boy. Soc. B, 120 , 422. 

Lanun, 0. and Poison, A. 1936 Bioohem. J. 30, 628. 

Svedborg, T. and Eriksson-Quensel, L-B. 1935-6 Tabid, biol., Berl., 5 (T.B. xi), 
361. 

Tiselius, A. 1937 Trane. Faraday Soc. 33, 624. 




59 


Discussion on the protein molecules 

Dr K. 0 , Pedersen. Interaction of proteins in solution . 

According to ultracentrifuge experiments the “globular” proteins often 
exhibit association and dissociation reactions when the pH of the solution 
is changed (Svedberg and co-workers), the salt concentration is altered 
(Lundgren, Pedersen) or a protein of lower molecular weight is added 
(Pedersen 1938). In the last type of reaction the chemical nature of the 
interacting proteins seems to be important. Some proteins give rise to a 
large effect, others only to a small one. The amount of dissociation products 
increases with increasing concentration of the low molecular protein. If 
such a solution, showing a large effect, is diluted, the normal size molecules 
are re-formed. It is possible, however, by means of the ultracentrifuge 
separation cell, to demonstrate the presence of the dissociation products and 
to isolate these in the upper compartment of the separation cell. These 
products may also be kept in dilute solutions . In some cases it is, however, 
necessary to add only a small amount of the material from the lower 
compartment in order to get the normal molecules formed. The lower 
compartment probably contains either some substance which is necessary 
for the construction of the normal molecules or some molecules which act 
as a pattern for the production of the large molecule. 

For the protein molecules which exhibit interaction phenomena and 
whose molecular weights fit into the Svedberg system of multiples the 
following working hypothesis was sketched. These protein molecules have 
a primary and a secondary structure. The primary structure is the 
polypeptide chain which may perhaps be arranged in cyclol cages (Wrinch) 
or in some other “unit” which form the bricks of the building. The bricks 
are kept together by means of a non-protein cement which plays a funda¬ 
mental role in the interaction phenomena. In some of the proteins the 
bindings are made by means of carbohydrates, in others by phosphatides 
(perhaps through salt-linkages) or by nucleic acids. These substances are 
responsible for the secondary structure of the protein molecules. Many 
such substances may, however, be adsorbed on a protein molecule without 
having anything to do with the construction of the molecule. They may be 
removed without seriously changing the structure of the protein molecule. 
Often these adsorbed low molecular substances may, however, act as a 
plaster and protect the cement and the bricks from being destroyed. 
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F. J. Philpot and J. St L. Philpot (with technical assistance by E. 
Dodwell). The effect on calcium on the sedimentation constant of casein. 

In attempting to precipitate casein from milk we found that its salting- 
out properties were markedly altered when the calcium was removed by 
oxalate. We therefore examined oxalated milk in the ultraoentrifuge and 
found that the casein formed a perfectly homogeneous component of 
sedimentation constant 6. In view of Pedersen’s finding (1936) that in milk 
dialysed against phosphate buffer the casein had sedimentation constants of 
10 and upwards, although Svedberg and others (1930) had previously found 
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6 for acid-precipitated casein, we added small amounts of caloium and found 
that we could produce any desired sedimentation constant up to 10*4, above 
which coarse particles similar to those in the original milk were formed. 
Fig. 1 shows the sedimentation constant plotted against the total calcium 
concentration. This seems to be a good example of a type of sedimenta¬ 
tion predicted by Pedersen, where two molecular sizes are in suoh mobile 
equilibrium that they sediment as a single component at an intermediate 
rate. The intermediate mixtures might be expected to appear inhomo¬ 
geneous; but fig. 2 shows that there is no sign of this. 

The preoipitate obtained by addition of 10 % NajS0 4 to oxalated milk, 
when washed and redissolved, consists of homogeneous casein with very 
little whey protein. Since even oxalated milk still contains some residual 
caloium, which may not be equally divided between preoipitate and 
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mother liquor, the two fractions may have different sedimentation constants. 
In one case the precipitate had sedimentation constant 7 * 8 , the mother 
liquor 9 * 7 , and the mixture of the two 8 * 7 , and fig. 3 shows that in all 
three solutions the casein part is quite homogeneous. 

Total 
Ca mols 
per litre 
0*0032 


0*0079 


0*0102 


0*0137 


00382 

Fig. 2 

Salting out 
Precipitate 

Mother 
liquor 


Mixture 

Fia. 3 

We took the opportunity to study the first stage of the clotting process. 
Oxalated milk at pH 7 * 0 , treated with pepsin, showed slight inhomogeneity 
in the casein, but no appreciable change in sedimentation constant. 
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J. St L. Philpot and P. A. Small. A clue to the structure of pepsin. 

Herriott (1937) showed that pepsin was inactivated by iodine, and he 
regarded this as due to substitution in the tyrosine groups. We have used 
Folin’s phenol reagent to measure the extent of substitution of the tyrosine 
groups, and we have found that at pH 5-4 some other groups react with 
iodine or hypoiodous acid more rapidly than the tyrosine groups. Further, 
when the other groups have reacted the pepsin is inactive. This iB shown in 
fig. 1, where the percentage of activity and of unsubstituted tyrosine are 
plotted against the amount of added hypoiodous acid. At present we have 



no idea what the unknown groups are, but they are not tryptophane, 
histidine, proline, hydroxyproline, sulphydryl, amino, carboxyl, peptide, 
simple ketone, or simple phenol. We therefore think that they may consist 
of some unusual substance peculiar to pepsin. 

We have tried to detach the unknown substance from pepsin by non- 
hydrolytic procedures in the hope that it was attached less firmly than by 
a peptide link. Protein-free solutions with the required properties can be 
obtained, but it is possible that they may have come from the impurities 
whioh are known to be present in crystalline pepsin. In any case the 
conclusive test of recombining the essential groups with the protein, as in 
the case of haemoglobin or flavoprotein, suffers in the case of pepsin from 
extreme technical difficulty and has not so far been accomplished. 
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D. M. Wrinch. The geometrical attack on the problem of protein structure . 

The problem of protein structure was formulated as the study of all geo¬ 
metrically permissible polycondensations of amino-acid molecules (Wrinch 
1936), an investigation essentially requiring the introduction into mega¬ 
chemistry of a new point of view, whose gradual development has led 
easily to a comprehensive scheme in which the varied facts obtained in 
immuno-, enzyme-, physical and crystal protein chemistry fall into 
place. 

The starting point, the closed polypeptide chain (Wrinch 1936), leads 
directly to the idea of a fabric in tautomeric equilibrium with it. The fabric, 
with its dyad and triad symmetries, suggests that the various amino acids 
occur in proteins in general, not in a random manner, but in powers of two 
and three. This is in accordance with experimental findings. The special 
geometrical nature of the fabric shows that closed, cage-like “ globular ” 
proteins may be anticipated, containing not random numbers of residues, 
but specific numbers which include multiples of 72 (Wrinch 1937 a). The 
fabric hypothesis thus indicates that residue number rather than molecular 
weight is the natural basis of classification and explains discretely arranged 
and specially related molecular weight classes of proteins. Each molecular 
weight class is necessarily on this view of somewhat wide spread, owing to 
the different weights of the different amino acid residues. The cyclol 
hypothesis calls special attention to the number 288 as the number of 
residues to be expected for proteins weighing about 36 , 000 , an expectation 
subsequently confirmed by direct chemical analysis in the particular case 
°f egg albumin. 

Perhaps the most striking of the direct implications of the cyclol hypo¬ 
thesis is this idea of a cage molecule (Wrinch 1937a, 1938c), which in itself 
explains a number of disparate facta, including the phenomena of dena- 
turation of proteins, the hydration of proteins and the spontaneous spreading 
of soluble proteins into highly insoluble monolayers (Wrinch 1938a). The 
polyhedral character of the cages explains the mechanism of megamolecular 
crystallization and the symmetries of the polyhedral skeleton, which can 
severally be destroyed by various arrangements of side chains, bringing into 
one simple scheme the heterogeneous facts about crystal class and unit cell 
dimensions obtained by the X-ray analysis of insulin, pepsin, lactoglobulin, 
tobacco seed globulin, chymotrypsin and haemoglobin. In the cose of insulin 
alone, X-ray observations have been used to calculate certain vector 
diagrams of the crystal lattice, thus fortunately providing a test of a high 
order of delicacy for the structure predicted. An interpretation of these 
diagrams has been given (Wrinch 19386, Wrinch and Langmuir 1938), 
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based upon the vector maps of C\, the 288 -residue cage structure previously 
proposed for the insulin molecule (Wrinch 1937 ft), loaded at its corners. 
This interpretation suggests that the insulin moleoules are set skew to the 
hexagonal axes of the crystal, at an angle of about 6°. The features of 
this structure, which appear to be confirmed by the X-ray data, include six 
high-density points at the comers of an octahedron of side 29-4 A, the 
size given by the cyclol theory, and a comparative hollow at the molecular 
centre, i.e. a cage structure. 
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A. Neubekger. Chemical criticism of the cyclol and frequency hypothesis of 
protein structure. 

The cyclol theory postulates, for the structure of globular proteins, a 
definite geometrical arrangement of diazine and triazine rings. Formation 
of such a system from peptides requires (1) tautomerization of the 
—CONH— linkage to —C(OH): N—, and (2) polymerization of the peptide 
in the latter form to a cyclic structure. Tautomerism of the type indicated 
occurs with aromatic amides, but there is no evidence that it exists among 
aliphatio amides or peptides; nor is there any chemical basis for the 
assumption, implicit in the cyclol hypothesis, that peptides can form cyclic 
polymerides. 

Actually the chemical behaviour of proteins and their reactions towards 
enzymes are not easily reconcilable with the cyclol theory. The cyclol 
structure is similar to that of cyanuric aoid, and, by analogy with the 
behaviour of this compound, a protein having such a structure should 
break down into its constituent amino acids and dipeptides with much 
greater ease than is in fact the case. Moreover, proteolytic enzymes are 
known specifically to attack peptide bonds in open-chain compounds; 
nevertheless, the typical globular protein insulin, which is not susceptible 
of denaturation (? “unfolding of peptide chains”), is attacked by proteo¬ 
lytic enzymes with ease. In this case at least, therefore, the oyolol theory 
involves one of two (at present) unwarranted assumptions, namely, that 



Discussion on the protein molecules 


65 


proteolytic enzymes which are unable to attack diketopiperazines can 
nevertheless hydrolyse cyclols, or that such enzymes can convert cyclols 
into ordinary peptides. 

The frequency hypothesis of Bergmann and Niemann states that the 
number (a) of amino-acid residues in a protein is expressed by the formula 
a as 2 m 3 n , where m and n are whole numbers. Now the average error in the 
determination of individual amino acids in a protein may be fairly taken 
to be 5-6 %; assuming the possibility of an error of 6 %, calculation indi¬ 
cates a very high degree of probability (approx. 80 %) that a purely 
random distribution of amino acids should give values in apparent accord¬ 
ance with the formula of the frequency hypothesis. It appears, therefore, 
that so far as the complex globular proteins are concerned the hypothesis 
is not convincingly established, although in the case of the simple fibrous 
proteins it rests on a more secure basis. 

S. J. PazYfcEnKi.* Protein symplexes. 

The molecules of many native proteins contain groups “apeptides” 
which are not composed of amino acids; thus serum albumin can be 
separated into fractions containing (a) exclusively amino acids (erystal- 
bumin), (6) amino acids plus 10% carbohydrate (seroglycoid), (c) amino 
acids plus 4 * 8 % carbohydrate plus 3 * 9 % lipin; these three fractions have 
mol. wt. 70 , 000 , and there is evidence of a fourth component with mol. wt. 
100,000 containing amino acids plus 40 % lipin plus 2% carbohydrate. 

Such protein-apeptide complexes fall into the class designated symplexes 
by Willst&tter and include substances of great physiological importance. 
The possible modes of combination between the protein and apeptide 
groups may be classified as follows. 

(1) Electromlent symplexes . These depend for their formation on the 
ionizable groups of protein and include such substances as nucleoproteins, 
compounds of basic and acidic proteins (e.g. protamine-insulin) and com¬ 
pounds of proteins with phosphatides and with acid and basic poly¬ 
saccharide groups (bacterial antigens). Symplexes of this type are stable 
only within a certain pH range. 

(2) Covalent symplexes. Compounds may be formed between proteins 
and carbohydrates (e.g. by N-glycoside linkages) or between proteins and 
fatty acids or lipins (e.g. by esterification); such covalent symplexes show 
a much greater degree of stability. 

( 3 ) Co-ordination symplexes. (a) Polyosoproteins . The protein-glycogen 
complexes isolable from animal tissues, similar substances from plants and 

* Communicated by letter, not read in person. 
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others which may be prepared artificially, exist by combination through 
the undissociated arginine and tyrosine groups of the protein; they are 
very labile but differ from the electrovalent symplexes in being stable at 
pH at which both components carry changes of like sign and in being stable 
in presence of salts. 

( b ) Lipoproteins . Similar sjunplexes, dissociable by organic acids, bases, 
or alcohols, according to their compositions but stable towards water and 
non-polar organic solvents, may be formed between proteins and fats, 
phosphatides, sterols or carotenoids, through the participation of the NH 2 , 
COOH, CH--CH, OH or CONH groups of the protein. 

(c) Polyproteins . Labile associated aggregates may occur between the 
molecules of different proteins. 

The above symplexes are to be regarded as chemical compounds in 
which the components combine in stoichiometric proportions; they seldom 
occur in nature as individuals, but are found as associations of several 
different types of symplexes; such a situation is illustrated by the case of 
serum albumin to which reference has already been made. 

Apart from the above enumerated chemical compounds so-called pseudo¬ 
lipoproteins are known. These are due to purely cohesive forces between 
the apolar groups. They differ from the true, eo-ordinational lipoproteids 
in being readily separated by apolar organic solvents such as benzene, light 
petroleum, etc. 


Professor H. H. Weber. Muscle proteins and properties of the muscle. 

Muscle can easily be separated into four fractions of proteins; 

(1) An albumin fraction—myogen—is soluble under all conditions in a 
much higher concentration than the muscle contains. Consequently it 
must exist in solution in the living muscle too. 14—15% of it can be 
mechanically squeezed out of the muscle. The whole amount of myogen 
extracted with 0-6 M KC1 is 22 % for the white muscle. 

(2) A globulin fraction—globulin X —is soluble under physiological 
conditions in a far lower concentration than the living muscle contains. 
Therefore the greater part of it must form structures in the living muscle. 
In the press juice it amounts to only 2 % of total muscle protein. In the 
KC1 extraction it is also 22 %. Both of these fractions (globulin X and 
myogen) are typical representatives of their classes of protein in nearly all 
properties (solubility, viscosity, mol. weight). 

(3) An anomalous globulin—myosin—exists in the KC1 extraction 
(ca. 40 % of total muscle protein), but does not go into the press juice. It 
can easily be Bharply separated from globulin X because the precipitation 
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of myosin is completely finished at 0*04 M KC1 at ca. pH 7. The precipita¬ 
tion of globulin X begins at 0*005 M KC1 at ca. pH 7. Solutions of myosin 
possess a high double refraction of flow, a high and anomalous viscosity, and 
they form a gel in concentrations ca. 2 %, All this shows us that myosin par¬ 
ticles are rod-shaped molecular bundles optically anisotropic in themselves. 

(4) Stroma proteins are insoluble oven in concentrated salt solutions. 
Stroma is generally not optically anisotropic. 

By certain methods myosin may be formed into threads! These are equal 
to the muscle in capability of swelling, tensile strength, elastic properties 
and X-ray diagram. They also possess double refraction of rods and are 
optically anisotropic in themselves. Their double refraction of rods 
quantitatively amounts to the quantity required by the theory of Wiener. 
In the muscle we observe only 40.% of both kinds of double refraction in 
comparison with the thread. On the other hand the muscle contains only 
40 % myosin, and the volume of its doubly refracting disks is again about 
40%. Thus the Q-disks of muscle also consist of myosin rods oriented 
completely parallel with their long axis to the axis of the fibre. A dry 
myosin thread swelling in a myogen solution absorbs only w r ater but no 
myogen. Therefore the spaces between myosin rods in normally swollen 
threads (20% protein) must be <70 A, their number per mm. 2 of the 
cross-section > 12-15 x I0 9 , the rod measuring <45 A in diameter and 
> 500 A in length. According to Boehm’s X-ray studies the distance 
between the filamentous molecules of myosin in the swollen thread is 11 A. 
So the cross-section of one rod contains at most 17 molecules. The analysis 
of birefringence shows that completely elastic stretching of the oriented 
thread results from the stretching of its single rods. Filamentous molecules 
are evidently folded. From the transition of <x myosin into ft myosin in the 
stretched state Astbury likewise concludes the folding of molecules. In 
general this is the knowledge we have at the moment of the structure of 
the Q-diak. 

Dissolved myogen claiming only 20 % of muscle volume can be placed 
into the sarcoplasma where, for mechanical reasons, it is expected to be. 

We cannot tell anything definite about the simply refracting disks and 
about the signification of globulin X and of stroma proteins. 

From the fact that muscle fibrils are composed of filamentous molecules 
we may explain: 

(1) the capability of being highly stretched, 

(2) the changeable modulus of elasticity, 

(3) the thermoelastic effect, 

(4) the quantitative proportion between damped and undamped 
elasticity. 


5-2 



68 


H. H. Weber 


The contraction of muscle by heat is the same as that of the myosin 
thread between 40 and 70° with nearly the same contraction and tension, 
whereas active contraction of muscle results from a reaction with certain 
products of metabolism. Colloidal effects of products of metabolism are 
observed in a decrease of solubility of muscle protein in fatigued state. This 
effect is completely reversible. It cannot be explained by formation of 
lactic acid. It cannot be produced by adding creatine, or muscle adenylic 
acid to the minced muscle. This decrease results exclusively from a decrease 
in solubility of myosin. 

Professor K. H. Mkvjsk. A contribution, to the problem of protein denaturation. 

The insoluble solid silk thread arises, as is well known, from the water- 
soluble fluid content of the silk glands of the caterpillar; this coagulation 
occurs, as Foa ( 1912 ) has shown, as a result of stretching. We have examined 
this case of denaturation in greater detail; first, because the proteins 
involved are relatively simple and consist only of polypeptide chains, and 
secondly, because the structure of the crystallized thread is well known 
(the first three-dimensional model of a polypeptide chain (Meyer and Mark 
1928 ) was based on a study of the X-ray diffraction pattern of silk). 

M, Jeannerat and myself have made experiments on the silk glands and 
on aqueous solutions of the content of the glands; a detailed account of this 
work will appear in the Helvetica chimica Acta . As a result of drying, 
treatment with salt solutions, alcohol, acids, etc., the content of the gland 
becomes insoluble and shows crystal interferences. The freshly coagulated 
worm-like gland (ca. 8 cm. long) can be stretched reversibly seven to ten 
times its length—like a rubber band. If the gland (or its contents) is held 
in the stretched condition for 10-30 sec., it crystallizes and no longer 
contracts when released. 

It is known that pure amorphous rubber is metastable at 0 ° C and takes 
months to crystallize if undisturbed. If stretched, however, the speed of 
crystallization is very much increased—as a result of the parallel orientation 
of the chains—so that the state of “ supersaturation ” is removed. Amor¬ 
phous selenium behaves in the same way: it may be kept indefinitely in the 
undercooled condition, but becomes "elastic” like rubber at 72° C (Meyer 
and Sievers 1935 ) and crystallizes on stretching (Prins and Dekeyser 1937 ). 
After crystallization it is inelastic and is no longer soluble in sulphur. 

From the analogous behaviour of these systems and that of silk w© con¬ 
clude that the silk gland contains a fluid in a metastable condition, that is, 
a supersaturated protein solution, the supersaturation of which is abolished 
by mechanical means. 
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Aqueous solutions of the content of the gland are also metastable; on 
standing they soon became covered by a solid skin of insoluble protein. In 
course of time they become more and more viscous and solidify spontaneously 
after several weeks. On stirring, shaking, or bubbling a gas through the 
solution, a fibrous protein is eliminated, leaving in solution another pro¬ 
tein which soon gelatinizes. There are therefore at least two proteins present 
side by side in supersaturated solution in the content of the gland. 

We may suppose that the known denaturation of surface films of other 
proteins discovered by Ramsden ( 1894 ) is caused in the same way; super- 
saturation is abolished as a result of the mechanical orientation of the chains 
under the influence of surface forces. 

The observed elimination of “ fibroin ” from solution by whipping recalls 
the defibrination of blood. In the blood, fibrinogen gives rise to a super¬ 
saturated solution of fibrin, which is subsequently eliminated at surfaces. 
This elimination is accelerated by mechanical agitation (as in the case of 
silk fibroin). 

It seems possible that other systems occurring in living organisms should 
be regarded as “supersaturated solutions”, and that the properties of such 
may be of importance in biological processes. 
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W. T. Astbury. Evidence from the X-ray study of fibrous proteins . 

The natural protein fibres are polypeptide chain systems with the general 
direction of the chains running along the length of the fibre. The chains 
may be fully extended, as in fibroin and fibrin for example, or regularly 
folded, as in the hair protein keratin and the muscle protein myosin. 

Keratin and myosin are similar in both molecular configuration and 
elastic properties. 

With its fi subgroup, the configurational group to which keratin and 
royosin belong comprises all the fibrous proteins of the epidermis and 
protective covering of animals, muscular tissue, and probably also myo¬ 
epithelial tissue. And the only other group of natural fibrous proteins 
revealed by X-rays is the collagen group, which includes connective tissue, 
tendons, elastin, fish skin and fins, etc. 
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The long-range stretching and contraction of the fibrous proteins points 
directly to the structure of the '‘globular ” proteins. The various contracted 
states are but intermediate steps to more comprehensive states of folding. 

When the configuration specific to a protein is disturbed, the protein is 
"denatured”; new non-specific configurations are formed which always 
include /? chain-bundles. The transition from the specific to the denatured 
state must in general be very easy, and the X-ray indications are that the 
structure of the globular proteins is analogous to that of the folded fibrous 
proteins. The unfolding of myosin at comparatively low temperatures is a 
linear example of this. 

It is possible from X-ray and density data to show that there is a 
stoichiometrical distribution of the amino-acid residues in the fibrous 
proteins similar to what has been found for the globular proteins, and it is 
also probable that the fibrous proteins, too, fall into the Svedberg soheme 
of multiple molecular weights. Again, just as there are in the Svedberg 
scheme apparently only a limited number of configurations independent of 
constitution, so there are considerable variations of constitution within 
both the keratin-myosin and collagen configurations. Constitution alone 
does not decide the configuration: there must be some factor common to 
the synthesis of all proteins, whether fibrous or globular. 

Protein monolayers are formed also by the unfolding of specific con¬ 
figurations, leaving the side chains pointing normal to the substrate. In 
the form of built-up multilayers their thickness has been measured both 
by X-rays and by direct means—including the screw micrometer. The 
thickness of one monolayer of egg albumin is about A, as would be 
inferred from X-ray data given by the natural fibrous proteins. 

The spacing between successive nucleotides in thymo-nucleic acid is 
almost exactly equal to that between successive side chains in the 
/2-proteins. Protamines like clupein thus combine directly with this acid 
to form optically negative fibres of the same period. 

Prom combined X-ray and chemical data given by the fibrous proteins, 
the nucleic acids, and the tobacco mosaic virus, each nucleotide in the virus 
appears to co-ordinate about 54 amino-acid residues in a volume of about 
8800 A 3 . 
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Dr G. Boehm. The study of X-ray diagrams of (i) dried striated muscle, 
and dried bundles of stretched myosin fibres, (ii) of living skeletal muscle, 
and bundles of myosin fibres extended and soaked in phosphate buffer, 
shows that the X-ray diagram of muscle is entirely due to the myosin. This 
substance is present in muscle in the same state of orientation as in a 
myosin fibre which has been stretched “ physiologically ”, i.e. without 
application of high temperature. 

The equatorial interference points indicating a distance of about 11 A 
disappear during isotonic contraction. From this one can conclude merely 
that the orientation of the myosin particles has been disturbed in some way. 
Since new interferences do not appear, no further conclusion can be drawn 
about changes in the myosin chains. 

In good diagrams of living muscle, the equatorial interference points 
are just perceptibly differentiated and approach the central spot very 
closely. Attempts, however, to obtain several distinctly separate inter¬ 
ferences failed, even with methods which had been successful in the case of 
X-ray diagrams of the tendon. It would appear, therefore, hardly possible 
at present to distinguish with this method between inter- and intra- 
micellar reactions in muscle, with a degree of certainty such as has been 
obtained, for example, with cellulose. 

Such a distinction should be aimed at in the case not only of muscle, 
but of any structure which is partly composed of protein particles of 
unequal diameters. Such tissues, as is well known, do not contain separate 
chains of protein molecules, but grouped primary valency chains: micellae, 
which can beanalysed easily especially if present within a regular structure. 
Probably, as the X-ray diagrams have shown in tho case of cellulose, 
some agents act only upon the inter -micellar substance or at the surface 
of the micellae, others combine with each individual molecular chain, 
i.e. in the in/m-micellar substance. This raises a special question in the 
case of muscular contraction. The “ contraction substance ” liberated 
presumably in the “intermi cellar” space would have to act, according to 
current views, upon each individual primary valency chain of the myosin. 
This would introduce a finite time of “ in tra-micellar” diffusion which, at 
present, cannot be measured quantitatively. 

Some indications can be found of 4 'intra-micellar” reactions even in the 
not very distinct diagrams of the muscle, provided any change of shape of 
the myosin micellae is prevented. The diagrams of dried and living muscle 
show that some part of the water is present in the “intra-micellar ” space. 
Furthermore, during rigor, and during isometric contraction of a tortoise 
muscle (8 min. exposure with Cu X a -radiation), the equatorial interference 
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points become a little more distinct which may be due to a <t perrautoid&r > 
reaction of the micellae. 

Further information on muscle, and other protein fibres, will presumably 
depend upon a combination of different, especially of optical, methods. If 
a clear distinction can be achieved between intra and inter-micellar reactions 
of such tissues, further light may be thrown also on a number of pharma¬ 
cological actions. 

Dr E. Gorter. Whoever studies the protein molecule by the spreading 
method must be well aware that he is dealing with molecules with a special 
shape, namely, that of flat platelets, having a thickness of 10 A. 

I shall first consider whether this special shape of the spread molecule is 
of a rare occurrence among proteins. 

At first sight it would appear that a maximum spreading can only be 
obtained with a few samples of proteins, and even with those spreading 
occurs under special circumstances only, the most important of which are 
the electrolytic strength of the solution on which the protein is spread and 
the presence of bi- or tri-valent ions. In one group of proteins the spreading 
occurs easily in a short time at the isoelectric point and on very acid or 
alkaline solutions, even if they contain a small amount of electrolytes. 

Other proteins show' a greater tendency towards spreading in so far as 
the minima on each side of the isoelectric point tend to disappear. 

They behave as if active polar groups COO— and NH 3 are covered by 
another substance. A complex protein prepared from ovalbumin and 
tartrazin shows this better spreading tendency at the acid side of the 
isoelectric point, because the NH a groups have fixed a molecule of tartrazin. 
Among the good-spreading proteins of one of these two types we can 
mention the following: different albumins and globulins, insulin, pepsin, 
trypsin, globin. But there are also proteins which do not spread under the 
ordinary experimental conditions. 

We found that beautifully spreading substances are obtained by adding 
a trace of a proteolytic enzyme to these. The split product behaves as a 
protein of the first or second group. As an example we can mention the 
spreading of fibrinogen and myosin. Perhaps the most interesting of this 
group is heat-denatured ovalbumin, which has no spreading tendency, but 
is again transformed into an easily spreading substance by the addition of 
a proteolytic enzyme. There exist also examples of proteins which do not 
spread because they contain too many soluble groups in the side chains. We 
never could get spreading of the purest clupein, sent us by Dr Linderstrom- 
Lang. We may therefore conclude that most proteins can be induced to 
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spread and that the flat platelets shape of the molecule is not something 
exceptional. 

Whoever studies proteins by the spreading method must also keep in 
mind that his experiments give him some information only of one surface 
of the molecule , in which the polar groups CO™, NH, COO— and NH a are 
lying, as this surface is in contact with the water in the tray. 

On the other hand, we may be very satisfied that the spreading method 
enables us to study the one most important surface of the protein molecule 
with great precision. 

Our conclusions that the method of spreading also enables us to collect 
important information about the properties of a protein molecule would 
be placed on a weak basis if we had to consider the protein molecules, when 
spread, as denatured. 

Now one reason that this is not true is given by the behaviour of heat- 
denatured ovalbumin, which does not spread. Moreover, we were able to 
show that pepsin and trypsin remain active as a proteolytic enzyme after 
having been spread on a water surface. 

Dr J. F. Dantelli. Surface chemistry, in addition to giving us informa¬ 
tion about the structure of protein films, also gives a certain amount 
of information about the nature of the forces holding the polypeptide 
chain of the protein molecule in its specific configuration. Adsorption of 
protein molecules at an oil-water or an air-water interface may cause a 
reduction in free surface energy of the order of 35 ergs/sq. cm. The adsorp¬ 
tion of a protein molecule is a practically irreversible process: it is almost 
entirely due to the hydrocarbon residues of the polypeptide chains. 
Similar forces involving a free energy change of the same order of magnitude 
will operate on the hydrocarbon residues of the protein in solution, tending 
to roll the polypeptide chain into a form where the hydrocarbon residues 
are in close contact and the polar groups are directed towards the aqueous 
phase. This process should be fairly complete, but the adhesions between 
the hydrocarbon residues in the case of such short chains will not, judging 
from other film experiments, be sufficient to maintain a solid, i.e. a specific, 
structure. The only other forces available are chemical linkages. 

In a solution of a protein such as haemoglobin, individual protein 
molecules show little tendency to combine. But after spreading at a 
surface they tend to link up and form a two-dimensional network of 
polypeptide chains. The groups involved in this linking up are probably 
those which are broken when the polypeptide chain unrolls at the surface, 
*•©. they are probably the groups involved in the linkages responsible for 
maintaining the specific structure. If this is so we should probably be able 
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to obtain information about the nature of these groups by allowing 
adsorption of protein molecules to take place in the presence of a high 
concentration of reagents which specifically combine with certain types of 
groups. It thus seems probable that surface methods will enable us to 
investigate the nature of the bonds maintaining the specific structure of 
proteins. 

Dobothy Cbowfoot. X-ray studies of protein crystals . 

The number of protein crystals studied by X-ray methods is still small, 
chiefly owing to the difficulties of applying this technique to crystals of 
such low X-ray reflecting power. Most of the crystals also readily lose 
water on exposure to air, forming new collapsed crystal structures in which 
the arrangement of the units, as indicated by further decrease in the 
intensity of the X-ray reflexions, is considerably disorganized. So far, of 
only seven proteins—pepsin, insulin, excelsin, lactoglobulin, haemoglobin, 
chymotrypsin, and tobacco seed globulin—have sufficient X-ray measure¬ 
ments been made to cover even the first stages of crystallographic examina¬ 
tion, the determination of unit cell size and cell molecular weight. And of 
these only three, lactoglobulin, haemoglobin, and chymotrypsin, have 
been studied both wet and dry. 

These measurements boar in two directions on the existence of proteins 
as large molecules within the crystals. In the first place it is possible to 
calculate the maximum molecular weights of the protein units present, and 
these agree well with the molecular weights measured by the ultracentrifuge 
method. Secondly, the cell dimensions of the different protein crystals, 
particularly when dry, show certain regularities among themselves. They 
are commonly multiples of about 30, 50, and 60-70 A, the crystals falling 
into two main groups in which the packing of the units is pseudo-cubic and 
pseudo-hexagonal respectively. 

Whether these units should be considered as chemical molecules cannot 
be decided at this stage from the X-ray data. It is, however, possible to 
derive some information on their internal structure through a study of the 
intensities of the X-ray reflexions. Series of Patterson-Harker Fourier 
syntheses may be formed, using the observed intensities, and plotted as 
diagrams in which the peaks show the vectorial distribution of interatomic 
distances within the unit cell. This has been done for dry insulin and, in a 
preliminary way, for wet and dry lactoglobulin. For dry lactoglobulin the 
plot is very simple and shows only the main distribution of molecular 
centres; while those for wet lactoglobulin are complicated by the possible 
superposition of inter- and intra-moleoular distances. The insulin patterns 
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are best suited for further analysis since tho peak positions here must 
crystallographically be due only to structure within the Svedberg unit. 
But, as dry crystals only have been measured, the X-ray data are still very 
imperfect, and these patterns cannot bo expected to give information on 
the actual placing of individual atoms. They evidently correspond to a 
fairly large-scale structure within the unit and suggest some kind of 
rhombohedral packing of subunits at the characteristic distances of 10 or 
20 A apart. Such a distribution seems significant in view of the measure¬ 
ments made by other methods on protein fibres and films. 

Professor J. D. Bernal, F.R.S. X-ray evidence for the structure of the 
protein molecule. • 

A logical method of attack on the problem of the protein molecule by 
X-ray analysis begins with a study of the available observations and 
deduces from them the range of possible structures which can account for 
these observations. So far unique solutions are not to be expected and 
cannot indeed be found, but the choice of structures can be still further 
narrowed by invoking our knowledge of the chemical and physico-chemical 
properties of proteins and of the lengths of bonds and of atomic radii 
established by X-ray analysis of simpler structures. 

The existence in protein crystals of molecules of the size found in solu¬ 
tions by centrifugal methods can be considered as probable, though not 
proved. The contents of a repeat unit of all protein crystals hitherto 
examined has always been found to be a simple multiple of a Svedberg 
unit. The crystal unit can therefore not be larger than the unit in solution 
but it may well be a submultiple of it. Indeed, in the case of haemoglobin 
it appears that the crystal unit is half the molecule found in solutions. The 
possibility that protein crystals are made of units of smaller size and that a 
determinate number of these aggregate on passing into solution must be 
seriously taken into account. The remarkable swelling properties of 
protein crystals can be accounted for either on this supposition or on the 
hypothesis that the larger protein molecules are not rigid, but can them¬ 
selves swell and shrink reversibly. 

The chief features in the X-ray scattering of both crystalline, fibrous, 
and denatured proteins are the strong reflexions in the neighbourhood of 
10 and 4*5 A. These have been shown by Astbury in the latter cases to 
correspond to the side-chain and “ backbone ” distances between peptide 
chains. An analogous explanation must hold in the crystalline proteins, 
sinoe experiments by Astbury, Dickinson, and Perutz have shown that 
actual atomic movements in denaturation of protein crystals are very 
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limited. Detailed analysis of intramolecular structure are only possible in 
the case of one protein—insulin—as here alone there is only one Svedberg unit 
in the cell. Unfortunately, only the dry crystal has been studied, and thus 
not only has all fine structure been lost but a distorted picture is given of the 



Fio, la. Patterson projection of insulin structure on basal plane 
(after D. Crowfoot). 

trace of plane <87101/ ^ 



o O O 


Fio. 1 b. Idealized projection of insulin structure on basal plane 
showing positions of hypothetical scattering centres. 


coarser structure. This can be partially corrected by introducing a disorder 
factor, and the resulting Patterson projections (see fig. 1 a) give us a basis for 
a rough analysis. The whole pattern may be reduced to six significant peaks 
(three in the basal projection). This indicates that we may be dealing with 
concentrations of scattering matter approximately 10 A apart. To find their 
positions we must depend not on a priori structures with arbitrary assump¬ 
tions, but on an exhaustive study of the number of point combinations that 
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can give the observed peaks, It is immediately apparent that the peak 
vectors correspond to those of a body-centred cubic array. In projection 
on the basal plane this gives a hexagonal pattern. The whole of the lattice 
space can be filled by sets of hexagons containing two layers of points 
(see figure). It is a remarkable fact that for closed packing the plane 
joining nearest points is precisely the (8 7 T 0 ) plane which is one of the 
strongest in the crystal. Each of the points in the projection may be 
occupied by 0, 1, or 2 equivalent scattering centres at different heights. 
These can be distributed in a large number of different ways, but only a few 
of these with 12, 18, or 24 centres will give the order of intensity of the 
peaks. Between these it is impossible to choose on X-ray grounds alone. 
The most we can say therefore at present is that plausible structures can 
be postulated for the insulin molecule in which it is constituted, most 
probably, of 24 submolecules. 

We have now considerable confirmative evidence of a physico-chemical 
nature for this assumption, as protein molecules have been split into 
submolecules by various agents. As to their structure, we can legitimately 
speculate without the addition of any new assumptions that they consist 
of regularly folded peptide rings containing possibly twelve amino-acid 
residues held in shape by hydrogen links between adjacent CO and NH 
groups. Models of these can be made which have external dimensions of 
about 10 A and prominent internal distances of about 4 A. A protein 
molecule built up in this way would not only account for the X-ray 
evidence but would give a plausible explanation of denaturation pheno¬ 
mena. Reversible denaturation would consist of the separation and possibly 
the unfolding of the submolecules; irreversible denaturation in their 
conversion into long-chain molecules by the familiar mechanism of ring- 
chain polymerization. 

Much research, however, will be required before any model can be put 
forward as anything more than a plausible working hypothesis; in par¬ 
ticular, the structure of wet insulin crystals needs to be studied. Far greater 
co-ordination is needed between research by X-rays and by other methods. 
It would be of enormous value to have some form of central bureau for 
protein research which would facilitate exchange of information and 
material in this field, and assist in an ordered attack on the whole problem. 

[Note added in proof , 30 January 1939. It now seems probable, as the 
result of the work of Langmuir and recent observations on tobacco 
mosaic virus, that the forces between molecules in some protein crystals 
are due to the ionic atmosphere surrounding them in solution. 

Recent discussion has shown that the interpretation of protein Patter- 
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son peaks by concentrations of scattering matter inside the molecule 
provides only one out of an infinite number of solutions. As it is still 
impossible to find, notwithstanding some claims that have been made, a 
satisfactory point solution both of the projections and the Patterson- 
Harker sections, it would seem probable that some more complex solution 
will have to be attempted.] 

J. Marrack. Immunolof/ical aspect#. 

Evidence that has accumulated in recent years shows that antibodies 
are modified serum globulins; the majority of the more effective antigens 
are proteins. The problems of immunochemistry are therefore intimately 
bound up with those of the structure of proteins. 

Our knowledge of the relation between specificity in immunological 
reactions and chemical structure has been derived, mainly, from studies 
with synthetic antigens. The majority of synthetic antigens used are formed 
by attaching a relatively small group to a protein. The antibodies produced 
react specifically with these small attached groups (determinant groups). 
This suggests that the determinant groups of natural protein antigens 
might be similar small groups (prosthetic groups). Also the “combining 
groups” of antibodies might be similar prosthetic groups. 

If such prosthetic groups were present in protein and were polar, they 
should project into the water when the protein was spread as a solid film 
at water-air or water-oil interface. The “combining groups ” of the antibody 
of type II antipneumococcal serum, that combines with type II poly¬ 
saccharide, should be polar, as they combine with the polar glucuronic acid 
of the polysaccharide. 

In experiments by Dr Danielli, Mrs Danielli and myself ( 1938 ) purified 
type II antibody, over 90 % of which was precipitable by polysaccharide, 
was spread on a water-air or water-oil interface forming an elastic solid 
film. The surface area and surface potential of this film were not affected by 
the introduction of type II polysaccharide into the bulk of the water phase. 
There was therefore no evidence of combination between the polysaccharide 
and the antibody in the film. 

There was also no evidence of combination between horse-serum globulin 
similarly spread as a film and an antibody to this protein, when the latter 
was introduced into the bulk of the fluid. 

It is inferred that the combining groups of the antibody and determinant 
groups of the protein antigen are not small prosthetic groups, but specific 
patterns of certain amino acids, which are disarranged when the proteins 
are unrolled as a film. This fits the experiments of Landsteiner and van der 
Scheer ( 1932 , 1934 ) and the older experiments of Dakin and Dudley ( 1913 ). 
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Dr E. Holiday. Breakdown products of antigen. 


In quantitative immunological experiments it is an ideal requirement 
that the antigen should be antigenioally homogeneous. Proteins obtained 
by electrophoresis and shown to be homogeneous in the ultracentrifuge 
come as near to this requirement as has so far been possible. 

Having immunized an animal (e.g. rabbit) with such a purified protein 
it is then of interest to determine how far one can degrade the antigen 
(e.g, by enzymic digestion) before affinity for antibody is lost. 

In an experiment a highly purified preparation of horse-serum albumin 
was subjected to digestion by 1 /4000 parts by weight of pepsin at pH 2* 1 
for periods of 5 and 30 min. The digests were neutralized and then subjected 
to the following procedures, the results of which are drawn up in tabular 


form. 

Ulfcraeentrifuge 


* 

Electrophoresis 


Dialysis 


Precipitin 

reaction 


Albumin 
Homogeneous 
* = 4-2 x 10 


One component. 
Mobility at pH 8 0 : 
— 7*6 x 10 ~ 5 

Undialysable 


Precipitate 4- 4 - 4 - 4 - 


5 min. digest 
Homogeneous 
#= l-95x 10- 3 . 
Probably exists as 
I molecules 
Two components. 
Mobil ity at pH 8 * 0 : 

(1) 0-3x10-* 

(2) -9'OxlO - 8 
< 10 % of nitrogen 

dialysable. Dialy- 
sate contained over 
90 % of the trypto¬ 
phane of the albu¬ 
min 

Precipitate 4- 4- 4* 


30 min. digest 
Homogeneous 
M4x 10 - 8 . 
Probably exists as £ 
molecules 

Two components. 
Mobilities not mea¬ 
sured 


No precipitate. Par¬ 
tially inhibited pre¬ 
cipitation of unal¬ 
tered albumin 


The experiment seems to indicate that pepsin is a useful enzyme for 
degrading proteins for this type of experiment. It splits successively by 
dividing into (?) halves, quarters and eighths. In these early stages small 
fragments are split off which include most of the tryptophane in the 
molecule of Berum albumin. At the stage of division into eighth parts there 
is still evidence of affinity between the degradation products and antibody. 
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The main products formed in the oxidation of methane at 300-450° C 
are methyl alcohol, formaldehyde, formic add, carbon monoxide, carbon 
dioxide and water (Bone and Wheeler 1903 ; Bone and Allum 1932 ). It 
was suggested by Bone that these substances were produced in a series 
of successive steps by hydroxylation of the methane molecules, thus: 

CH 4 - CH 3 OH- CH 2 ( OH ) a 

i OH OH 

H 2 0 4 - HCHO- >C : 0- >C : 0 

H OH 

(H 2 0 + C0) (H 2 0 + C0 2 ). 

It was concluded that the initial step in this reaction was termolecular since 
the rate of the reaction for the mixture 2 CH 4 : 0 2 was considerably faster 
than those for CH 4 : 0 2 and 3CH 4 : 0 2 . In the above hydroxylation scheme, 
methyl alcohol is an intermediate product and the precursor of formalde¬ 
hyde. This has been disputed by Norrish ( 1935 ), who taking into account 
the difficulty of detecting methyl alcohol in oxidations at atmospheric 
pressure, and the chain characteristics of the reaction, came to the con¬ 
clusion that methyl alcohol is a side product of the reaction. The first 
result of the oxidation was regarded as being an unstable molecule, 
CH 4 0*, which breaks down within a short time interval to the methylene 
radical and water. Methyl alcohol arises only if this molecule collides with 
an inert gas molecule or with the walls of the containing vessel. The results 
of Newitt and Haffner ( 1936 ), who obtained high yields of methyl alcohol 
in the combustion of methane at 100-500 atm. pressure, can be taken as 
confirming this view of the mode of origin of the methyl alcohol. The 
following reaction scheme was proposed for the decomposition of CH 4 0*: 

CH 4 0*-CH 2 : + H a 0 

n ch s oh. 

The production of formaldehyde could then occur by the addition of oxygen 
to methylene, 

CH 2 : + 0 2 -CH 2 0-f-0, ( 2 ) 

[ 80 ] 



81 


The combustion of methane 

and the oxygen atoms produced in this process would then continue the 
hydroxylation of the methane or interact with more methane according 

the equation, CH. + O-CH.O*. ( 3 ) 

It should, however, be pointed out that the above mechanisms are 
based on analysis of the products of the slow oxidation occurring at 
300-450° C. There are very few analytical figures for the oxidation of 
methane in the neighbourhood of the ignition temperatures, and no 
information is available with regard to the nature of the organic inter¬ 
mediates at these temperatures. Kowalski and co-workers ( 1932 ) have 
studied the products formed for the range 450-850° C using a streaming 
method, but they only record results for the products carbon monoxide* 
carbon dioxide and water. This absence of analytical data makes it 
hazardous to draw conclusions with regard to the nature of the reactions 
at the ignition temperatures. The temperature coefficients of the various 
stages in the hydroxylation scheme and hence the relative proportions 
of the products at different stages of the reaction are unlikely to remain 
the same at 700 as at 400° C. 

Several investigators have followed the reaction by means of pressure 
measurements. Hinshelwood and Fort ( 1930 ) found that there was a 
quiescent period during which there was little pressure change, and this 
was followed by an accelerating reaction which shows many of the properties 
of chain reactions. Thus, the accelerating reaction was almost completely 
inhibited by packing the reaction vessel with quartz tubing. Also Bone 
and Allum have confirmed the general form possessed by the pressure-time 
curves and have shown that during the quiescent period there are produced 
no oxides of carbon and only small quantities of formaldehyde. A theory 
of chain reactions was developed by Semenoff ( 1931 ) to explain the occur¬ 
rence of induction periods in gaseous chemical reactions. This theory 
postulated that the branching of the chains was due to the production 
of an intermediate compound possessing a long life, which finally decom¬ 
poses or undergoes reaction, thereby starting new reaction chains. This 
type of branching was termed degenerate or delayed branching. In 
such cases, the rate of development of pressure obeys the equation 
4-constant, and he showed ( 1932 ) that this relationship fitted 
the results of Hinshelwood and Fort on the oxidation of methane, and those 
of Bone and Hill on the oxidation of ethane. The accelerating reaction was 
thus regarded by Semenoff as being a degenerate branching chain reaction. 

and Foord ( 1936 ) have confirmed the general form for the pressure- 
time curve and have shown that the maximum velocity of the reaction 
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varies as (CH 4 ) a (O a )P. The reaction was retarded by the walls and com¬ 
pletely inhibited in a packed tube. They have put forward a detailed 
mechanism of the reaction and obtained the required relationship for the 
velocity of the reaction, on the basis of the assumptions (a) the reaction 
is of the degenerate branching type, ( 6 ) the methane is converted into 
formaldehyde on collision with an oxygen atom, (c) a stationary con¬ 
centration of formaldehyde is reached at the maximum rate of pressure 
change. 

The ignition limits for the reaction have been investigated by Neumann 
and Serbinoff ( 1932 , 1933 ). These investigations consisted in the admission 
of mixtures of methane and oxygen to a heated tube and measurement 
of the time which elapsed before ignition. They found that the mixture 
CH 4 : 20 a gave a flame peninsula with three flame limits similar to that of 
hydrogen and oxygen, but that this peninsula was absent in the case of 
mixtures appreciably richer or weaker in methane. Thus, for CH 4 : O g 
and CH 4 : 30 a there was only one flame limit at any temperature, and this 
moved to lower pressures the higher the temperature. Neumann and 
Egorow ( 1932 ) find that the induction period, r,f for the mixture 2 CH 4 : 0 2 
is given by the equation p n e EIHT t — constant, where p is the pressure and 
E an activation energy of some stage in the reaction. Since this equation 
is readily deduced from the Semenoff theory of flame arising from degenerate 
chain reactions which postulates the appearance of flame when the rate 
of production of heat exceeds a critical value, they came to the conclusion 
that the onset of flame was due to thermal causes. Norrish and Foord 
( loc. cit.) have also studied the transition of the slow reaction into flame 
using a Bourdon gauge for this purpose. They also came to the conclusion 
that the ignition is a thermal process following the attainment of a critical 
reaction velocity. 

In the present work, measurements have been made of the changes in 
pressure which ooeur in the methane-oxygen mixture CH 4 + 20 a in a quartz 
tube over the range of pressures 2-12 cm. and over the range of tempera¬ 
tures 632-747° C. This was undertaken to test the applicability of the 
equation p n e~ EIRT r = constant and to determine the maximum rate of 
reaction immediately preceding ignition with a view to throwing light on 
the origin of the flame. In addition, a detailed study of the oxidation 
processes occurring in the above mixture have been made at 660° C at 
8 cm. pressure. For this purpose a considerable fraction of the gases was 
withdrawn from the reaction vessel after heating the gaseous mixture for 

t The induction period is taken as the time which elapses before ignition occurs; 
other authors define the induction period differently (see p. 88). 
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varying intervals of time, and subjected to an analysis for carbon monoxide, 
carbon dioxide, hydrogen, methane, water and formaldehyde. From these 
analyses, conclusions are drawn with respect to the phenomena occurring 
during the acceleration of the reaction and to the causes of flame. 


Experimental 
Preparation of gases 

Methane was prepared by dropping water on to aluminium carbide and 
the gas was washed with aqueous solutions of alkaline permanganate and 
silver nitrate, dried over caustic potash and liquefied. It was fractionated, 
the middle third being used in the experimental work. 



I 



Oxygen was prepared by heating potassium permanganate. The gas was 
condensed under slightly greater than atmospheric pressure using liquid 
air, and a middle fraction employed in making up the gaseous mixture. 
The gases were stored in iron gas-holders over mercury, the latter being 
connected to the rest of the apparatus by flexible coils of glass tubing. 
Mixtures were made and stored in another iron gas-holder and the gases 
were dried before use by passage through columns of distilled phosphorus 
pentoxide, free from trioxide. 

Apparatus, A diagram of the apparatus used is shown in fig. 1. The 
reaction vessel F was of quartz, 31 cm. long and 3 cm. diameter; the end- 
tubes were of 1 cm. diameter, and 115 om. of these at each end was inside 
the furnace. The furnace consisted of a rustless steel tube with a main and 


6-3 
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two subsidiary windings. The latter placed at the end of the iron tube could 
be heated independently of the main winding. The temperature along the 
reaction vessel was kept constant to within 1°. 

On the pressure gauge side of the reaction vessel a length of capillary 
tubing was introduced, this being partly in and partly outside the furnace 
and serving to minimize diffusion and subsequent condensation of water 
vapour. It also prevented the smashing of the gauge by a rush of gas from 
an explosion. A similar length of capillary tube was placed on the other 
arm of the gauge to even the gas flow to the two sides of the gauge H . 
At the other end of the quartz vessel, a tube of large diameter was rendered 
necessary in order to introduce gas rapidly and to evacuate the system 
rapidly. An electrically operated stop E was made of quartz and this was 
fitted close to the entrance to the furnace; it was not gas-tight, but when 
in position it reduced the effective diameter of the tube to a small value. 
This served to prevent the rapid diffusion of the products into the cold 
parts of the apparatus and effectively confined the flame to the heated 
part of the tube. 

A soda-glass Bourdon gauge H of the automatically recording type was 
used. It consisted of a glass spoon with the tip lengthened to carry a light 
mirror. It was placed in a light-tight box and its deflexions were recorded 
on sensitive paper on a revolving drum. It was used to record differences 
of pressure only, gas being admitted to both sides of the spoon simul¬ 
taneously through tap I and put into operation by closing C . The gauge 
was 3*15 times as sensitive as a mercury manometer, and gave deflexions 
varying linearly with the pressure change. 

The gas was introduced into the evacuated reaction vessel from a reservoir 
beyond /. To admit the gas, tap I was turned completely round, tap C 
was then closed, and stop E drawn up into position. This required about 
3 sec. to complete, and equilibrium was attained between the two sides 
of the gauge within that period, as shown by the performance of the gauge. 
The amount of gas entering the reaction vessel and gauge was determined 
from the fall in pressure of the gases in the reservoir, and the pressure in 
the reaction vessel calculated from the ratio of the volumes of the reservoir 
and that of the reaction system. Pressure changes were automatically 
recorded on the revolving drum. 

The gases could be drawn off* for analysis by closing tap G> lowering stop 
E, and opening tap D to an evacuated Winchester bottle, from which the 
gases were then collected by means of a Toepler pump. In order to collect 
condensable substances, tap D was connected to a trap with taps K and«/, 
which was immersed in liquid air. 
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Analysis 

Fonnaldehyde was collected from some ten experiments under identical 
conditions of temperature, pressure and time of heating, and the substance 
collected in the trap dissolved in water and 20 c.c. N NaOH added, 
together with 5 c.c. of iodine solution (N/50); the solution was shaken, 
acidified with 25 c.c. H 2 S0 4 and back-titrated using N/100 thiosulphate. 
Before adding the sulphuric acid, the solution was shaken for 10 min., 
keeping taps J and K closed. This method of estimation is a modified 
form of that of Romijn and gave results in agreement with those from 
a method based on the reaction between formaldehyde and hydrogen 
peroxide. 

Gaseous products . The dry gaseous products amounted to 4-8 c.c. of 
gas at N.T.P. and were analysed for carbon dioxide, oxygen, hydrogen, 
carbon monoxide and methane in the order given. 

Carbon dioxide was frozen out in liquid air, oxygen being absorbed in 
alkaline pyrogallol, the latter being used in amounts sufficient to absorb 
all oxygen present but not in great excess, as it might introduce a little 
carbon monoxide. Carbon monoxide and hydrogen were burnt up at 
270-290° C over ignited copper oxide for half an hour; this treatment did 
not oxidize methane to an appreciable extent. The contraction in volume 
on measuring the dried mixture gave the hydrogen present, while the 
carbon dioxide was frozen out as before. Finally, the residual methane 
was combusted over ignited copper oxide at 600° C and the gas remaining 
was absorbed in 50 % caustic potash, the residues being negligible, as the 
results show. This scheme of analysis is the same as that used by Professor 
M. W. Travers, and we wish to thank him for his advice during the con¬ 
struction of the gas analysis apparatus. 

Results 

Pressure-time records 

These records show that the reaction is divisible into three periods: 
(a) a quiesoent period where there is no appreciable pressure change, 
(h) a region of accelerating reaction with rise of pressure, and (c) a region 
of fail of pressure. Typical records are given in fig. 2. No. I shows that 
obtained just outside the upper limit, no flame being obtained, and it will 
be noted that the reaction with fall in pressure sets in sharply at B and that 
the fall in pressure is equal to the previous rise in pressure. No. II shows 
the pressure-time curve when flame appears; BC gives the fall in pressure 
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when stop E is closed and BC when this stop is open. When the stop is 
closed, the dame is restricted to that part of the system whioh is in the 
furnace, but when it is open the flame passes into the tubing between 



Fio. 2 


E, C and D> and the fall in pressure is muoh greater due to the greater 
combustion of the gases and to the condensation of water. With stop E 
closed, unburnt gases diffuse back slowly into the reaction vessel after the 
occurrence of ignition, and further combustion ooours as shown by the 
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curve EFO , which gives rapid combustion at F. Ill and IV are records 
which will be referred to later* 

At the higher pressures a bright flash appears on ignition, but at low 
pressures the flash could be seen only with difficulty in a darkened room. 
The more distinct ignitions were accompanied by a click at a higher 
pressure. When ignition occurred, there was always an abrupt fall in pressure 
down to the initial pressure, fig. 2, II, and the appearance of this distinct 
break in the pressure-time curve was taken as the criterion as to whether 
ignition had occurred or not. The reproducibility was poor at first but 
improved after several ignitions had taken place in the reaction vessel, 
the activity of the surface tending to a maximum after a short series of 
experiments. After standing full of air it was difficult to obtain ignitions 
in the reaction vessel; such an effect has been previously observed by 
Norrish. In all series of experiments the vessel was evacuated for 20 min. 
between each experiment. The mixture, CH 4 + 20 2 , which gives three 
flame limits, was employed in all of the experiments recorded in this 
paper. 

Ignition limits. After a few preliminary experiments a series was carried 
out at the following temperatures: 712, 718, 682, 671, 660, 646, 632, 640, 
732-5 and 747° C in the order given, and at each temperature ten to 
twelve experiments were carried out over the range of pressures 10-^ I cm. 
These experiments covered the flame peninsula discovered by Neumann. 
No attempt was made to determine the positions of the upper and lower 
limits accurately. The latter are difficult to determine accurately, since 
the induction periods in the neighbourhood of this limit are very long. 
Approximate values for the lower limit were: 

°C ... 682 712 733-5 747 

cm. ... 1*4 1*9 2-1 2-5 

The induction periods were in general shorter than those previously recorded 
but were of the same order near the limit, e.g. some 900 sec. at 682° C 
oompared with Neumann’s values of 10-20 min. An upper limit was found 
at the following temperatures: 

°C ... 640 646 660 

cm. ... 5-6 6*2 8-2 

whereas the approximate values from Neumann’s graphs are 6*0, 8-0 
and 11*0 cm. respectively. Thus, the upper limit was found in the same 
region as that recorded by Neumann and decreased with decreasing 
temperature; it occurred, however, at rather lower pressures than in his 
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case, and was accompanied by longer induction periods. At 632° C no 
ignitions were obtained, so that the critical temperature for flame lies 
between 632 and 640° C. 

Outside the region of ignition at the upper limit, the pressure-time curves 
were very similar to those just inside the limit, but instead of an instan¬ 
taneous fall in pressure following the slow rise in pressure, it was found 
that it fell relatively slowly (see fig. 2 , I). The speed of this secondary 
reaction increased as the limit was approached, becoming practically 
instantaneous at the limit itself. If the period which elapsed between the 
admission of gas and the attainment of maximum rate of rise of pressure 
was measured and treated as an induction period (as was done previously 
by Norrish and Foord ( 1936 )), then these pseudo r values were continuous 
with those for real ignition when treated as a function of gas pressure. 

Relation between p 0i r and T: The applicability of the Semenoff equation 
was tested and graphs for the plot of log 10 p 0 against log 10 t were made. 
The experiments were made starting from 10-12 cm. pressure and working 
downwards. Except for the first two experiments in any series, the points 
all lay on a straight line approximately parallel to those obtained by 
Neumann. The first two experiments always gave too long induction periods 
and this abnormality was probably due to changes in the activity of the 
quartz tube. It was shown that w = 2 13, and E~ 23-610, whereas the 
corresponding values from Neumann's curves were E~ 41,000 and 1*8 
for n. There is a very considerable discrepancy between the two values of 
E t and this may be due to the differences between the range of tempera¬ 
tures employed in the two investigations. Neumann worked between 
700-900° C, whereas our experiments were carried out in the heel of the 
flame peninsula between'640 and 750° C: We have not investigated further 
the cause of the discrepancy, being more interested in other matters. The 
work has, however, confirmed the general applicability of the equation, 
pn e -K!HT T B constant, to the oxidation of methane in the region of the 
flame peninsula. 

Rate of pressure change before ignition . The pressure-time curves gave 
information not obtainable from mere observation of the duration of the 
induction period. In this series of experiments it was always found that 
the maximum rate of rise in pressure always occurred just before ignition, 
and also that outside the upper limit the maximum rate of reaction lay 
on the same curves as below this limit. The curves for the experiments 
above the upper limit were of the type fig. 2, I, and the maximum rate 
occurred just before the inflexion on the curve at B . In fig. 3, the maximum 
rate is plotted against the initial pressure p 0 for the gas mixture. The dotted 
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line, an', shows the position of the upper limit. Exoept for the highest 
pressures, the maximum rate varies approximately linearly with the 
pressure. Norrish and Foord (loc. cit.) have recorded that the maximum rate 
of the “slow ” methane oxidation depends on the first power of the pressure 
of the gas mixture at the temperatures 530 and 620° C, and the results in 
fig. 3 confirm this result for the ignition range 640-750° C. 
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Fio. 3 

The curves for the maximum rate of reaction are continuous across the 
dotted line, aa' in fig. 3, indicating that these maximum rates have no 
direct bearing on the production of flame or the determination of the upper 
limit, which must be due to the operation of some other factor. They have, 
however, a bearing on the occurrence of the reaction occurring with 
a fall of pressure, out of which flame can arise or not, depending on 
ciroumstanoes. This reaction Bets in at the maximum rate of rise of pressure 
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and under the condition that this rate is proportional to the initial pressure 
of the gas* The nature of the reaction occurring with the fall of pressure 
has been determined, and further discussion of this point will be deferred 
until the analytical results are considered. 

It has also been shown that the pressure fall BC (fig. 2) increases with 
the pressure, but not linearly. The pressure fall increases slightly more 
rapidly than the pressure. 

Effect of addition of carbon monoxide and hydrogen . A series of pressure¬ 
time curves was obtained for a mixture of CH 4 : 20 2 with 1-84% of carbon 
monoxide. The carbon monoxide retarded the ignition and narrowed the 
pressure range over which it occurred. Fig. 2, III, shows the type of 
curves obtained. In one case, AB'C'D ', flame did not arise until long after 
the maximum pressure had been reached. The cause of the retardation 
is unknown. It is doubtful if much of the added carbon monoxide is 
burnt to carbon dioxide during the induction period, so that the retardation 
cannot be definitely ascribed to the inhibition of the flame by carbon 
dioxide. Analyses are needed to test this point. 

The addition of 1*34 % of hydrogen did not appreciably affect the length 
of the induction periods. There are, however, minor effects on the pressure¬ 
time curves (fig. 2, IV). The fall in pressure is, however, the same in these 
cases as in the absence of hydrogen, indicating that the hydrogen has been 
converted to water in the pre-flame period. There is little effect on the 
pressure-time curves other than that due to a contraction of volume, 
which occurs when the added hydrogen is converted to water. 


Analytical results 

Formaldehyde . A series of experiments was performed at 700° C, removing 
the products of the reaction through the trap immersed in liquid air. 
In each series, 8-10 consecutive experiments were performed, and the 
total condensate analysed for formaldehyde by the method described 
above. In three series gases were taken off some 15-20 sec. before ignition 
would have taken place, and in two other series, about 10 sec. after flame 
had occurred. The results are given below. 


Before ignition After ignition 


T° C v 


700 


703 


Number of runs in series 

8 

10 

10 

10 

10 

Average pressure (om.) 

8*24 

8-62 

8-77 

0-67 

9-86 

Net wt. ofHCHO (g. x 10*) 

3*33 

4-04 

4-44 

1*42 

1*48 

% total mixture taken 

0-474 

0-456 

0-515 

0*069 

0*071 
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The amounts of formaldehyde formed are comparable with those found 
by Bone and Gardner for the mixture 2CH 4 + 0 2 , viz. 0*2 % for the end of 
the induction period at 390-420° C. That present after ignition is probably 
due to the oxidation of residual methane in the reaction vessel. The 
quantities formed are considerably less than the amounts of condensable 
organic substances calculated from the gas analyses, viz. 3% (see later). 

Gas analysis. In withdrawing gas for analysis, care has to be taken that 
the gases are removed rapidly and that the fraction so removed is known 
accurately. A Winchester bottle, the volume of which was about nine 



Time in sec. 

Fia. 4. * * • * stop E opened for 10 sec. O O O O opened for 30 sec. 

times that of the reaction vessel, was attached at D and evacuated before 
eaoh experiment. Calibrations were made by filling the reaction vessel 
with air and expanding this gas into the Winchester, and it was found to 
be necessary, in order that equilibrium be attained between the reaction 
vessel and the Winchester, that tap D be kept open for at least 10 sec. 
The length of the interval necessary was due mainly to adiabatic effects, 
not to the rate at which gas can be removed. In the experiments with the 
reaction mixture, at a suitably chosen time after the commencement of 
the reaction, the gases are expanded into the Winchester by opening tap D 
for 10-30 sec. The sudden reduction in pressure to 1/30 of its initial value 
will slow down the reaction in the reaction vessel very materially, so that 
it would be expected that no complications will arise due to reaction in 
the residual gases left in the reaction chamber. The gases present in the 
Winchester are removed through phosphorous pentoxide by means of a 
Toepler pump and measured. After a preliminary series of ten experiments 
had been carried out, which served to indicate the main features of the 
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chemical changes which occur, two further series were carried out which 
covered the pre-flame, flame and post-flame periods. The volumes available 
for analysis ranged from 4 to 8 c.c. 

Series I. The oxidation of methane was carried out at an average pressure 
of 8*10 cm. and at 066-667° C. At this temperature and pressure the 
induction period under standard conditions was 60*5 sec. Gases were 



Time in sec. 

Fig. 6. Series I. O. oxygen, □, methane, •, oarbon monoxide, 
*f hydrogen, A, oarbon dioxide. 


withdrawn at sixteen different times during the induction period so as 
to cover this thoroughly and at twelve different times after ignition over 
the range 50-400 sec. It was noted that the volume of gas removed 
decreased as the reaction proceeded. The analytical results, fig, 6, showed 
certain irregularities which it was thought might be due to variations 
in the induction period, therefore another series of experiments was carried 
out where the induction period was measured in between each pair of 
experiments. There was, however, no appreciable variation in the length 
of the induction period throughout the series. 
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Series II. This series was carried out at a pressure of 8 cm. at 686° C, 
and the length of the induction period was 48-5 sec. Twelve samples were 
taken during the last 30 sec. of the induction period, and these served 
to clear up certain minor points, but in general confirmed the earlier 
series. They are given in the curves which follow. 



Fig. 6. Oxygen above, methane below. 

Volumes removed from the reaction vessel. With an initial pressure of 
8-10 cm. of air, 8-64 c.c. can be removed from the reaction vessel under 
the conditions outlined above. The volumes of explosive mixture so removed 
decrease as the reaction proceeds. The ratio of the volume of the gases 
removed to the above volume of air is given in fig. 4. It will be seen from 
this figure that the volume of the gases removable through P 2 0 5 decreases 
even during the quiescent period which in these experiments is 20 sec. 
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The fall is gradual, indicating that some progressive reaction is occurring. 
The results may be interpreted as due to the production of some con¬ 
densable product and water, but since up to the present we have failed 
to detect such substances in amounts greater than 0*1% by analytical 
methods during this period, the causes of the fall in volume must be 
regarded as uncertain. It might be due to the difficulty of removing a very 
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reactive product from the reaction vessel and its condensation on the 
leading tubes. The analytical results of series I expressed in percentages 
are given in fig. 5, and are unsatisfactory for theoretical treatment since 
they give no idea of the quantities of the various gases produced. They are 
converted into g.-mol. with the aid of fig. 4, and the results of this treatment 
embodied in figs. 6~8. These tables give the amounts of the various gases 
expressed in g.-moi. actually removed from the reaction tube by the 
methods described above. 
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Series I and II have been dealt with separately. For series I, smoothed 
curves are drawn using the method of least squares, and these curves 
have been re-drawn over the results for series II. Measurements for the 
after-flame period were only made in series I. 



Disappearance of oxygen and methane. For both the oxygen and the 
methane curves, the smooth curve obtained for series I lies a little higher 
than the results of series II, especially after 30 sec., which is perhaps to 
be expected in view of the change in the induction period from 50*5 to 
48*5 see. 
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It will be noted that the rate of disappearance of oxygen and methane 
is accelerated as the reaction proceeds right up to the time of ignition, 
although the concentrations of these two gases in the gaseous mixture 
are becoming smaller. The rate of acceleration, however, slows down as 
the reaction proceeds. These results are in accordance with the view that 
the oxidation of methane is accelerated by one of the products of the 
subsequent stages of the reaction, i.e. the oxidation follows a chain 
mechanism. It is also noteworthy that even in the first 20 sec., where there 
is no appreciable pressure change, a considerable fraction of the methane 
disappears. After ignition, about 30 % of the methane and oxygen remains 
unburnt, and this is partly due to the gas present in the cold parts of the 
apparatus escaping combustion. 

Hydrogen, carbon monoxide and carbon dioxide . There are small amounts 
of hydrogen and more carbon monoxide produced during the first 20 sec., 
and marked acceleration in their production afterwards when the pressure 
begins to rise (fig. 7), Carbon dioxide is not produced until the acceleration 
of the reactions giving hydrogen and carbon monoxide. The concentrations 
of carbon monoxide and dioxide increase up to the moment of ignition, 
whereas that of hydrogen soon reaches a constant value. After flame 
the hydrogen and carbon monoxide practically disappear. 

Water and condensable organic substances. Since the initial number of 
g.-atoms of carbon, hydrogen and oxygen in the gaseous mixture is known 
as well as those in the carbon dioxide, carbon monoxide, hydrogen tod 
methane removed from the reaction vessel, it is possible to estimate the 
number of g.-atoms present as water and other products. This is done in 
fig, 8. The residues during the pre-flame period are not entirely water since 
the ratio H 2 : 0 2 is always less than 2:3 . Assuming that water and some 
condensable organic substance are the only products it can be shown that 
the ratio C : H : 0 in the organic compound is 1 : 3*1 : 1 at 10 sec., 
1 ; 2*9 : 1*5 at 15 sec., and 1 : 2*8 : 2-0 at 20 sec. On the other hand, after 
ignition the ratio H 2 : 0 2 is 2 : 1, indicating that in this case the main 
condensable product is water. 

Discussion of the analytical results 

There are four stages in the reaction: (1) pre-acceleration, (2) acceleration 
with increase in pressure, (3) the occurrence of a reaction with a fall in 
pressure leading to flame in the present experiments, and (4) after-flame. 
There are three distinct induction periods, involved in the gaseous reactions 
occurring in the flame peninsula, viz. (a) for the production of 00, H a and 
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C0 2 from hydroxylation compounds, (6) for the rapid oxidation of carbon 
monoxide, and (c) for the appearance of flame. Information which can 
be gained from the analyses about these periods is summarized below. 

(1) Pre-acceleration (0-20 sec.). There are but slight changes of pressure 
during this period, so that if any appreciable reaction occurs it must be 
of suoh a character that reactions occurring with increase in pressure are 
balanced by others occurring with a decrease in pressure. Small quantities 
of carbon monoxide are produced and the production of this must occur 
with an inorease in pressure, thus 

CH 4 + 1J0,^C0 + 2H 2 0, 

or CH 4 + 0 2 - CO + H 2 + H 2 0. 

This pressure rise is probably balanced by the production of condensable 
substances with a decrease in pressure. In certain cases, notably 
CH 4 + 0 2 ~^CH 2 0 + H 2 0, there is no change in pressure on production of 
the organic substance, but in others, such as 2CH 4 -f 0 2 ~^2CH 3 0H, there 
are decreases in pressure. The results obtained are consistent with the 
view that condensable substances in appreciable amounts are produced 
during the pre-acceleration period and that these consist of a mixture of 
methyl alcohol and formaldehyde. The polymerization of the latter on 
the walls of the exit tube is possibly responsible for the difficulty experienced 
in removing this product from the reaction tube. 

(2) Acceleration (20 sec.-^ ignition at 50-5 sec.). After 20 sec., which is 

the duration of the first induction period for the reaction, there commences 
a marked acceleration in the net rates of production of hydrogen, carbon 
monoxide and carbon dioxide (fig. 7), but whereas the rates in the case of 
carbon monoxide increase up to an approximately constant value some 
20 sec. before ignition, the net rate of production of hydrogen reaches 
a maximum and falls to zero. The rate of combustion of methane and oxygen 
is also accelerated during this period and increases steadily up to the onset 
of ignition. It is clear that when flame arises the reaction is proceeding 
at its maximum rate. • 

The hydrogen is probably produced by the thermal decomposition of 
either formaldehyde or formic acid, thus 

CH*0-H a +C0, 

CH 8 0 a ^H a + C0 2 , 

so that a fraction of the acceleration reactions will consist in thermal 
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decompositions. The marked increased consumption of oxygen during this 
period shows, however, that there is considerable additional oxidation 
occurring as well. The hydrogen is unstable under the conditions of the 
experiment, and is converted into water, a balance being reached between 
its rate of production and its rate of disappearance at about 36 sec. The 
carbon monoxide is less readily oxidized than hydrogen, the quantities 
present increasing up to the time of ignition. The oxidation of carbon 
monoxide in silica vessels is relatively slow at 600-760° C outside the flame 
limits, as the work of one of us and Oomm ( 1928 ) and Cosslett ( 1931 ) has 
shown. About 1*5% is consumed per minute, and the rate of reaction 
is approximately proportional to the pressure and little affected by tem¬ 
perature. The rate of oxidation is retarded by the presence of nitrogen or 
carbon dioxide. It is probable, therefore, that the combustion of carbon 
monoxide during the induction period is negligible. It is thus considered 
that the carbon dioxide is produced mainly by the oxidation or decomposi¬ 
tion of some other intermediate. 

(3) Oxidation of carbon monoxide and flaine. Just above the upper limit, 
the third stage is given by a reaction occurring with a fall of pressure 
which sets in abruptly (fig. 2 , I). Since the rate of this reaction decreases 
with time, it is probable that the chain length of this process is finite, at 
least in its later stages. Since the rate decreases with increase in pressure, 
it is very likely that the chain length of the oxidation process is decreased 
by the deactivation or destruction of some chain carrier by ternary col¬ 
lisions, as well as by carbon dioxide. Below a limiting pressure this process 
passes into flame. At the pressure and temperatures for which analyses 
have been carried out, the appearance of flame and the onset of the 
reaction with a decrease in pressure coincide, but this is not true when 
for any reason the flame is delayed. In experiments in which carbqli 
monoxide is present initially, the reaction occurring with a fell in preofrtl# 
occurs before flame (fig. 2 , III). ‘ 

Just before ignition, we have the following quantities of combustible sub¬ 
stances; methane 0*06, carbon monoxide 0*06, hydrogen 0-01 g.-mol. x 10 ~ 8 , 
together with a quantity of hydroxylation compounds. According to the 
direct analyses, there is a negligible quantity of formaldehyde, viz. 
0*001 g.-mol. x 10~ 3 , but according to results of fig. 8 , there is 0*005- 
0*01 g.-mol. of hydroxylation compounds. It should, however, be borne 
in mind that the whole of the analytical errors enters into the determination 
of the quantities of the hydroxylation compounds by difference. Of the 
above substances, the hydrogen, most of the carbon monoxide, and a small 
fraction of the methane is burnt, so that the flame is very complex. 
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The following figures show the balance sheets for ignition. 


Series I (induction. Scries II (induction 

period 50-5 sec.) period 48*5 eoc.) 




O, used 



0 8 used 

CO fall 

0050 

0025 

CO fall 

0*057 

0*029 

CH 4 fall 

0*009 

0*018 

CH 4 fall 

0*008 

0*016 

Total fall 

0*059 * 


Total fall 

0*065 


C0 8 rise 

0064 


CO a rise 

0*062 


H t fall 

0*008 

0*004 

H a fall 

0*010 

0*005 

Not Oj used 


0*047 

Net 0 8 used 


0*050 

0* fall 


0*037 

O a fail 


0*039 

The oxygen consumption calculated from the analytical figures 

is some- 


what larger than that actually used, but the agreement is as near as can 
be expected in view of the extrapolation which is necessary to obtain the 
above figures. It is clear, therefore, that the principal reaction in the 
flame is the oxidation of carbon monoxide. No analyses have been carried 
out for mixtures above the upper limit, but since the fall in pressure is the 
same whether flame occurs or not, it may be concluded that the reaction 
occurring with a fall in pressure above the upper limit is mainly the oxida¬ 
tion of carbon monoxide. 


The causes of the flame in 0H 4 -f 20 2 mixtures 

We have seen that the principal reaction occurring in the flame is the 
oxidation of carbon monoxide, and it is therefore very likely that we are 
dealing with a flame of carbon monoxide occurring in an environment 
of other gases. Of these carbon dioxide will tend to retard (Garner and 
Cosslett 1931 ) and hydrogen to accelerate the appearance of flame.* At 
the pressures used in these experiments, flame occurs in pure carbon 
monoxide and oxygen at 000 ° C and upwards, so that the net effect of the 
diluent gases is to raise slightly the temperatures of ignition. Although 
the flame obeys similar limiting conditions to those which hold for a pure 
carbon monoxide flame, there is a lag or induction period in the rapid 

* In a recent study of the initiation of flame in carbon monoxide mixtures, 
Buokler and Norrish (1938) have investigated the effects of the addition of hydrogen 
and inert gases. They put forward detailed mechanisms to account for the cata¬ 
lytic effect of hydrogen, and show that inert gases inhibit flame in the order 
0Q 8 >H 8 >He>A, i.e. the quenching effect is in the order of the number of degrees 
of freedom in the molecule. In this case, the quenching effect of CH4 on the carbon 
monoxide flame cannot be ignored. The above results only cover the range 525-585° C 
and do not extend to the temperatures of the flame peninsula of the methane flame. 
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oxidation of the moist carbon monoxide which does not occur, when diluent 
gases are absent. The rapid oxidation of the carbon monoxide produced 
in the oxidation of methane does not set in until the concentration of this 
gas has reached a high value and until the rate of the oxidation of methane 
has reached a critical value which is proportional to the initial pressure. 
It would appear therefore that there are certain limiting conditions for 
the commencement of the rapid oxidation of carbon monoxide. 

There is little information of a quantitative character available with 
regard to the rates of reaction of mixtures of carbon monoxide and oxygen 
to which carbon dioxide has been added, and hence any interpretation 
of the meaning of the above limiting conditions is highly speculative. There 
appear to be at least two alternative explanations of the catalysis of the 
reaction between carbon monoxide and oxygen, one which is based on the 
production of chain carriers in the methane oxidation, and the other on 
the disturbance of the Maxwell-Boltzmann equilibrium in the gas, due to 
this oxidation. Either of these effects would serve to explain the increasing 
chain length of the carbon monoxide oxidation which occurs with increasing 
rates of oxidation of methane. 

During the pre-acceleration and acceleration reactions we must assume 
that the chain length of the carbon monoxide oxidation is very small, 
and only commences to assume large values at high concentrations of 
carbon monoxide and at rapid speeds of the methane oxidation. The 
abruptness with which the oxidation sets in just above the upper limit 
could be explained in terms of a reaction of the degenerate branching type, 
the rate of whioh is, however, rapidly reduced by the increasing concen¬ 
tration of carbon dioxide. Between the two flame limits, the oxidation 
passes into flame, and this may happen in accordance with the Semenoff 
theory that flame arises when the velocity of the oxidation becomes so 
high that heat cannot be conducted away. We have, however, found lo 
evidenoe either in support of or against this view. 

The sequence of processes which occurs during the generation of flame 
in CH 4 + 20 2 mixtures appears to be the following: (1) The hydroxylation 
of methane with the production of methyl alcohol, formaldehyde, formic 
acid, etc. (2) The decomposition and oxidation of these substanoes with 
the production of carbon monoxide, carbon dioxide, and hydrogen, which 
is a complex reaction obeying the Semenoff equations for processes with 
delayed branching. (3) The oxidation of oarbon monoxide, which only 
occurs rapidly when the rate of the overall reaction exceeds a critical 
value which increases proportionately with the pressure. (4) A flame of 
oarbon monoxide and oxygen in which certain quantities of methane and 
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hydrogen disappear, which occurs between two limiting pressures and 
arises out of the rapid oxidation of the carbon monoxide. 

One of us (A. J. H.) is indebted to Imperial Chemical Industries (Nobel 
Section) for a personal grant, and we wish to acknowledge a grant in aid 
of the purchase of apparatus from the same firm, and from the Colston 
Research Society. 

Summary 

1. The ignition limits for flame in mixtures of CH 4 4-20 2 have been 
investigated over a range of temperatures and pressures. The relationships 
between the pressure, temperature, and length of induction period in the 
region 640-750° C are in agreement with the Semenoff equation, p n e~MR T r 

const. It is found, however, that, whereas n is in substantial agreement 
with the value obtained by Neumann, E is much smaller. 

2 . It is shown that the rate of change of pressure with time just before 
ignition and the maximum rate when ignition does not occur increases 
linearly with the pressure. 

3. Analyses have been made of carbon dioxide, carbon monoxide, 
hydrogen, methane, oxygen and formaldehyde present in the gases at 
various times during the pre-flame, flame and after-flame periods for the 
temperature 666° C and 8 cm. pressure and from the results conclusions 
are drawn with respect to the course of the reactions and the generation 
of flame in the mixture CH 4 + 20 a . 
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The spectral variation of the photosensitivity of 
visual purple 

By E. E. Schneider, C. F, Goodeve and R, J. Lythgoe 
The, Sir William Ramsay and Ralph Forster Laboratories of Chemistry and 
the Department of Physiology , Pharrnacology and Biochemistry , 
University College, London 

(Communicated by CL A . L. Evans , F.R.S.—Received 18 A ugust 1938) 

1. Introduction 

It is generally accepted that, in scotopic vision, the first stage in the con¬ 
version of the electromagnetic wave into a nerve impulse involves the photo¬ 
chemical bleaching of visual purple. Whilst the quantitative relation between 
visual purple and scotopic vision has been recognized for many years 
(Konig 1894), it is only recently that this relation has been more accurately 
expressed (Hecht and Williams 1922; Dartnall and Goodeve 1937). 

Quantitative measurements of the photochemical bleaching of visual 
purple have recently been described (Dartnall, Goodeve and Lythgoe 1936 
and 1938; to be referred to as ‘‘the previous papers”). A new photochemical 
method, “the method of photometric curves ”, was used leading to a general 
equation for the rate of bleaching by monochromatic light. This rate is 
governed by the “photosensitivity ”, which is the product of the extinction 
coefficient and the quantum efficiency. In the case of visual purple the 
quantum efficiency is defined as the number of ehromophoric groupings 
decomposed per quantum absorbed. In the previous papers the photo¬ 
sensitivity was measured at a wave-length corresponding to the maximum of 
the absorption and it was found to be independent of pH and temperature 
and to have an absolute value of 9 x 10~ 17 em. 2 Reasons for thinking that 
the quantum efficiency is about unity were given (see § 5 below). In order to 
get further information about the photochemical mechanism of the bleach¬ 
ing process and its relation to scotopic vision, these measurements have now 
been extended to other wave-lengths. The results for the visible region are 
described below, while those for the ultra-violet will be described in a later 
paper. 

2. The method of photometric curves 

A parallel beam of monochromatic light is passed through a small 
cylindrical cell with parallel faces containing the solution to be investigated 

[ 102 ] 
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and the intensity I t of the transmitted light is measured periodically with a 
photocell. If the solution is bleached, I ( increases with time (as the absorp¬ 
tion decreases) until it reaches a constant value I f corresponding to the 


absorption of the bleached substance. When In ~~ is plotted against time 

1 t^ I t 

a straight line is obtained. Using Beer's and Lambert’s laws and the funda¬ 
mental equation for photochemical reactions, a relation is found between the 
slope m of this straight line and the photosensitivity ay (a « extinction 
coefficient, y =* quantum efficiency) of the photochemical process: 


ay 


mA 

07 ’ 


9 ~ 7 /~ 7 # i og //// 


where A is the area of the cell and 1 the intensity of the light incident on the 
solution expressed as number of quanta per second. 

The correction factor 0 is unity if no absorbing impurities are present in 
the solution and no absorbing products are formed in the photoreaction. The 
factor 0 is found to vary very little over the range of I t occurring in actual 
measurements, so that it may be considered as a constant. The equations 
hold provided that the impurities and absorbing products are stable. 

The method of photometric curves was recently applied successfully to 
the bleaching of a simple organic dyestuff by Goodeve and Wood ( 1938 ). 
They confirmed that the photosensitivity does not depend on the amount of 
absorbing impurity present in the solution: the equations still hold even 
though only a small part of the sample consists of the photosensitive sub¬ 
stance, the factor 0 providing adequate correction for the absorption of the 
light by the impurity. 


3. Description of apparatus 

The arrangement of the apparatus is shown in fig. 1. A Hilger single glass 
monochromator, of a new type specially designed by Perry ( 1938 ) to give a 
large output, was used. Its lenses (L x and L 2 ) are of 12-7 cm. diameter and 
50cm. focal length. Its prism has an angle of 54° 17', height 1 1-7cm., and 
face length 13*0 cm. 

Peny has defined a characteristic constant P for monochromators such 
that with an intensity at the entrance slit of m ergs/m/i/sec./mm. 2 /steradian, 
the energy transmitted at the exit slit is mP ergs/m/j/sec./mm. of slit length. 
Per the new monochromator, P has a value of 14*5 x 10 " 4 , whereas for the 
monochromator used previously it had a value of about 3*0 x 10" 4 . 
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The Bpeoial feature of the instrument is that by means of a new mechanical 
device a single-hand adjustment of a rotating drum adjusts the wave-length 
and focuses the exit slit simultaneously. This is brought about by a ooupling 
of the movement of the carriage B along “UU ” to the rotation of the plat¬ 
form A about the centre O v As a result the slit, which is mounted on the 
table D, moves along the spectral focal ourve “KK The table D is rotated 
about the centre 0 2 > fixed to the carriage and is guided by the rollers R. 

The width of the wave-length band transmitted was determined by the 
widths of the entranoe and exit slits, which could be selected from the dis¬ 
persion curves of the instrument. The slits can be very accurately adjusted 




Fig. 1. The apparatus. 


so that the intensity of the monochromatic light beam, which is approxi¬ 
mately proportional to the product of the slit widths, is accurately repro¬ 
ducible. The purity of the monochromatic light and the width A\ were 
determined spectrophotographically; no stray radiation was detectable on 
the plates and the width of the wave-length bands found agreed very well 
with the values determined from the slit widths and dispersion curves. 
Tests were made with special filters to confirm that no infra-red radiation 
passed through the monochromator. 

The lens L a makes an image of the light source H, a 1000 c.p. Pointohte 
lamp, on the entrance slit; L t of the condensing lens L 3 on the collimator 
lens L v and L b of the telesoope lens L t on the face of the cell-holder C, L t 
renders the light passing through the cell nearly parallel. The exposure is 
controlled by the shutter 8 V 

The cell-holder, the same as that used previously ( 1938 ), has a rotatable 
inner part so that either a cavity containing the quartz cell (about 1 cm. 
diameter by 0-5 cm. thick) or an empty aperture could be exposed to the 
light. The aperture readings served to measure the intensity of the light and 
the variations of the sensitivity of the photocell due to fatigue. The inner 
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part of the cell-holder was made hollow to allow the passage of a stream of 
water at constant temperature. 

Pj is a Weston photronic cell connected to a Zemicke galvanometer O v 
By means of a rotating shutter S 2 driven by an A.C. synchronous motor the 
photocell is screened for £ min. and exposed to the light for the other £min. 
in a cycle of 1 min. In this way readings of the zero and deflexion were taken 
at regular time intervals and transmission-time curves obtained. 

In order to speed up the experiments so that a set of bleachings at various 
wave-lengths oould be completed in one day the solutions of visual purple 
were bleached in the monochromatic light for 10-25 min., the final value of 
the transmitted intensity, I jt being determined after bleaching to completion 
with a 100 W incandescent lamp. 

In some experiments a second photocell P % was used to determine the 
variations of the light emitted from the Pointolite lamp. By means of a 
shutter S 3 this photocell could be exposed either to a small portion of the 
light of the Pointolite lamp reflected from the glass plate E or to a standard 
light F. The photocell was connected with a second galvanometer O s 
through a compensating arrangement so that only variations from a mean 
light intensity were recorded. The Pointolite lamp was provided with a 
variable resistance by means of which the light intensity could be kept at a 
constant value. 

Before and after the bleachings the photocell P x was replaced by a thermo¬ 
pile (of the Moll 80 element type) for measuring the intensity I of the 
bleaching light in absolute units. The calibration of the thermopile was 
carried out from time to time by means of lamps calibrated by the National 
Physical Laboratory. 

The cell-holder 0, shutter S 2 and photocell Pj (or thermopile) were fixed 
on supports sliding on two solid metal bars rigidly connected with the table 
D carrying the exit slit of the monochromator. Except for the part carrying 
the entrance slit the bulk of the monochromator with all apparatus attached 
to it was plaoed inside a cardboard hut. The galvanometer scale and the 
controls for the position of the inner rotatable part of the cell-holder and the 
various shutters were outside the hut. 

The visual purple was prepared from the retinae of frogs as in the previous 
work ( 1938 ). A detailed description of the method has been given by Lythgoe 
(»W7>* 

4. Results 

The results of all experiments are given in the table. The experimental 
data are arranged as follows: column 1 , the number of the experiment (one 
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number for each series using the one preparation of visual purple; a letter for 
each single run); column 2 , the width A A of the wave-length band used for 
the bleaching (the wave-length is given at the head of each section); column 
3, the initial density, d { » log 10 ///^ 0 indicating the absorption of the un¬ 
bleached solution; column 4, the final density, d f ® log indicating the 
absorption due to impurities and/or the products of bleaching; column 5, 
the absolute intensity of the bleaching light in quanta per sec., aB measured 
with the thermopile and corrected for reflexion; column 0 , the slope m of the 
straight line obtained when plotting 1 nl t /(lf — l ( ) against time; column 7, 
the mean value of the correction factor <f> (p. 103). The values of the photo¬ 
sensitivity ay calculated from these data are given in column 8 in absolute 
units. All experiments were carried out with visual purple solutions pre¬ 
pared from Rana esculenta , except two (nos. 5a, 56) for which R . temporaria 
were used. The solutions were buffered to a pH of 9-3 and were maintained 
at constant temperature in the range between 19 and 27° C, where the 
thermal decomposition was negligible (Lythgoe and Quilliam 1938 ). The 
cells used for the experiments had areas, A , as follows: nos. la, 16 , 2 a to 2 g, 
and 3a, A = 0*908 cm. 2 ; nos. 36, 3c, 6 a, 66 , 76, 7rf, 7/, 86 , A « 0*820cm. a ; 
all others A = 0*830 cm . 2 

In all series the experiments at the different wave-lengths were carried 
out on the same day as the preparation of the visual purple; with the ex¬ 
ception of experiments 2c, 3c (the following day), 2d, 2e, 2 / (2 days later), 
and 6 a, 66 (6 and 7 days later). 

The mean ay value for each wave-length is given in the table at the 
bottom of each section. The highest accuracy was obtained at A =» 502 m/*. 
The mean value of ay Aw . 502 is 9*1 x 10 ~ 17 cm . 2 Apart from the preliminary 
runs (nos. 1 - 0 ) the variation in the ay values at A « 502 mfi corresponds to 
the limits of accuracy set by the cumulative effect of the separate measure¬ 
ments involved in each final result. The mean error of the final value for 
502 m/*, as determined from the table, is ± 0*14 x 10~ 17 cm. 2 , but experi¬ 
mental uncertainties raise this to about 0-0 x 10~ 17 cm . 2 The reproducibility 
compares favourably with that obtained by Goodeve and Wood ( 1938 ) for 
the photosensitivity of a well-defined substance measured by the same 
method. 

The accuracy of the measurements decreases with increasing distance of A 
from the maximum of the absorption, due mainly to the fact that the differ¬ 
ence, di—dp becomes smaller. This is particularly true near the cross-over 
point, i.e. near the wave-length where the absorption curves of the un¬ 
bleached and bleached solutions intersect. At pH m 9*3 this point lies at 
418 m/t. It appears, however, that the lack of reproducibility of the results is 
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greater than the experimental error and must be ascribed to some unknown 
factor in the visual purple solutions at present uncontrolled. 

The values of the photosensitivity obtained with different wave-lengths 
are represented graphically in fig. 2. The relative extinction coefficient 
curve of visual purple (Lythgoe 1937) multiplied by a common factor 
chosen to give coincidence at A = 502 m/i with the mean value of ay is also 
shown. 



Fig. 2. The photosensitivity of visual purple at different wave-lengths compared 
with the absorption curve of visual purple (full line). O series 2, □ scries 7, 
• series 8, ■ series 9, + series 10, A series 13, a series 14. 


5. Discussion 

It can be seen from fig. 2 that there is fairly good agreement between the 
values of ay and corresponding values of a. This means that the quantum 
efficiency is essentially constant over the range of wave-lengths from 440 to 
560 m/i. From photochemical arguments based on this fact support is given 
to the conclusion arrived at previously (1936, 1938) that the quantum 
efficiency is equal to or not much less than unity. Limits were set to the 
possible value of y by the following arguments. 

A lower limit was obtained by assuming that the extinction coefficient of 
tiie visual purple ohromophoric grouping does not exceed the highest value 
found for known substances exhibiting an absorption curve of the same type 
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Table 


1 

2 

3 

4 

5 

6 

7 

8 



Initial 

Final 

Inten¬ 




Exp. 


density 

density 

sity x 10“ 18 

Slope x 10 3 

ay x 10” 

no. 

/JA, m/i 

d t 

d, 

quant a/see. 

sec.” 1 

<j> mean 

cm.* 




A a 

560 m/i 




2 g 

10 

0*123 

0*044 

419 

1*27 

0*98 

2*79 

76 

8 

0*104 

0*023 

2*10 

0*80 

0*97 

3*40 

*/ 

10 

0*116 

0*030 

3*11 

1*20 

0*97 

3*29 

96 

10 

0*118 

0*030 

3*20 

1*33 

0*97 

3*49 







Mean 

3*3 




A = 

540 vcifi 




2 / 

10 

0*246 

0*048 

4*05 

2*20 

0*95 

5*33 

Id 

8 

0*205 

0*035 

1*71 

1*45 

0*90 

7*24* 

8 d 

10 

0*189 

0*020 

2*85 

2*06 

0*98 

6*14 

9 d 

10 

0*207 

0*033 

2*89 

2*17 

0*90 

6*46 







Mean 

0*2 




A = 

520 xtxfi 




2e 

10 

0*351 

0076 

3*75 

2*59 

0*92 

0*80 

V 

9 

0*275 

0*042 

2*03 

2-21 

0*90 

9*30* 

86 

11 

0*203 

0*023 

3*20 

3*44 

0*98 

9*15 

V 

11 

0*290 

0*037 

3*28 

3*10 

0*90 

8*31 







Mean 

8*3 




A = 

502 i n/i 




la 

13 

0 327 

0*074 

0*94 

6*06 

0*94 

8*43t 

16 

26 

0*450 

0*053 

24*4 

18*3 

0*97 

(7*03)ft 

2 c 

10 

0*353 

0*042 

3*30 

2* 92 

0*96 

8*24 

3a 

14 

0*320 

0*083 

5*27 

5*50 

0*92 

10*31 

36 

14 

0*334 

0*046 

1*42 

1*59 

0*95 

9*66 

3c 

14 

0*299 

0*039 

4*72 

4*35 

0*90 

7*88 

4a 

20 

0*483 

0*040 

1*85 

2*12 

0*95 

9*99 

46 

14 

0*404 

0*040 

2*99 

3*14 

0*96 

9*09 v . 

6 a 

14 

0*379 

0*029 

2*74 

3*04 

0*97 

9*51 

66 

20 

0*427 

0*000 

1*51 

1*89 

0*94 

um 

6a 

14 

0*372 

0*037 

3*92 

4*33 

0*96 

$*07 

66 

14 

0*383 

0*039 

3*73 

3*96 

0*90 

8*48 

7a 

10 

0*339 

0*063 

2*27 

2*40 

0*95 

9*25 

80 

12 

0*309 

0*048 

3*18 

3*14 

0*05 

8*62 

86 

12 

0*220 

0*007 

3*04 

3*30 

0*93 

9*59 

9a 

12 

0*321 

0*042 

3*27 

3*45 

0*95 

9*22 

96 

12 

0*300 

0*043 

3*27 

3*47 

0*95 

9*26 

106 

12 

0*475 

0*112 

3*07 

2*94 

0*89 

8*94§ 

J36 

22 

0*089 

0*149 

3*63 

3*30 

0*87 

8*87 


Mean * 9*l g 
(Nos. 1-0 weighted J) 
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Table ( continued) 




1 

2 

3 

4 

5 

6 

7 

8 



Initial 

Final 

In ten- 




Exp. 


density 

density 

sity x 10~ 13 Slope x 10 s 

ay x 10 17 

no. 

AX t mfi 

dt 

dt 

quanta/sec. 

seo.~* 

<j> mean 

cm.* 




A 

= 480 mfi 




7c 

13 

0-298 

0*039 

3-14 

2-90 

0*96 

7*98 

He 

13 

0*288 

0*048 

2-96 

2*87 

0*95 

8*46 

9c 

13 

0*294 

0*051 

3*08 

2*93 

0*95 

8*32 







Mean 

8*3 




A 

= 400 m/i 




26 

15 

0-270 

0*062 

1-71 

1*22 

0*94 

0*89 

Tg 

15 

0-148H 

0-050 

2-73 

2*29 

0*95 

7-85|| 

8 a 

15 

0-239 

0-059 

3*09 

2*19 

0*94 

6*27 

®9 

15 

0-242 

0-065 

3*20 

2*31 

0*93 

6*44 

10 c 

15 

0-332 

0*312 

2*92 

1*87 

0*88 

0*02 







Mean 

0*0 




A 

= 440 mpi 




2 a 

15 

0*225 

0*097 

1*36 

0*83 

0*90 

6*10 

le 

15 

0-182 

0*071 

2*26 

1*38 

0*93 

5*47 

Sc 

15 

0*169 

0*002 

2*44 

1*12 

0*94 

4*07 

9e 

15 

0-199 

0-084 

2-39 

1-31 

0*91 

5*00 

10 a 

15 

0*176 

0*099 

2*37 

0*95 

0*90 

3*70 







Mean 

4*9 




A 

= 436 m/i 




13a 

15 

0-471 

0*260 

2*43 

0*95 

0*76 

4*25 

14 

14 

0*338 

0-204 

2*30 

1*05 

0*81 

4*68§ 







Mean 

4*5 


* Poor intensity measurement, weighted 

f A so 506 m/t. 

t Very fast bleaching, therefore measurements inaccurate. 

§ Temperature 17° C. 

* Solution partially bleached before starting experiment. 

(continuous). For most substances in this class the heights of the absorption 
maxima lie within a fairly narrow range, and in no case so far investigated do 
they exceed 15 x 10~ 17 cm.* It was therefore concluded that « 50a for visual 
purple is not greater than 16 x 10 -17 cm.* and that y is not less than 06. 

If y is greater than unity, any possible mechanism would involve free 
radicals. It is a well-established principle in photochemistry (Franck and 
Rabinowitsoh 1934 ; Norrish 1937 ) that, in such reactions, the value of y is a 
function of concentration, temperature and wave-length. The constancy of 
y observed previously ( 1938 ) over a range of temperatures and concentra¬ 
tions and now over a range of wave-lengths provides a strong argument 
against the existence of free radicals and leads to the conclusion that y does 
not exoeed unity. 
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Recent investigations by Lythgoe and Quilliam ( 1938 ) suggest that visual 
purple is bleached by interaction with the solvent water molecules. If this is 
the case it is easy to see how a quantum efficiency of unity might arise—the 
visual purple chromophore grouping is presumably surrounded by water 
molecules with which it may react when it has absorbed a light quantum. 


6. Photosensitivity of visual purple and scotopic luminosity 

A comparison between the bleaching effect of visual purple and the scoto¬ 
pic luminosity was carried out by Trendelenburg as early as 1904. He 
exposed samples of visual purple to different parts of the spectrum from a 
Nemst lamp and measured the bleaching by means of a photometer. From 
the absorption-time curves he derived “bleaching factors” which he com¬ 
pared with “twilight factors” (i.e. relative scotopic luminosity values) 
measured with the same arrangement at the same wave-lengths. He found 
good agreement between the values of the two factors. By comparing the 
absorbed energy in the different parts of the spectrum with the bleaching 
factor he later concluded ( 1911 ) that the bleaching action is independent of 
wave-length. 

Dartnall and Goodeve ( 1937 ) have recently recalculated on a quantum 
basis the scotopic luminosity curve obtained by Abney and Watson ( 1916 ) 
and have shown that the luminosity has a maximum at almost the same 
wave-length as that of the absorption of visual purple, and that, on the red 
side, the curves are coincident. 

The experimental observations described above provide a further basis 
for a quantitative relation between visual purple and scotopic visum For 
any photochemical process the expression ay gives a quantitative measure 
of the change occurring when a known amount of luminous energy is incident 
on the photosensitive substance (see Goodeve and Wood 1938 ). If, therefore, 
it is assumed that the photochemical bleaching of visual purple is the primary 
prooess of the act of vision (in man and all vertebrates) the photosensitivity 
must be taken as a basis for linking up the photochemical data on visual 
purple with the scotopic luminosity curve. 

The mean values of the photosensitivity of visual purple are shown in fig. 3 
together with the sootopic luminosity curve (quantum basis). The maxima 
of the two curves lie at the same wave-length well within the experimental 
error, and the agreement on the red side of the maximum is very satis¬ 
factory. These facts can be explained only by a photochemical theory of 
scotopic vision. 
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On the blue side the luminosity is less than the photosensitivity. This 
discrepancy may be explained by the existence of yellow substances in the 
eye whioh reduce the intensity of the light actually absorbed by the visual 
purple in the rods of the retina (Ludvigh 1938 ). 



Fio. 3. The photosensitivity of visual purple -o-o -o- (moan values), compared with 

Abney and Wafcaon’s bco topic luminosity curve-. Recalculated values of 

Trendelenburg’s bleaching and twilight factors are indicated by # and □ re¬ 
spectively. 

It is possible to recalculate Trendelenburg’s factors to bring them to the 
same basis as in fig. 3, i.e. equal number of quanta per sec. for the various 
wave-lengths, by assuming that Pfliiger’s measurements ( 1902 ) of the energy 
distribution from a Nernst lamp and his glass spectrograph apply to the 
apparatus used by Trendelenburg. This has been done with the mean of his 
“bleaching and twilight factors” and the results are shown in fig. 3. It is 
seen that these recalculated factors are in fairly good agreement with the 
photosensitivity and luminosity curves. 
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Magnetic susceptibility and related properties of 
rare-earth crystals 

By W. G. Penney and G. J. Kynch 
Imperial College of Science and Technology 

(Communicated by S. Chapman , F.R.S.—Received 28 November 
1938 —Revised 5 January 1939) 

1 . Introduction 

This paper has arisen from attempts to oorrelate the results of experiments 
on magnetic susceptibilities, specific heat and absorption spectra of rare- 
earth crystals. No theory has yet been advanced which is capable of giving 
simultaneous quantitative numerical agreement on all these properties, 
nor indeed does it seem possible to develop such a theory. Her seasons 
which we shall explain, it seems more likely that some of the data are 
wrong, or at least, that they have been wrongly interpreted. 

Many measurements have been made of the magnetic properties of 
hydrated rare-earth crystals. Accurate values of the mean moleoular 
susceptibility, x, have been obtained over a temperature range from a few 
degrees absolute to room temperature, and the anisotropy of the sus¬ 
ceptibility at room temperature has also been measured. The most important 
conclusion from the experimental results is that the ‘‘constant” C in 
Curie’s law, 

C - X T, ( 1 ) 

is not oonstant over the temperature range used. Indeed, the value of C in 
certain oases appears to be falling to zero as T falls to zero. Now it may be 
shown, Van Vleck ( 1932 ), that if the rare-earth ions in crystals behaved 
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magnetically as if they were a dilute gas, a quantity /i 2 , the square of the 
effective magneton number, would satisfy the relations 


/i*-gV(J+l)-3xfcr/J^ # (2) 

where g is the Land 6 ^-factor, J is the total quantum number for the 
lowest state of the ion, N is Avogadro’s number, k is Boltzmann's constant 
and /? is the Bohr magneton* The relation ( 2 ) is known as Hund's law* By 
comparing ( 1 ) and ( 2 ), it is seen that if Curie’s law is obeyed then fi a is 
constant, and the value of C may be calculated for any particular ion by 

the formula C . JWW+ l)/3i. (3) 


At room temperatures, (3) holds within about 10 per cent for all hydrated 
rare-earth crystals, but at lower temperatures the agreement is much 
worse. 

Equation ( 1 ) is often modified to the form 


C~ X (T + A), (4) 

the so-called Curie-Weiss law, and naturally with the extra parameter A , 
a better fit of the experimental results may be obtained* Even with this 
modification it is found that the experimental results require appreciably 
different values of A at room temperatures and at very low temperatures, 
so that (4) is little improvement on ( 1 ). Theoretically, one would expect the 
law (4) to hold at room temperatures for paramagnetics in which the 
magnetic ions were contiguous, or very nearly so. Exchange forces then 
have the effect of replacing T in ( 1 ) by (T + A), thus leading to (4) (see Van 
Vleck 1932 ). With highly hydrated salts, such as will be considered in the 
present paper, the appropriate modification of (1) is not (4), but something 
much more complicated. 

The most likely cause of the departure from ( 1 ) is the distorting effect of 
the crystalline forces on the magnetic ion. A qualitative explanation along 
these lines has been given by Van Vleck ( 1932 ). Quantitative agreement 
between the experimental values of x given by Gorter and de Haas ( 1931 ) 
and theoretical values has been obtained by Penney and Schlapp ( 1932 ), 
for the two salts Pr a (S0 4 ) 8 . 8 H a O and Nd 2 (S0 4 ) 3 . 8 H a O, on the assumption 
of a crystalline field of cubic symmetry and fourth degree. This field is 
presumed to be caused by an octahedron of oxygen atoms surrounding 
the magnetic ion. A field of this type would not give any magnetic aniso¬ 
tropy. Recent experiments by Krishnan and Mookherji ( 1938 ), however, 
have shown that the principal susceptibilities of the crystals at room 
temperature differ by about 10 %, 
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Define the anisotropy by £ 12 , 8 W , 8 31 , where, for example, 

*12 = 3(*i - Xi)l(Xi + Xa + Xa), ( 6 ) 

and Xi> Xs> Xa are principal susceptibilities. The experiments of Krishnan 
and Mookherji show that at room temperatures the greatest S is about 
one-tenth. This result, as we shall show, can be incorporated in the theory, 
and permits estimates of the deviation of the crystalline field from cubic 
symmetry to be obtained. 

There are two other types of experiment which offer the possibility of 
direct checks on the theory. The first is a determination of the energy 
diagram of the magnetic ions by measuring and interpreting their absorption 
spectra. Spedding and his collaborators ( 1937 ) have made accurate measure¬ 
ments of the absorption spectra of many hydrated rare-earth salts, but the 
results are so complex that, in spite of their accuracy, the interpretations 
given are still open to doubt. The second method is to make use of the 
specific heat data on the crystals. By this method the interval between the 
lowest two energy levels of the ion may be roughly estimated. Alternatively, 
the specific heat may be calculated for any assumed energy diagram, and 
comparisons made with experimental resuits. The method is not precise, 
but the information which it gives, although limited, should be reliable. 
Any theory of the structure of the energy spectra of ions must be able to 
give satisfactory interpretation of the specific heat data. 

2. Splittings op the ground states 

Table I gives a summary of the experimental results of Spedding and his 
collaborators on the energy levels of crystals of the type X 2 (S0 4 ) a . 8 H a O, 
and the calculated levels assuming the same fourth order field in each 
case. The only unknown in the theory is chosen to make the overall splitting 
for Nd the same as that observed. Details of the calculations will be found 
in the articles of Penney and Sohlapp ( 1932 ) and of Kynch ( 2937 ). 


Table I 


Ion 

Levels in cm.' 

-1 

Pr (obs.) 

0, 

no 

, 236, 600 

Pr (calc.) 

0, 

121 

, 207, 467 

Nd (obs.) 

0, 

77, 

260 


Nd (calc.) 

0, 

76, 

260 


Er (obs.) 

0, 

19, 

41, 86 


Kr(calc.) 

0, 

10 , 

38, 85, 

89 

Dy (obs.) 

0, 

22 , 

67, 80, 

112 

Dy (calc.) 

0, 

63, 

67, 84, 

107 
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The levels shown in Table I are not those originally predicted by Penney 
and Schlapp (193 2 ) from the magnetic data. These were 0,101,172,389 cm .** 1 
for Pr, and 0 , 264, 834 cm .” 1 for Nd. No great claim to accuracy was made 
for these figures, however, since they corresponded to the field for Nd 
being four times that for Pr. Further the agreement between the theoretical 
and experimental results on the susceptibility of Nd was not satisfactory 
at the lowest temperatures used experimentally (14-20° K), 

Only two of the four ions of Pr, Nd, I)y and Er are suitable for use in 
attempting to correlate magnetic and absorption spectra measurements on 
one and the same ion. Thus, the magnetic susceptibilities of Dy and Er, 
even at 20 ° K, deviate but little from Hund’s law, and therefore no details 
of the structure of the energy diagrams can be deduced, except that the 
overall splittings are small. 

Similar results to those shown in the table have been obtained for 
NdCl 3 . 6 H a O. Spedding and Hamlin ( 1937 ) find levels at 0 , 70, 240 cm." 1 , 
and Bose and Mukherji ( 1937 ) obtain independent spectroscopic evidence 
of a level 249 cm ." 1 above the lowest. The strong similarity between the 
levels in the sulphate and in the chloride gives an indication that the 
crystalline fields in the two cases are very similar. 

Confirmatory evidence of the energy diagram proposed by Spedding, 
Hamlin and Nutting ( 1937 ) for the Nd ion in Nd 2 (S0 4 ) 3 .8H 2 0 has been 
obtained by Ahlberg, Blanchard and Lundberg ( 1937 ), who measured the 
specific heat of the crystal over the temperature range 2-40° K. However, 
any other proposed energy diagram with a single level about 40 cm .* 1 above 
the lowest, or a double level about 70 cm ." 1 above the lowest, would fit 
their results equally well. 

Self-consistency of the above proposals. Superficially, the agreement 
between the levels observed for Pr, Nd, Dy and Er, and those calculated 
for the same crystalline field acting on each ion, confirms the hypothesis of 
a fourth order cubic field. Further support is given by the specific heat 
measurements on Nd. Accepting this hypothesis, one must now return to 
the magnetic data and see how the new theoretical values compare with 
experiment. Spedding ( 1937 ) has pointed out that the susceptibility 
calculated with the cubic field model and his energy intervals gives 
good agreement with the measurements at room temperatures of Meyer 
( 1925 ), Zernioke and James ( 1926 ) and Selwood ( 1933 ). However, 
the susceptibility predicted from this model at lower temperatures 
lies well outside the range covering the measurements of the various 
observers. 

Details are shown in fig. 1. 
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The evidence of the magnetic anisotropy . According to Krishnan and 
Mookherji (1938), the magnetic anisotropies of the crystals at room tem¬ 
perature are at least 10 %. It is important, therefore, to determine the 
smallest deviations from cubic symmetry which will lead to an anisotropy 
of this amount. An effect of such deviations is to split levels which are 
degenerate in the pure cubic field. Spedding and his collaborators state that 
any multiple levels actually existing have an overall separation of less than 
2 cm.” 1 . We find that if the levels of Nd are those proposed by Spedding 



Fig. 1. The figure contrasts the experimental results of Jackson (II), and Gorter 
and de Haas (III), on the powder susceptibility of Nd*(SO<)j. 8H*0 and the theoretical 
values (I) obtained on the assumption of a crystalline potential of cubic symmetry 
and fourth degree, the energy separations being those proposed by Spedding and his 
collaborators. Small terms in the potential, not of cubic symmetry, affect the 
theoretical curve only to a second approximation. 


and his collaborators, a splitting of about 20 cm.” 1 in at least one of the 
degenerate levels is required, and that for Pr the least splittings are even 
greater. 

To sum up, therefore, the measurements of the mean susceptibility of Nd 
and of the anisotropy of Nd and Pr oannot be reconciled with, and therefore 
throw doubts on, the interpretations of the energy spectra suggested by 
Spedding and his collaborators. 
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3. Principal susceptibilities in crossed fields 

This seotion, which is mainly of a mathematical nature, establishes a 
number of useful theorems relating to the susceptibility of rare-earth ions 
in crystalline fields of predominantly cubic symmetry. 

The magnetic intensity tensor. The intensity of magnetization I of a 
crystal in a magnetic field H is given by the relation B — H-f 47 tI. Only 
in the particular case of an isotropic crystal is I parallel to H for all directions 
of H. The general relation connecting any component of I and the com¬ 
ponents of H with respect to any set of orthogonal axes (x, y> z ), typified by 
a, , has been shown by Van Vleck (1934) to be of the linear form 

L - ( 6 ) 

where x is an element of the array of a symmetrical second order tensor 
known as the susceptibility tensor. 

The susceptibility quadric, referred to the axes ( x , y , z) is 

L 

The intensity of magnetization induced in the crystal by a magnetic 
field acting in the direction of a unit vector n is inversely proportional to 
the length of the radius vector in the direction n from the origin to the quad¬ 
ric. Thus, the principal axes of the quadric are the same as the principal 
axes of susceptibility. Both the magnitudes and the directions of principal 
susceptibility vary with temperature. 

If the six independent components of x at any temperature were known, 
the equation of the quadric is known, and hence the principal axes can be 
found. The magnitudes and directions of the principal susceptibilities then 
follow immediately. 

The expression for I a is 

I a - - Nl ^ dWJdH .) e ^ w ^ kT / H { e - w * ikT . (7) 

From (6), xp* is the coefficient of in 7 a . 

When the crystalline potential has cubic symmetry, the susceptibility 
quadric is a sphere, and 

Xtfl = R(T)U tfl , 

where R(T) ia a function of temperature and U is the unit tensor. 

When the deviation from cubic symmetry is small, the deviation of the 
diagonal elements of x from their average, and the non-diagonal elements of 
X> are all of first order, and the susceptibility quadric is approximately 
spherical. 
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Consider now the magnetic properties of a crystal powder. The sus¬ 
ceptibility tensor will be the average of that for a single crystal taken over 
all directions. Clearly, the resulting non-diagonal elements are zero, and 
the diagonal elements are equal and of magnitude XaJ 3 - The diagonal sum 
X aa is, of course, independent of the choice of axes. 

The “square of the effective magneton number” tensor /i 2 is obtained 
from (2), interpreting x as the susceptibility tensor. 

The crystalline field. The predominant part of the cubic field has cubic 
symmetry, and we suppose that the axes of the cubic part are known 
approximately. Thus, for example, if the magnetic ion is surrounded by an 
octahedron of oxygen atoms, the x, y and z axes are taken to pass re¬ 
spectively through the three pairs of opposite corners of the octahedron. 
However, other atoms in the crystal besides nearest neighbours also con¬ 
tribute to the crystalline field, and in dealing with the complete field it 
might prove convenient to take axes slightly different from those of the 
octahedron. Clearly, there is a small range of choice in the selection of the 
size and axes of the cubic field. Our choice is therefore governed by con¬ 
siderations of convenience. 

Let the crystalline field with respect to axes x , y , z, known to be approxi¬ 
mately those of the cubic field, be 

v - s V m 

0 

v m = 2 c kl x k tfz tm - k - 1 . 

kl 

There is no need to include terms of odd order because they affect the 
energy spectrum only when inter-configurational interactions are taken 
into account. 

We choose V e , the part of V which is to have oubic symmetry with respect 
to the axes x, y, z in such a way that, to a first approximation, the non- 
cubic part of the field does not shift the mean position of any set of levels, 
degenerate in the cubio field. 

We apply to V in turn the 48 covering operations of the holohedral cubio 
group, and take the mean. This mean we define as the cubic port of the 
field. Actually it is only necessary to apply 24 of the covering operations, 
because V already has even symmetry for reflexion in the origin. The 24 
operations are represented symbolically as follows: (x, y, z), (—x, y, z), 
(x, -y, z), (x, y, -z), each with five permutations of the axes. We write 


V - v c +v dl 
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where V e ie the cubic field obtained in the above way, and V d represents 
the defect from cubic symmetry. 

We shall now prove that V d does not affect the mean position of any set 
of levels degenerate in the field V c , 

Consider first of all a level of an ion with an even number of electrons, 
non-degenerate in the field V c . Let \Jr be its Schrodinger function, inclusive 
of spin. The first order shift of the level caused by V d is 



Interchange the co-ordinates successively in this integral, in ways corre¬ 
sponding to the covering operations of the cubic group. Now ijrtjr* is 
invariant for such interchanges. Hence 

AW-(llU)jw*£ t G t V 4 iv, 

where 0 { is the covering operation i and the summation is over the 24 
operations. 

Since 1 \ 0 { V d — 0, it follows that A W = 0. 

The above proof applies without modification to a Kramers doublet of 
an ion with an odd number of electrons, since the two Schrodinger functions 
differ only in having opposite spins. When the product ifn/r* is taken, this 
difference disappears, because the spin factors disappear. 

The proof may also be immediately extended to a degenerate set of 
levels. One simply replaces \]njr* by the summation being over 

the set of degenerate levels. Then AW represents the shift of the mean 
position times the number of levels, and this to first order is zero. 

Special fields for numerical work. We shall suppose that the cubic field is 
represented by 

V„ - D(x« + y *+ z< - 3 r*/ 5 ), (8) 

and that the non-cubic part is represented by 

V d ^AX i +BY i -(A + B)Z i 

= ax i + by t —{a + b)z*+ 2 axy+ 2 flyz + 2 yzx, ( 9 ) 

where the axes (X, Y, Z) are inclined to those of (x, y, z) in a way defined by 
relations between the coefficients A, ..., y. For reasons explained by 
Kynoh (1937), both V c and V d may be taken to satisfy Laplace’s equation 
without loss of generality. 
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The two limiting forms of the field V d are of special interest; the first has 
axial symmetry about the Z axis 

V d ~A(X*+Y*- 2 Z% ( 10 A) 

and the second is the most asymmetrical field of the second degree 

= A(X 2 -F 2 ). (10B) 

Invariance of pfi to first order. As we have already explained, the magnetic 
susoeptibility tensor x °f a crystal powder is simply a scalar quantity x 
times the unit tensor. This scalar quantity may be called the magnetic 
susceptibility. The associated square of the magneton number p 2 follows 
from (2). 

We shall now prove that small departures in the crystalline field from 
cubic symmetry affect but only in second approximation. A further 
important result is that terms in the field involving odd powers of x 9 y or z 
affect /4 X , /<l u , only in second approximation. 

For simplicity, we confine our argument to the level J = f of the Ce ion. 
The general argument may easily be constructed from this example to 
include all ions for which the lowest state in the cubic field has no more than 
Kramers’ degeneracy if 2 J is odd, and is non-degenerate if 2 J is even. If 
the lowest state is degenerate, our results still apply provided that the 
splitting produced in the lowest state by the non-cubic part of the field is 
small compared with JcT . 

The ground state of the Ce+++ ion is 2 Ff. The six levels of the state 
J « £ must always remain together in pairs under the influence of the crystal¬ 
line field, because of the Kramers degeneracy (1929). The Schrodinger 
functions of the lowest pair with the fourth degree cubic field, in terms of 
those of the ( J, M) system of representation, we find to be 


rjf\ =* + 

^0 = 


( 11 ) 


where r = (J)*, « = —(f)* and the subscripts ±f, + § refer to M. Since 
these levels, in Bethe’s notation (1929), belong to the representation r 7 
which ocours only once in J = f, the above functions apply to any cubic 
field, a fact which makes our argument quite general as long as .T? is lowest. 

Suppose that a small non-oubio crystalline field is now superposed. The 
Sohrodinger functions are modified, and, by the usual first order pertur¬ 
bation theory, have the form 




fa = fa ~ + e*fa- #*fa + |, 
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where the asterisk denotes the conjugate complex. The form of ifr% is de- 
ducible from that of r/r v because of the relationships between the matrix 
elements of any crystalline potential V, diagonal in all quantum numbers 
except M 

V(M , M') » V(M\ M )* « (-1 ) M ~ M ' V( - M\ - M ). ■ 

For normalization, to the first order 

r(a + a*)+«(e + e*) = 0. (12) 

Let a magnetic field of intensity H act on the ion, directed in succession 
along the x , the y and the z axes, the corresponding energy levels of the two 
states with reference to their original position to the first order in H being 
±p x H, ±p y H , ±p z H. Then 

A?x(°) = 30*p2, etc., 

/^(0) = mM+Miw+vim 

»j 7 HpI+pI+pI)- (i3) 

To find p x , p v , p, we make use of the matrix elements of the x, y, z com¬ 
ponents of the magnetic moment diagonal in •/. These are 

0 (L X + 2 S X )(J, M ; J, M ± 1) = \Pg[{J + M)(J±M+1 )]*, ' 

fi(L v + 2 S y ) (J, M; J, M± 1) - -+ M)(J±M +1)]*,r (14) 

/ 3 (L.+ 2 S,) (J, M\ J, M) = pgM. 

By inspection it may be seen that xjr^ and are sufficiently accurate, for 
the case of the magnetic field along the z axis, to enable p z to be evaluated 
from either as the diagonal element of the magnetic moment matrix. To 
the first order 

A“i + WM* + «*)-3s(e+e*)]. (15) 

For p x and p v , quadratic secular equations must be set up with \jr 1 and 
as bases. Solving these to the first order 

Px = i+A + 

\ (16) 

p w -i-A + B,} 

where 2 A = r(5)i(e+e l,, )-M(5) 1 (a + a*), 

£ = 2 s(y + y*). 

From equations (12), (13), (15) and (16), it is easily shown that 

/i«(0) - 49^/36, 
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• 

correct to first order terms. Further, p xi p y , p z are independent of S and £ 
to the first order. 

The coefficients /?, S and £ appear because of elements in the secular 
equation corresponding to AM — ± 1, ±3, etc., and represent cross terms 
in the potential function of the type x / t/ am “ i “ 1 2 an+1 (Z, m, n being positive 
integers or zero satisfying 2m > l + 1). 

Similarly, to the first order, only the real parts of a, y and e appear. 
Now the imaginary parts of a, y and e represent the effect of cross terms 
in the potential function of the type y^ 1 z ar (p, q and r being positive 

integers or zero). We see therefore that cross terms in the potential function 
of this type also do not affect /4*(0) s p yy { 0), fi\ z ( 0) to the first order. 

We shall now consider briefly how the above results may be proved to 
hold at all temperatures. Let us suppose that the secular equation has been 
solved with sufficient accuracy to give the susceptibility tensor to the first 
order. Then in equation (6) for Xzz> or the corresponding equation for p\ z > 
group together in the numerator those states which are degenerate in V c . 
Let Wj be the average energy of such a set in the field V c -f V d . As we have 
already proved, W i is the energy of any level of the set when V d is zero. 
For each level of the set, expand the Boltzmann factor e~ w i fkT in the 
form e~" w }! kT [\ OJkT], where the quantities B i are directly proportional 
to a, 6, a,-Now sum over the set and obtain as the coefficient of er w $ kT 

C*~ J + kTK+ZMIi/kT+Mi+kTN*), (17) 

where J and K refer to V d = 0. 

To find the energy of each level of the set j is not an easy matter. However, 
the form of each of the terms of (17) can be seen without working out in 
detail all of the levels. Suppose that the secular equation has been set up in 
such a form that the cubic field terms appear only on the diagonal, and with 
the H terms, within any set of levels degenerate in V c , when the magnetic 
field acts along the z axis, also only on the diagonal. Distinguish between 
those terms of (17) which involve matrix elements in the secular equation 
between the levels j and other levels, and those which involve only matrix 
elements internal to the set j . The leading term of the latter set is J: there 
are also terms in O^kT whose magnitude may be calculated by taking the 
product for any diagonal element of the square of the coefficient of H and 
the V d term, and then summing down the diagonal (see Penney and Sohlapp 
1932, p. 197). When the sum of these terms is taken over three orthogonal 
directions the result is zero. In the special case where V d is represented by 
the second order field (9), the terms in B i of the type under consideration 
are proportional to (a + b)/kT. The contribution to (17) from the former set 
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leads to the terms M\ and N*. To evaluate these, second and third order 
perturbation theory is necessary. The perturbation calculations are simpli¬ 
fied by regarding all terms on the diagonal, viz. V c and V d terms, and terms 
in H t as the unperturbed levels. Formal second order theory then involves 
terms actually of the third and higher orders, As proved in the appendix, 
the requisite 9 { terms of (17) for a state which is non-degenerate in V ct or 
has no more than Kramers’ degeneracy, can be obtained to the third order 
without diagonalizing the V d terms within sets of levels degenerate in V c . 
Similarly, for a degenerate set, such as the set j, the sum E i 6 i N i 9 can be found, 
and then E0 i M% can be obtained by an application of Hund’s rule. Detailed 
considerations will show that terms in the potential function of odd degree 
in y, because they have imaginary matrix elements, do not affect the 
susceptibility to the first order. Since the potential terms are of even degree, 
any term which is odd in y must also be odd in either x or z: but yz and xz 
are on an equal footing as far as the z axis is concerned. We see that terms 
which are odd in x or y or z do not affect the susceptibility to the first 
order. Once again, for the special case where V d is simply a second order 
field of the tyj>e (9), the 0 i terms of (17) arising from interactions between 
the set j and other levels are proportional to {a + b). 

The susceptibility quadric . We shall now investigate the form of the sus¬ 
ceptibility tensor when V (i is simply a second degree field (9). 

As proved above, the terms in involving the 9 ( are all proportional to 

(a-f&). Hence, . /10 , 

/& = /t*[l—/(a+6)], (18) 

where /is a function of T, and refers to the cubic field only. 


Similarly /i* x = /**( l +fa), /t$ v = 1 +fb). 

Let us now consider the non-diagonal elements of the //-* tensor. With 
reference to polar co-ordinates and the (x, y, z) system of axes, the cubic 
field has the form 


V c = \Dr*{l sin* 6 - 8 sin 2 d —f + sin* 6 cos 40). 

With reference to a new set of axes (x v y v zj, obtained by rotating 
(x, y, z) by 45° about the z axis, the expression for V c remains unaltered 
except that 0 is replaced by 0 + rrj 4. Since 

cos 4(0 + 77-/4) = - cos 40, 

we see that the diagonal elements of the cubic field remain the same in the 
new co-ordinate system as they were in the old, but the non-diagonal 
elements change sign. The transformation matrix which diagonalizes the 
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cubic field terms is therefore the same as before except that the non- 
diagonal elements AM » ± 4 have changed sign. 

The above remark is not special to the fourth degree cubic field but 
applies generally. 

Let us now calculate /il a , where a is x v 

Am 33 WL+A, V )+Av 

= A{i-tf(*+b)}+Av ( 10 ) 

If we can find ji\ ai we can easily obtain /i* y from this relation. 

Refer the second degree field to (x l9 y v z x ). It becomes 

x\{a + b + 2a)/2 + y\(a + 6 — 2a)/2 +_ 

Take the secular equation with respect to the axes (x, y t z) and take the 
magnetic field along the x axis. Change the sign of the non-diagonal cubic 
field terms, and replace 


u->(a + 6 4-2a)/2, 6~>(a + &-2a)/2, etc. 

We now have the seoular equation from which can be most simply 
obtained. 

Arguments similar to those given in the last section show that fi* a must 
have the form 

Mia « M %{ 1 +P( a + b + 2a ) + q(a + b - 2a)} 

= iA{l + (p+q) (a + b) + 2ot(p~q)}. ( 20 ) 

Put a = ft = y = 0. Obviously x and y are now principal axes of suscepti¬ 
bility. Since/, p and q are independent of a, b, a, /? and y, we find by com¬ 
paring (18) and (19) that 

f=>-2(p + q), 

and hence n% « 2 a{p-q)pl « gap* (say). (21) 

Similarly /& - gPfi*, /i% = qyp\. 

The tensor array of the second degree field and the tensor AI A are thus 
connected as shown: 



a 

' \ 

/!+/« 

got. 

9 ft 

6 

7 

La 

1 +fb 

gy 

r 

-(a+ 6)/ 

w 

gy 

l-/(o+6), 


The functions/, g and A oan he calculated in any particular case by the 
methods described by Penney and Sohlapp (1932), or by Jordahl (1934). 
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Suppose that the contention of Spedding and his collaborators is aocepted 
that the energy levels of the rare-earth ions in X a (S0 4 ) s . 8H s O are those of 
the fourth order cubic field. The problem arises of finding a second order 
field and its disposition relative to the oubic field such that the magnetic 
anisotropy at room temperature is about 10 %, while the splittings produced 
in states, degenerate in the oubic field, do not exceed 2 cm. -1 . Little pro¬ 
gress can be made with the general problem, but the calculations are 
tractable in a few cases, one of which is that of Pr. 

The Hamiltonian is 

H = H 0 - eZflUrt) + F d (r,)} +, 8 H.(L + 28 ), 

where H 0 is the Hamiltonian for the free ion, — e is the electronic charge, 
and ij(r,.), for example, is the cubic field acting on the electron i of the 4 f 
shell at the point specified by the vector r f . The summation is over the 
electrons of the 4/ shell. 

The secular determinant is 

Det {H(J, M, J\ M')~WS(J, M ,«/', M')} = 0. 

The energy levels of the low-lying states are required as far as terms of 
order and thence n\, f and g as defined by (7), (18) and (21). 

The method of calculating /i* has already been described by Penney and 
Schlapp (1932). Exactly similar calculations give/, the only additional 
matrix elements which are needed being those of <£< zf, or most 

conveniently Z<(x$ + y\ — 2z?), because this is diagonal in M. These elements 
are also given in the same article and in the article of Kynch (1937). To find 
g, we take the simplest second degree field involving cross terms, for 
example axy, and by calculations of a similar type find the susceptibility 
in the directions (1,1,0). To do this, the matrix elements of H i x i y t are needed; 
these oan be obtained from the work of Jordahl (1934). and are as given 
below. 

To find the splittings caused by V (t in levels degenerate in V c , the matrix 
elements of Z^z*, are also needed. We find 

{^(4+^-2*?)} ( J, M, J, M) = (r[ZM l —J(J +1)], 

{Z«(*i + w) z { } {J, M , J, M - 1) . - \ (2JT -1) [(•/ + M) (J-Jf+1)]*. 
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The quantity <r is proportional to r 2 , taken over the 4/ orbit, and the 
exact way o£ finding the relationship for any particular ion is described by 
Kyncb ( 1937 ). 

We have carried through the calculations for the two ions Pr and Nd. 
The details are as follows. 

Praseodymium . The anisotropies and splittings produced by a second 
degree field do not vary by more than a threefold factor as the field is varied 
over all directions. Nor is there much difference between fields of the type 
( 10 A) and those of type ( 10 B). 

With the axial field ( 10 A), Z lying along 2 , we find at 290° K that the 
principal susceptibilities are given by 

/4r “ Kv = 12*14 + 0058™, /4 = 12*14-0*116™, 

and that the splitting of the levels at 130 cm .” 1 is 28™ and the splitting of 
the levels at 500 cm . -1 is 8 m. 

With Z along ( 1 , 1 , 1 ), the principal susceptibilities are given by 

/ l xx 531 /4r ” 12*14 + 0*20™, fi\ z = 12*14-0-40™, 

and the splittings are 21 m/2 and 39m/2 respectively. 

With the most highly anisotropic second degree field ( 10 B), Z along z 
and X along x , the principal susceptibilities are given by 

ji\ x = 12*14 + 0*058™, fi\ y = 12*14-0*058™, fi\ z » 12-14, 

and the splittings are 28™ and 8 m respectively. 

With Z along z and X along ( 1 , 1 , 0 ), the principal susceptibilities are 
given by 

fi\ x « 12*14 + 0*20™, /4 r - 12*14 — 0*20™, f i% z = 12*14, 

and the splittings are 7m and 13m respectively. 

Of the four cases considered above, the second and fourth are equally 
good in giving the greatest anisotropy for given splittings. Choosing m to 
make the anisotropy 10 % leads to a splitting of 21 cmr 1 in the 130 cm .* 1 
levels, and to a splitting of 39 cm .* 1 in the 500 cm .* 1 levels. 

Neodymium. Calculations similar to those outlined above show that 
the energy diagram of the Nd ion as found by Spedding and his collaborators 
may not be interpreted as that of the fourth order cubic field. The minimum 
splitting in one of the states degenerate in the cubic field is about 20 cm.* 1 . 

The explanation offered by Ahlberg, Blanchard and Lundberg ( 1937 ) of 
the results of their measurements is therefore doubtful. The accuracy of 
their measurements is, however, indirectly confirmed by the results of 



Magnetic susceptibility 127 

Jackson ( 1939 ), to be published shortly, on the rotation with temperature 
of the jninoipal axes of susceptibility. He finds a very rapid rotation between 
20 and 60° K, suggesting the existence of a level about 40 cm .*" 1 above 
the lowest. We believe that the energy pattern of the Nd ion has a doublet 
level lowest, then a singlet level and then the other doublet level, each 
with Kramers degeneracy. Such a pattern is obtained if to the fourth 
degree cubic field is added a sixth degree cubic field about twice as intense 
as that estimated by Kynch ( 1937 ). The difficulty of explaining the low 
value observed for x »t low temperatures then disappears, while the agree¬ 
ment between theory and experiment for Pr is not affected. We are making 
further calculations to elucidate this matter, using as a basis Jackson’s 
new measurements on Nd. 

We wish to express our thanks to Dr L. C. Jackson for informing us of 
his results before publication; and to Professor S. Sugden for advice and 
information on the accuracy of the experimental data. 


ArPENDIX 

Suppose that we have a Hermitian determinantal equation represented 
diagrammatically as follows: 


— w 

tfot ^oa 

HR 

H lk + (K-W)S lk 




in which the quantities H are all small compared with K. Consider the 
expansion of the single root by formal perturbation theory for non-de¬ 
generate roots (i.e. widely separated roots) applied to the equation as it 
stands. We shall prove that the result obtained is correct to terms of order 
Our method is to make a comparison of the result with the true 
result obtained by a legitimate expansion from the determinantal equation 
in a form in which the set K has been properly diagonalized by first order 
perturbation theory. 

The proof may be extended to the case where instead of an isolated root 
there is another nearly degenerate set. This time, however, it is the sum of 
the roots of either set which is invariant to terms of order H*jK 2 , rather 
than the individual roots. 
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For simplicity we shall assume that the quantities H are all real. A 
slight modification of the proof covers the case where the H are complex. 

The expansion of the single root by perturbation theory for non-de¬ 
generate roots gives 

W~~Z j Hy(K+H ji ) + 2 i: ik H oj n ok H ik IK* + ... 

- - 2} H* oj IK + [2} Hit H j} + 2£ jk H oj H ok H jk yK* +.... (A) 

In the above summations j ^ 0 , k # 0 , j ^ Ic. 

Now let ua evaluate this root by the same method after applying a 
unitary transformation S3 ~ x which diagonalizes the set K : 

w- -L } [Z k H ok S^fl(K + W,) + 0/F+... 

= -S^H* StffIK + ZWIZ.Hu S-'(kj)?IK*+.... (B) 


In these summations j # 0 , k ^ 0 , but j can be the same as k. 

The equality of the second order terms in (A) and (B) follows from the 
unitary nature of S. To prove the equality of the third order terms it is 
most convenient to make the summation in (B) over j first, using the 

relation Hu - ZiStfSjfW,. 


The reduction is then immediate. 

The sum of the second and third order terms of the set K is simply the 
negative of W, as given by (A), because the sum of all the roots has no 
second or higher order term. 

The above theorem was used by Schlapp and Penney ( 1932 ) in their 
calculations on Co ++ , but was not proved. The result may also be deduced 
from formulae given by Jordabl ( 1934 ). 


Summary 

This paper shows that it is impossible to reconcile current interpre¬ 
tations of the absorption spectra and specific heat measurements on 
hydrated rare-earth crystals with the magnetic properties. The investigation 
proceeds by developing the magnetic susceptibility tensor as a power series 
in the parameters of the crystalline potential acting on the magnetic ion, 
the predominant part of which has cubic symmetry. The mean, or powder, 
susceptibility is independent to the first order of the non-cubio part of the 
potential. In spite of this fact, the agreement between the observed values 
of the mean magnetic susceptibility and the theoretical values based on the 
accepted spectroscopic energy levels is poor. Further, to account for the 
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magnetic anisotropy of the crystals, splittings of at least 20 cm. -1 must be 
present in most states which are degenerate in the pure cubic potential 
field. Such splittings should be plainly visible in the absorption spectra, 
but they are not found. 
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On the formation and structure of multilayers 

By J. J. Bikerman 

Department of Colloid Science, Cambridge 
(Communicated by E. K. Rideal, F.R.S.—Received 6 December 1938) 

(Plate 1] 

If the surface of a Langmuir trough be separated by a waxed thread into 
two compartments, a monolayer deposited on one side may be kept at 
constant pressure by placing a drop of a piston oil exerting a constant 
spreading pressure on the other side of the thread. On dipping and with¬ 
drawing a metal slide through the surface a monolayer may be deposited 
as shown by Langmuir ( 1934 ) and Miss Blodgett ( 1935 ) on the slide. 
Deposition may take place only on immersion of the slide, X deposition, on 
both downwards and ascending journey, Y deposition (Blodgett 1935 ), or 
only on withdrawal of the slide, Z deposition (Stenhagen 1938 ). By re¬ 
peating the process multilayers may be formed. 

The present work was undertaken with a view to clarifying the process 
of deposition and the nature of “built-up” multilayers and critically 
examining the hypothesis that they are superposed sheets of oriented 
molecules (Blodgett 1935 ). 


1. The deposition ratio 

The ratio aja^ of the area a* of the monolayer on the water surface 
consumed by deposition on a plate of geometrical area a t is termed the 
deposition ratio (Langmuir, Sohaefer and Sobotka 1937 ). It was found to 
be unity within the limits of experimental error for glass (Langmuir 1934 ) 
and metal plates (Stenhagen 1938 ), and for a metal cylinder (Langmuir, 
Sohaefer and Sobotka 1937 ) when building up stearates, esters or sterols 
in multilayers. 

Since a 1 = a 3 Langmuir ( 1934 ) concluded “that the monomoleoular film 
has been transferred from the water to the glass without any change in the 
relative spacings of the molecules on the surface”. 

The actual area of a glass or polished metal plate is, however, certainly 

[ 130 ] 
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greater than the geometrical area, and we might expect that if the deposited 
layers were transferred directly to the solid surface the deposition ratio 
would always be greater than unity and increase with increasing asperity 
of the surface. To examine this point in more detail a brass slide 5 cm. long, 
1 cm. wide, and 0*4 cm. thick was on one side engraved with 160 grooves 
per cm. each of depth 0*0019 cm.* With a microscope and a vertical illumi¬ 
nator the indented shape of the ridges running in the direction of immersion 
was clearly visible. If each groove is assumed to be effectively a part of a 
smooth circular cylinder 1/160 cm. wide and 0*0019 cm. deep, the area 
dipped including the sides of the plate would be M2 times the geometrical 
area. In reality the area dipped was of course much larger. 

The experiments were carried out with stearic acid monolayers on a 
solution of composition 6 x 10~ 4 M NaHCO a and 6 x 10" 6 M BaCl a with a 
piston pressure of 10 dynes/cm. (tricresyl phosphate). The slides were 
dipped and withdrawn with the ungrooved side touching a fixed glass 
barrier thus preventing the deposition of a film on this side. In a series of 
ten experiments the ratios for the Y deposited films were found to be 

0*98 1*00 1*04 0*93 1*01 0*93 0*94 0*95 1*02 and 1*03 

with a mean value of 0*98. Other experiments gave similar results. 

Prom these data it seemed possible that the multilayers might be de¬ 
posited on wire gauze. The technique employed for such depositions is 
described in the next section. It was found difficult to ensure complete 
cleanliness of the gauzes but the deposition ratios were always found to lie 
between 0*8 and 0 * 9 . Even with platinized wire gauze of which the specific 
surface may be up to a thousand times that of polished metal (Bowden and 
Rideal 1928 ; Slygin and Frumkin 1935 ) the deposition ratio for Y deposited 
films of octadecyl acetate (Alexander and Sehulman 1937 ) was 0 * 86 . 

These experiments go far to confirm the suggestion (Bikerman 1938 ) that 
the layers at the moment of deposition are like soap films stretched between 
the irregularities of the surface. A large-scale model of this assumed 
structure is realized when multilayers are formed on wire gauze. 

Multilayers are, on this view, closely related to the stratified soap films 
of Perrin ( 1918 ), and the value found by Perrin for the spacing of a sodium 
oleate multilayer in bubble form (52 A) is almost identical with that for 
barium stearate (49 A) determined by Miss Blodgett ( 1937 ). Some “glazes ” 
(Sehulman and Rideal 1931 ) prepared from steario acid at the air-liquid 

* I have to thank Dr S. G. Bauer of the Engineering Laboratory, Cambridge, for 
the construction of the grooved plates. 
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interface on 8 x 10 ~® M NaOH in the presence or absence of calcium 
chloride when transferred to a chromium plated slide were likewise found 
to give a faint trace of a 51 A spacing when the opaque coating was 
examined by X-rays.* 

Since multilayers adhere to solid surfaces over a relatively small area 
their properties like those of soap films are almost independent of the 
nature of the substrate. They can be deposited for instance on different 
metals such as beryllium and chromium, and even the rate of decay of their 
potentials is almost the same on both these metals. 


2. Deposition on wire gauze 

Hardy ( 1925 ) was probably the first to produce a water film bounded on 
both sides by a monolayer. Recently Langmuir and Waugh ( 1938 ) have 
repeated this experiment. 

In the present work it was found possible to effect deposition on several 
different varieties of gauze thus forming micro-membranes each of some 
2 cm . 2 area. 

The gauzes selected were: 

type 1 , chromium plated copper wire 0-23 mm. diameter and 
0-43x 0-43 mm. aperture; 

type 2, standard brass with wire 0-03 mm. diameter and 0-053 x 0-053 
mm. aperture; 

type 3, the same standard brass after compression to 5000 kg./cm . 1 
which resulted in a diminution of the aperture to about (0-04 mm.) 2 . 
Several specimens of the compressed gauze were either chromium plated, 
coated with copper sulphide by treatment with ammonium sulphide 
(type 4), or platinized by electrodeposition of platinum black (type 5). 

The uncoated gauzes were cleaned by boiling with soap and water and 
then rinsing with petroleum ether, the coated ones being treated with 
boiling water and petroleum ether only. 

On immersion of a wet wire gauze beneath a monolayer no adherence 
takes place but a monolayer is picked up on withdrawal. 

The film suspended over the meshes is so thick that no interference 
colours are visible. Reflection of light from its surfaoe can be seen by using 
a vertical illuminator, but in transmitted light under the mioroscope it 
appears completely transparent until it bursts; the bursting being readily 
observable. 

* I am indebted to Mr E. Stenhagen for those measurements. 
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If a dry gauze be dipped it usually receives a monolayer both on the down 
and on the up trip. On withdrawal it retains a thick water film; the beha¬ 
viour of this “double” film is similar to that of water films bounded by 
monolayers. 

The persistence—to use a term introduced by Plateau—of a film of this 
kind is remarkably independent both of the nature of the monolayer and of 
the composition of the underlying solution. It lies within the limits of 

7 and 15 min. for stearic acid, oleic acid, or octadecyl acetate spread on 
5x 10-*M NaHC0 3 , or 5 x 10“ 4 M NaHCO a + 5x 1()“ 6 M BaCI*, or 10~ 3 M 
Na^BjO, + 2 x 10~~ 4 M CaCLj, the most important factor being probably the 
rate of evaporation and drainage of water. Films on a large mesh gauze 
(type I) appear to be more stable than those on a fine mesh gauze 
(type 2); but the difference may be due to the difference in the wire 
thickness rather than to the size of mesh. If the film coated gauze be 
retained in a vertical position the bubbles at the top burst and the band of 
rupture moves downwards at a rate of about 0*1 cm. per min. In these 
experiments calcium stearate monolayers and a gauze of the second type 
were used. 

If the wire gauze is re-dipped before its water film has burst, the mono- 
layer slips off on the down trip, but after the bubbles have ruptured the 
gauze agains picks up monolayers both when dipped and when withdrawn. 

After about 10 or 20 dippings accompanied by a drying after each 
withdrawal, compressed wire gauzes become sufficiently hydrophobic so 
that multilayers can be deposited uniformly. The uncompressed wire 
gauzes (types 1 and 2) were found to be unsuitable as substrates for 
multilayers, whilst the coated gauzes (types 4 and 5) do not readily 
become hydrophobic and it was necessary to soak them repeatedly in 
petroleum ether solution of stearic acid or octadecyl acetate (about 10 mg. 
in 25 c.c.). 

The initial thickness of the acid or acetate coating influences the nature 
of the deposition, especially with octadecyl acetate films; thus multilayers 
are formed by Z deposition when a platinized or CuS coated wire gauze 
slightly covered with octadecyl acetate is dipped through an octadecyl 
acetate monolayer under 10 dynes/cm. pressure. The composition of the 
underlying solution is almost irrelevant; in most experiments a solution of 

8 x 10“ 4 M NaHCO s and 5 x 10~ 5 M BaCl 2 was employed. With a thicker 
acetate ooat the gauze commences to pick up Y films. This stage does not 
last long and gives place to X depositions which are exclusively observed 
when multilayers are formed under the same pressure on a chromium 
plated slide. 
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When Z deposited films of oefcadeeyl acetate are examined under a 
microscope in transmitted light it is possible to observe four stages in their 
development. They are illustrated in fig. 1 , Plate 1 . Stages 1 and 3 are 
completely transparent. In stage 2 the part A has a lower refractivity than 
the rest of the film. This portion appears somewhat abruptly, then contracts 
and disappears within a few minutes. The transition from the third to the 
fourth stage is a gradual one; before the actual hole H appears a difference 
(in aspect) between the central and the peripheral parts of the film can be 
noted. The hole slowly grows and in about 5 or 10 min. touches the wire; 
and eventually only particles of dry gel adhering to the wires are visible. 

Considerable assistance was obtained by the use of a vertical illuminator. 
A galvanometer lamp can be brought into position so as to illuminate 
either the side tube of the vertical illuminator or the microscope mirror, 
so that an identical portion of the mesh can be observed both in trans¬ 
mitted and in reflected light. Strong reflexion from the metal wire ren¬ 
dered observations with the vertical illuminator difficult, but this was 
overcome by using platinized or CuS coated gauzes. Thus the existence of 
films at the stages 1 and 3 could be confirmed. 

If the film at its first stage be touched by a glass micro-needle mani¬ 
pulator, it is stirred but does not burst—like a soap bubble which can be 
pierced without damage. If the film be touched during its third stage the 
film immediately bursts—or rather produces a hole. At the second stage 
the part A can be moved about by the micro-needle, suggesting that it 
consists of a water drop separated from the octadecyl acetate gel, a pheno¬ 
menon similar to the liberation of water in the course of syneresis. 

X and Y deposited multilayers apparently reach the third stage (of a 
dry gel) at the moment of formation; the only change occurring in them is 
the formation and growth of holes. 

With a clean gauze no air is retained between the multilayers deposited 
on both sides of the gauze, but a gauze unprotected for some days picked up 
films independently on either side; and under the microscope it was noted 
that they burst separately. 

The persistence of a multilayer on a gauze is somewhat variable. In a 
series of experiments with a copper sulphide coated gauze and octa¬ 
decyl acetate films (from a barium carbonate solution) the following times 
were recorded: 50 X layers 2 , 2, 2 min.; 100 X layers 2$, 2£, 2£ min.; 150 X 
layers 3 min. A similar film, however, of about 50 X and 10 Y deposited 
layers was much more stable; the majority of films burst within 8 min., 
but a few—which could be destroyed by a micro-needle—persisted for a 
longer period than an hour. Z films of octadecyl acetate persisted for some 
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10 min., whilst the persistence of 4 to 19 -X layers of barium stearate (on a 
compressed gauze) was 2-2j min. 

Viewed in reflected light with the naked eye all the films (even the Z) 
appeared completely dry. On the compressed gauzes deposition of multi¬ 
layers produced colour variations of the same kind as those observed on 
metal slides. A compressed wire gauze when viewed at a small grazing 
angle has an appearance similar to that of a piece of polished metal. 


3. Contact angles and the mechanism oipI, Y and 

Z DEPOSITIONS 

One of the important factors operative in determining whether a film 
will be deposited by the X 9 7 or Z mechanism is the hydrophobic or 
hydrophilic character of the surface on which the monolayer is being 
deposited. In order to obtain information on this point, the sliding of 
water drops down tilted metal slides has been examined. 

The angle of sliding is defined as the angle between the slide and a 
horizontal plane, at which the drop moves at a uniform rate, and can be 
taken as a measure of the wettability of the surface. It is large for surfaces 
wetted by water (since a water layer remains attached to such surfaces at 
any tilt) and is very small for paraffin wax (Langmuir 1934 ). For our 
purposes the measurement of this angle is more convenient than a direct 
determination of contact angles since slipping of water past a metal surface 
is essentially the same phenomenon which occurs when a metal slide is 
dipped into, or withdrawn from, water. 

The apparatus used consisted essentially of a brass plate to which a 
protractor was attached; the plate could be rotated by hand round a 
horizontal axis, and the tilt was indicated by a pointer fixed on the 
vertical shaft carrying the horizontal axis. Coated metal slides could be 
attached to the brass plate. 

The tilt at which a drop moves at a uniform rate can, when the surface 
is not too hydrophilic, be determined to within 1 - 2 °; at a smaller tilt the 
drop eeases to slide, and at a larger one its fall is visibly accelerated. 

On sliding a solid body over a solid surfaoe A monton’s or Coulomb’s law 
of friction is applicable; this can be expressed in the form 

F m W cos a tan a 

(F * frictional force, a » angle of sliding, W * weight of the moving body), 
tan a is found to be a constant dependent only on the nature of the surfaces 
in contact and independent of both W and of the area of contact. A different 
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relationship is found for the case of a water drop moving on a hydrophobic 
surface, and in the first approximation we find 

W tan a = constant, 

or tan a is inversely proportional to the weight of the drop. 

An excellent confirmation of this relationship was obtained with oota- 
decyl acetate multilayers on a chromium plated brass slide. Table I 
contains a record of a series of observations of movement on a multilayer 
consisting of 40 X layers. Each drop, whose mass W/g g* is given in the 
first column, was driven forwards and backwards over the surface and the 
angles <x thus obtained are listed in the second column. Their mean value 
is contained in the third column, and the fourth gives the value of the 
force W tan a. It is constant within the experimental error. 


Table I 


W/g g. 


a 

(deg-) 


Averago a 

Yv tan a 
(dynes) 

0*0193 

22 

25 

21 

~~23 



0*0193 

26 

21 

21 

22 



0*0193 

19 

20 

19 

— 

22 *0° 

7*6 

0*0193 

21 

25 

23 

— 



0*0337 

13 

12 

10 

12 



0*0387 

13 

12 

11 

15 

11*9° 

8*0 

0*0387 

11 

11 

12 

11 



0*0580 

8 

7 

7 

7 



0*0580 

8 

7 

— 

— 

7-5° 

7*5 

0*0580 

8 

8 

— 

— 




In another series with 35 X deposited ootadecyl acetate layers the product 
W tan a varied even less: 

Table II 


W/g g. 

Average a 

W tan a in dynes 

0*0193 

22 *0° 

7*6 

0*0387 

11*5° 

7*7 

0*0580 

7*4° 

7*4 


For the observations recorded in Table I and Table II the same metal 
slide was used, two days having elapsed between the measurements. The 
underlying solution contained 5 x 10"° M Bad* and 8x 10~ 4 M NaH00 9 
per litre. 

A comparison of both sets of values shows the reproducibility of 
experiments. 


* g is the acceleration of gravity. 
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The reproducibility is less perfect and the product W tan a is less constant 
if the coat on the metal be less hydrophobic than that of octadecyl acetate, 
presumably due to an abrasion of the multilayers. Whereas the track of a 
water drop on octadecyl acetate is almost invisible even after several 
passages of the drop, that on barium stearate is easily recognizable in that 
it is either opaque or has an “ earlier ,s colour than the unchanged film; thus 
a 35 molecules thick red multilayer acquires a yellow band in the track of 
the drops. 

Nevertheless the precision of the experiments is quite sufficient to show 
the difference between X and Y films, as shown in Table III which also 
contains data for a paraffin wax surface formed from solidified paraffin wax. 

Table III 

Sur face W tan a in dynes 

Paraffin wax 6-7 

35 A r octadecyl acetate 7*4-7*7 

35 A calcium stearate 7-9; 7-10; 7-9 

36 X calcium stearate 8-10 

35 Y barium stearate 14-16; 13-19; 16-19 

35 Y octadecyl amine 50-20 

The multilayers were deposited under a pressure of 10 dynes/cm. The 
agreement between the values for 35 X and 36 X calcium stearate layers 
shows that there is no measurable difference between odd and even 
numbers of layers (cf. fig. 8 of Porter and Wyman 1938 ). Octadecyl amine 
—or rather its phosphate—was deposited from the surface of a solution 
containing 4 x 10“ 4 M KH 2 P0 4 and 2-9 x I 0~ 4 M NaOH per litre. Its multi¬ 
layer was so hydrophilic that the measurements of tan a were very erratic. 
It is interesting to note that no multilayers of octadecyl amine could be 
deposited from the following solutions: 

7 x 10 ~ 4 M KHC 8 H 4 0 4 (potassium hydrogen phthalate), 

7 x 10 -* M KHC 8 H 4 0 4 + 7 x 10~ 4 M NaOH, 

7 x 10~ 4 M KHC 8 H 4 0 4 + 10 -* M NaOH, 

8 x K )- 4 M Na^O?, 

6 xl 0 -*MNa a SO 4) 

5 x 10-4 M Na*S0 4 +10-* M (CH 8 ) 4 NBr, and 

5 x 10" 4 M Na 8 S0 4 + 10~ 4 M (CH 3 ) 4 NBr + 2 x 10~ 4 M NaOH + 2 x 10 - 4 M 
citric acid. 

In all these cases the strongly hydrophilic nature of the surface of octadecyl 
amine films prevented the “building-up” of multilayers. 
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Table III shows that X depositions take place when W tan a is less than 
10 dynes, and Y depositions when it is greater than 13 dynes. 

In an endeavour to determine the limiting value between X and Y 
depositions more exactly the following experiment was performed. Prom a 
solution containing 2 x 10~ 4 M CaCl 2 and 8 x 10 '~ 4 MNaHCO 3 , 36 and 34 Y 
deposited calcium stearate layers were built, Then to the solution 
8 x 10~ 4 M NaOH were added. On this substrate both X and Y depositions 
took place (Y depositions were favoured by a more rapid withdrawal of the 
slide*), and the dippings were repeated until the area consumed (on the 
surface of the solution) corresponded to 35 ± 1 multilayers. When the film 
was rubbed down and the slide dipped again only X deposition occurred. 
Table IV gives the values of W tan a for these multilayers, all formed on 
the same face of a slide. 


Table IV 



W tan a 

Surface 

in dynes 

30 Y calcium stearate 

20-17 

34 V calcium stearate 

20-17 

35 X and Y calcium stearate 

11-13 

34 X calcium stearate 

9-11 


It is seen that the limit between X and Y films is W tan a * 11-13; in 
this region a variation of the speed of withdrawal can effect a change in the 
type of deposition. 

The transition from X to Y calcium stearate films was caused by a change 
of the underlying solution. The same change can be produced by depositing 
calcium stearate on to an octadecyl amine surface. Octadecyl amine was 
picked up from the surface of the phosphate buffer (see above) and calcium 
stearate from a solution of 10~ 3 M Na 2 B 4 0 7 + 2 x 10 “ 4 MCaCl 2 . The chromium 
plated slide was dipped three times in the phosphate and once in the borate 
solution, when two Y layers of calcium stearate were received. This pro¬ 
cedure was repeated until the multilayer consisted of 34 monolayers in a 
sequence of 6 Y amine + 2 Y stearate + 6 f amine + 2 7 stearate + 6 Y 
amine + 2 Y stearate+ 6 Y amine + 4 Y stearate. The superficial coating of 
4 calcium stearate layers was insufficient to conceal the hydrophilic 
character of the octadecyl amine substrate, and values of W tan a of 
26-33 dynes were obtained. 

We note that X films are more hydrophobic than Y films. The sequence 
however is obviously an inverse one: strongly hydrophobic surfaces take 

* Cf. the similar observations of Goranson and Zisman (1938 ) and Stenhagen (x 938 ). 
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up monolayers on the down trip only, whilst less hydrophobic surfaces are 
able to pick them up on the up trip also, 

The interpretation which suggests itself is illustrated by fig. 2 and is 
based on the well-known observation that the advancing is greater than the 
receding contact angle. 



If the surface is strongly hydrophobic both contact angles are greater 
than 90° so that, when a slide is dipped in and pulled out of the water, the 
water meniscus may have positions a x and r x respectively. If the surface be 
less hydrophobic the advancing angle, i.e. that during the down trip, may 
be over 90° (see a r ), whilst the receding angle—during the up trip—is less 
than 90° (see r r ). Now it is clear that a monolayer on a water surface can 
only touch and attach itself to the solid surface if the direction of the 
movement of the slide and that of the water surface near the slide form an 
obtuse angle so that the monolayer on water and the multilayer on metal 
can approach one another. This angle is at the moment of dipping identical 
with the (advancing) contact angle; thus deposition takes place for both 
menisci a x and a r . On withdrawal the angle in question is 180° minus the 
(receding) contact angle, so that deposition can only take place when the 
water surface forms an angle r Y ON but not when it is r x ON. The value of 
the receding contact angle generally decreases with increasing rate of 
sliding; thus it may be greater than 90° on slow, and less than 90° on rapid 
withdrawal, corresponding to X deposition in the former and Y deposition 
in the latter case. 

Y deposition is favoured by a rise in the “ piston oil ” pressure (Stenhagen 
1938 ) since a decrease of the surface tension of the aqueous phase causes a 
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decrease in the contact angle. A change of the receding contact angle from 
a value > 90° to one < 90* is readily produced. 

No measurements of sliding down Z deposited films have been carried 
out. But we should anticipate that both contact angles between water and 
these multilayers should be less than 90°. 

A general argument for the validity of the point of view expressed above 
may be advanced on the following basis. An explanation of the law of 
Amonton or Coulomb, that is of the proportionality between the fric¬ 
tional force and the total load independent of the area of contact, was given 
by Coulomb (see Hardy and Doubleday 1922 ), who pointed out that when a 
solid body moves over another solid surface, the mass has to be lifted over 
the irregularities of this surface whatever the area of contact may be. When, 
however, a liquid drop slides over a rough surface it can adapt itself, and 
we note that the relative amount of adaptation required is the smaller the 
larger the drop. This accounts qualitatively for the fact that W tan a is 
less variable (for a variable W) than in the case of solid friction. On 
the other hand the shape of the drop and therefore the extent of adap¬ 
tation required depends on the contact angle. Thus a possibility seems to 
exist of finding out the contaot angle corresponding to W tana “ 11-13 
dynes. 

That the sliding of drops really does depend on the asperity of the 
surface can be shown with the grooved brass slide mentioned in the first 
section. The angle of sliding of a water drop along the grooves was found 
to be much smaller than that across the grooves, e.g. 13° against 25°. In 
this experiment the slide was used after rinsing with petroleum ether. On 
the same slide after deposition of 50 barium stearate layers both angles 
were larger but the great difference between the two directions persisted. 


4. Structure of the multilayers on metals 

In section 1 of this paper it was shown that monolayers when transferred 
on to a metal surface are stretched soap-like films. In section 2 an account 
was given of bursting of multilayers on wire gauze. This fact evidently 
raises the question whether the multilayers on polished metal also burst 
and, if they do, when. In other words, when do they cease to be “multi¬ 
layers” and become aggregations of gel particles or micro-crystals? 

In some cases the gel particles or micro-crystals are big enough to be seen 
with the naked eye or under a microscope. An example of such a gel film is 
given by egg albumin films prepared by Astbury, Bell, Gorter and van 
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Ormondt (1938); they contained tactoids or fibres. An agglomeration of 
micro-crystals is formed for instance when ethyl stearate multilayers are 
maintained for a short time at room temperature (Stenhagen 1938). 

The answer is less certain for multilayers which appear uniform under the 
microscope. An extrapolation of the persistence of a film from the aperture 
of gauze to indentations of polished metal is impossible, but X-ray patterns 
and corrosion observations both support the view that the multilayers on 
metals are not homogeneous. X-rays give ordinary crystal patterns 
independent of the art of deposition of the multilayer* (see for instance 
Fankuchen 1938; Bikerman and Schulman 1938). Corrosion observations 
show that metals coated by “built-up” films are attacked as if they were 
a mechanical mixture of metal and film.f A real multilayer uninterruptedly 
covering the metal surface presumably would afford some protection. The 
fact mentioned in section 3 that four layers of calcium stearate did not 
conceal the hydrophilic character of the underlying octadecyl amine would 
also well agree with the view that the stearate coat was not continuous. 

The bursting of “built-up” films on metals or the crystal formation in 
them affect their properties. It is probable that the decay of their potentials 
may also partly be due to structure changes in the film. 

According to Goranson and Zisman (1938) X films contain free charges 
which is the cause of the high potentials observed by Porter and Wyman 
(1938) and Bikerman (1938)* Bursting of multilayers may affect both the 
rate of neutralization of this charge and also the connexion between the 
values of the charge and potential. 

(a) Every mechanical disturbance (“stirring”) of the multilayer makes 
it easier for the ions trapped to escape to the surface where the electrostatic 
repulsion has the least value. If there is a metal at the boundary the charge 
leaks into the latter and at the boundary with air it is neutralized by ions 
from the atmosphere. Likewise when crystallization occurs in the multi¬ 
layers the foreign ions are ejected from the inside of the growing crystal 
on to its surface. 

(b) At a given potential drop across the actual multilayer the potential 
measured between the metal plate and a reference electrode in the air 
depends on the ratio of the coated to the total area of the plate. Before the 
films have burst this ratio is 1 and it steadily decreases when the films 
contract or crystallize. The potential V measured is connected with the 

* E. Stenhagen and W. A. Wooster are investigating the intensity of the X-ray 
patterns which should be different for real multilayers and micro-crystals. 

f I thank Dr Hoar of the Chemistry Department, Cambridge, for oarrying out 
corrosion measurements under standard conditions. 
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potential drops V x and V 2 across the multilayer and the air layer of the 
same thickness by the equation 


V 


V x K i0 + F 2 *a(1-fl ) 

K i 6 + *a( *~~ 0) 


■f constant, 


k x and * 2 being the specific conductivities of multilayer and air respectively, 
and 0 the part of the surface coated by the multilayer. It is seen that V 
depends on 0 , 

Whilst no correlation between the rate of potential decay of a multilayer 
on a polished metal and the persistence of the same film on gauze was 
found, the potential measurements revealed some interesting phenomena. 

Earlier experiments had shown that X films of octadecyl acetate on a 
chromium plate—in contrast to X films of calcium stearate—do not give 
rise to potentials increasing with the number of layers. Subsequent 
experiments showed that octadecyl acetate affects the chromium-air 
potential in the opposite direction to that of calcium stearate, i.e. the 
metal is rendered more and the air less positive, but these potentials decay 
so rapidly that their existence was previously overlooked. 

The decay is most rapid when multilayers are collected from the surfaoe 
of a phosphate solution (3 x 10~ 4 M KH 8 P 0 4 + 2 2 x 10~ 4 M NaOH), less 
rapid when a calcium borate (10~ 3 M NajjB 4 0 7 + 2 x 10~' 4 M CaClj), and still 
less rapid when a barium carbonate ( 10 “ 8 M NaHCO a + 6x 10~ 6 M Bad*) 
solution is used. Even in the latter case it is practically complete within 
10 min. But the high potentials can be “stabilized” by inserting two or 
more molecules of calcium or barium stearate in between the octadecyl 
acetate layers. The table below illustrates this behaviour. SV is the differ¬ 
ence between the potentials of the Po/air/Cr and Po/air/multilayer/Cr cell 
(cf. Bikerman 1938). A slide was dipped twelve times through an octadecyl 
acetate monolayer on a barium carbonate solution, the dV was measured 
immediately afterwards and 1, 6 and 11 min. later; then it was dipped 
five times through a stearic acid monolayer (its d V assumed the value of Y 
barium stearate films) and again five times through the octadecyl acetate 
monolayer, then its 8 V was measured again. 


Table V 

SV 

- ■ ■ 


After 

0 

1 

6 

11 min. 

12 X octadecyl acetate 

12 X octadecyl acetate \ 

0-40 

OSS 

-0*09 

— O'12 volts 

+ 10 ¥ barium stearate l 
+ 5X octadecyl acetate] 

> 1*8 

l'OS 

Ml 

o-oe volt* 
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We note that the insertion of ten layers of barium stearate has a most 
marked effect on the rate of decay of the potential. 

The persistence of mixed multilayers on gauze was almost identical with 
that of octadecyl acetate films. 

My thanks are due to Professor E. K. Rideal and Dr J. H. Schulman for 
drawing my attention to “built-up ” films and for their continual encourage¬ 
ment and suggestions, and especially to the former for assistance in the 
preparation of this paper. The work was made possible by financial assistance 
from the Metal Box Co. Ltd., to whom we express our gratitude. 


Summary 

The “built-up” multilayers of Langmuir and Blodgett are shown to 
consist of films stretched between the irregularities of the solid surface and 
touching the surface only at discrete points. This view is based on measure¬ 
ments of the “deposition ratio” during the transfer of monomolecular 
films from water on to grooved surfaces and wire gauzes. 

A technique of obtaining multilayers on wire gauzes is described. The 
behaviour of these multilayers is investigated and on their analogy it seems 
probable, and in some cases certain, that the stretched films which are the 
first product of “building up” multilayers burst soon after their prepara¬ 
tion and give rise to gel structures or more or less oriented micro-crystals. 

An explanation is advanced for the various kinds of deposition (X, Y 
and Z films). The hydrophilic character of the surface of the films increases 
in the order X < Y<Z ; the type of deposition is determined by the 
wettability of the surface, and is related to the contact angles. 

As the measure of the wettability the frictional force between a water 
drop and a multilayer is employed. In disagreement with Coulomb’s (or 
Amonfcon’s) law the coefficient of friotion is inversely proportional to the 
weight of the drop. A qualitative interpretation of this behaviour is given. 
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Problems of stability in hydrophobic colloiclal solutions 

I. On the interaction of two colloidal metallic 
particles. General discussion and applications 

By S. Levine 

Cavendish and Colloid Science Laboratories , Cambridge University 
(Communicated by E . K . Rideal , F.R.8.—Received 13 June 1938) 

1. Introduction 

The problems in colloid science may be divided into two main groups. 
The first, and more fundamental one, deals with the interaction of a single 
colloidal particle with its surrounding dispersion medium. This includes the 
basic question of the relation between the concentration of electrolyte 
present and the amount of adsorption of ions on the surface of the particles 
in a lyophobic sol. A knowledge of this relation will determine the charge 
on the particle as a function of the two chief physical quantities that may be 
varied experimentally, the radius of the particle (which we assume to be 
spherical) and the concentration of electrolyte. In this paper we shall not 
be concerned with this problem but rather assume that this dependence of 
the charge is known. 

Practically all other phenomena in sols, forming the second group, may 
be attributed to the nature of the repulsive and attractive forces acting 
between the particles. Among these are the general problems of stability, 
including the phenomenon of slow and fast coagulation, reversible and 
irreversible flocculation and such properties as the Schultz-Hardy rule for 
hydrophobic sols and the deviation of the osmotic pressure from the ideal 
law. Since most hydrophobic sols have a low concentration of particles, all 
these properties should be explicable in terms of the interaction of two 
particles only. 

The problem which we shall investigate is the following. It is assumed 
that the type and concentration of electrolyte present, the radius of the 
particles and the dependence of the charge on these three factors are given* 
We wish to obtain an expression for the interaction energy of two colloidal 
particles as a function of their mutual separation. There will be three 
contributions to this energy, the electrical terms arising from the presence 
of the double layer, the van der Waals attractive energy and the hydration 
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and electrostrictive effects. In this paper we shall deal only with the first 
two. 

A method of calculating the mutual electrical energy of two particles 
has been developed. The approximate Debye-Hiiokel equation in the 
theory of electrolytes is used to find the electric potential in the overlapping 
ionic atmosphere of the particles. By means of this potential it is possible 
to calculate the change in energy associated with the charged particles and 
their outer ionic layers as they approach one another. It is necessary to 
consider successive approximations to the interaction energy and a first and 
second approximation have been computed. The theory is applied to 
metallic particles* here, but it need only be slightly modified to be valid 
for insulating particles. 

The van der Waals energy is also computed for gold particles, and the 
resulting energy curves have been plotted as functions of the mutual 
separation. The shape of the curves are similar to those suggested by 
Hamaker (1936, 1937a, c), who bases his results, however, on an incorrect 
expression for the electrical energy. The following work, together with the 
suggested extensions, should lead to a quantitative explanation of the 
various properties mentioned as belonging to the second group. We shall 
attempt to carry this out in further papers. Here we have only interpreted 
our results in a qualitative manner, not attempting to make a detailed 
comparison with experiment. 

For the benefit of the experimental colloid chemist we shall divide this 
work into two papers, I and II. The first describes the method of calculating 
the energy, introducing little mathematics, and discusses the applications. 
The second deals with the mathematical theory. 

2. Electrical energy 

Consider two identical spherical metallic particles 0 X and 0 2 , each of 
radius a at a distance ft apart, immersed in water containing an electrolyte. 
Let Q 0 be the charge on each particle, which we assume to be constant, 
independent of R, The potential ijr at any point in the surrounding water 
medium will be taken as satisfying the approximate Debye-Huckel equation 

= ( 1 ) 
where k 2 = (ine^/DVkT) £ N$z% e being the electronic charge, D the 

♦ Strictly speaking, the term conducting particle rather than metallic particle 
should b© used. 
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dielectric constant of water, k Boltzmann’s constant, T the temperature 
and V the volume of the sol containing N$ ions of the ith kind, of valency 
z u i ** 1 This equation is valid provided ^ i s so small that ez i \jrjkT 1. 
When this condition is not satisfied then it is necessary to consider the original 
Debye-Huckel equation. This will be done in another paper. Actually it is 
found that the approximate equation can be used for uni-univalent electro¬ 
lytes but that the original equation should be examined in all other cases. 

We have fixed our attention on two particles only, neglecting the influence 
of all other particles in the sol. Hence the quantity k does not include the 
number and so-called valency of the colloidal particles arising from the 
presence of the other particles, especially when the concentration of particles 
is large or the electrolyte concentration low. We shall neglect this correction 
here. 



Fig. 1. Two colloidal particles at distance IL 


In metallic sols the interiors of the particles are metallic, but we really have 
conducting and not metallic surfaces. However, in our problem, where we 
are not dealing with a current passing through the particle, the surface will 
almost be an equipotential one. A more serious difficulty arises when we 
assume that the charge on each particle is independent of the distance R. 
The adsorption of ions on the surface will vary with R and also with the 
angles and f ) 2 around the particles (fig. 1). With metallic particles the only 
effect that this produces is that Q 0 will be a function of R. However, if we 
wish to make progress, it is expedient to neglect this here. 

The question also arises as to whether we may use the ordinary macro¬ 
scopic value of the dielectric constant for pure water. The dielectric constant 
of an eleotrolyte solution is different from that of the corresponding pure 
liquid, this difference becoming appreciable only at high concentrations. 
A more important factor will be the saturation or hydration effect in the 
vicinity of the colloidal particle. This may produce a considerable lowering 
of the effective dielectric constant. However, until more is known about the 
hydration effect, we are unable to estimate this correction. 


IO-2 
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The problem is to calculate the change in free energy, associated with the 
charges on the particles and their ionic atmospheres, as the two particles 
approach one another, Strictly speaking, since we usually deal with sols 
at constant temperature and pressure, we should include the energy of 
compression of the electrolyte solution arising from the eleotrostriotive 
effect. However, this will be neglected here. 

The first step is to find the energy that we are to attribute to a single 
particle. This will be the energy necessary to charge the particle and its 
ionic atmosphere, yielding two terms. To evaluate F 1 we shall need the 
expression for the potential about a single particle, namely, 

- Ae-^lr, ( 2 ) 

where A - Q 0 e r /D( \ -f r), r « m and r is the distance from the centre of 
the particle. It is customary to identify the value of ijr 0 at r = a, 

fro(r -= a) = Q 0 /Da( 1 + r) « £, ( 3 ) 

with the £ potential determined from the cataphoretic mobility. Using (2) 
and ( 3 ), the explicit expression for F t is derived in II. 

We now proceed to find the solution of ( 1 ) for the two particles 0 1 and 0 2 . 
Lot P be any point in the water medium such that O t P — r x and 0 2 P « r a * 
As is shown in II, the required solution xjr of (1) is in the form of an infinite 
series from which we shall choose only the first two terms 

= ^{~}l +A 1 °o S ^l + ±J) + ^p{ 1 +A 1 eos^l+^J}]. ( 4 ) 

where A 2 and A, are constants. 

A first approximation i/r 1 is obtained by putting A 1 = 0 and A a — A v say, 
and its physical interpretation is as follows. If we choose A x = A (A^O) 
then we are simply superposing the potentials of the two particles, and since 
the density of charge in the ionic atmospheres is proportional to the potential 
when ( 1 ) is used, this implies superposition of the charges. In other words it 
is assumed that the spherically symmetrical charge distributions of the 
ionic atmospheres interpenetrate into each other when overlapping takes 
place without being distorted. We shall find that A, is not exactly equal to 
A so that this is not quite true. 

The first approximation is satisfactory when the overlapping is slight, i.e. 
when the distance of separation is large. However, when the particles are 
close together, there will be a considerable distortion or polarization of both 
the diffuse outer layer and the charge distributions on the particles. This 
distortion is accounted for by the higher terms in the series expansion for tfr. 
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A first approximation to this polarization effect is given by the second term 
in the series. As is to be expected, we shall find that these new terms will be 
important for small values of R but negligible for large R . Thus the first 
approximation is always sufficient at large separation. 

For metallic particles, \}r must be constant over the surface of each particle. 
The value of this constant is unknown and we apply Gauss’ theorem in 
electrostatics to find it, namely, 




Z>’ 


( 5 ) 


where the integrals are taken over the surfaces of the particles. This condition 
actually states that the charge on each particle must be Q 0 . Now it is 
impossible to demand that the potential be constant on the surface of each 
particle unless we take an infinite number of terms for iff. Hence it is 
necessary to replace this condition by an approximate one which permits the 
determination of reasonable values for the constants A v A % and 

Forth© first approximation iff j, it is convenient to choose A x such that the 
condition ( 5 ) is satisfied. We shall introduce the quantity s — R/a which 
measures the distance between the particles in units of the particle radius. 
Then, as is shown in II, A x — A/(l — <J X ), where S x is a function of r and 
tending to zero as s becomes infinite, so that as is to be expected. 

Thus, for large distances of separation, we superpose the two solutions for 
the single particles. The condition that the particles be metallic has not 
been introduced at all. Indeed, the first approximation will also hold for 
insulating particles. 

Using the potential ifr v a first approximation F ' 2 to the energy of charging 
the two particles and their overlapping atmospheres can be obtained. 
Since we only require the change in energy as the particles approach one 
another it is necessary to subtract 2 F v the energy for infinite separation. As 
is shown in II, we derive that 




( 6 ) 


making use of ( 3 ). Here/^#, r) tends to zero as 8 becomes infinite, and hence 
F’ % -> 2 F X as the particles are separated. For large we find that 


F' t - 2 F^ 


Ql* e~ T<, - a) 
2 Da ( 1 + t)* 


2 


(7) 


a negative quantity, i.e. the two particles attraot one another at large 
distances. 
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As with F t , there are two contributions to F 2 - 2 F X , corresponding to the 
charging of the particles and of the atmospheres. The first is positive and 
represents the repulsive part of the energy. Physically this means that when 
O v say positively charged, enters the ionic atmosphere of O z , it is repelled 
because a positive potential is exerted upon it by O v The second contribution 
is negative and hence is responsible for the attraction of the two particles. 
Thus, when the ionic atmosphere of O v with its excess of negative charge, 
enters the field of 0 2 , it is attracted by it. 

In treating the second approximation rfr 2 (giving FI), there are two 
constants to be evaluated, A % and A x , requiring two conditions, of which one 
is given by the equation ( 5 ). A second condition, which is to replace the 
requirement that the potential be constant over the surface of each particle, 
is chosen in the simplest possible manner. It is assumed that the potential 
has the same value at the two extreme points 8 X and T x (S 2 and T 2 ) on th e 
particles. This determines A 2 and A x as functions of r and s. It is found that 
as s becomes large, A x —>0 and A 2 -+A 1 ~+A, i.e. for large separation 
practically coincides with \jr v Hence the second approximation reduces to 
the first for large distances. This will also be true of all higher approximations. 

We shall denote the repulsive and attractive terms in the energy by F r and 
F a respectively, so that, for any approximation, 

F 2 — 2.Fj - F r + F a = ||/(s,t) = l+r)*/(«,T). (8) 

To compute numerical cases, we shall choose T = 29 l°K,i> = 81 - 1 , Q 0 = lOOe 
and a = 10“®cm., with k — 1*372 x 10~ 16 , e — 4*80 x 10~ 10 e.s.u. and Avo- 
g&dro's number L = 6 06 x 10* 8 . For a uni-univalent electrolyte of con¬ 
centration y mol. per litre, if N\ and N\ are the numbers of positive and 
negative ions respectively, then N\ = N\ = VLy/lOOG, and at the given 
temperature r = tea « a^y/ 3-04 x 10 -8 = «/y/ 3*04 x 10~ 3 . Taking y = 10“* 
and 10~* (r - 1*04 and 3-29 respectively), we have plotted F 2 - 2 F V F r 
and F„ as functions of a for both approximations (figs. 2, 3 ). 

According to the first approximation, for given Q 0 , a and y (or k) the 
energy is positive when the particles are touching, decreases to negative 
values as the particles are separated, attains a minimum value F min at 
a mln say, and then increases with a, remaining negative and tending to zero. 
Thus the electrical forces between the two particles, — ( SF 2 /dJt ), are repulsive 
at small distances, decrease to zero at s raln and then become attractive. At 
first this attraction increases in magnitude but passes through a maximum, 
where d 2 F 2 /ds 2 = 0, and then decreases in magnitude as the separation 
becomes greater, remaining attractive however. The reason for this beba- 
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viour can be understood by examining F r and F a separately. Both energy 
terms decrease in magnitude with increasing distance, F r diminishing more 
rapidly. The positive contribution F r is the more important one at small 
separation, whereas the negative term F a takes on this role at large distances. 
The latter behaviour is to be expected, since it is the ionic atmosphere 
whioh first enters the field of the other particle and it iB always attracted. 
The second approximation exhibits similar properties for t< 11 * 7 . At 
t — 11 - 7 , FI — 2 F x = 0 and for t > 1 1 - 7 , F\ — 2 F x < 0 for all a. 



» (= jR/o) 

Fig. 2. Energy as a function of distance for y — 10 -8 mol./l., 1-1 type, Q t — lOOe, 
a . 10"* cm., r ss 1-04. (I) K, (II) F’ r , (ni) F'„ (IV) F"„ (V) F r +F'„ (VI) 

(VII) V (van der Weals’ energy), (Vin) F', + F',+ V, (IX) F r +Fl+ V. 


We next examine the dependence of the energy on the value of r. In fig. 4 
we have plotted the energy at contact F oon = F° oa +F° oa and also F°° n and 
JPg 00 as functions of t, assuming the charge Q 0 does not change. Both 
approximations F' gon and F" gon decrease very rapidly with increase in r. 
Accompanying this there is a contraction of the range of interaction of the 
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particles. This is a result of the depression of the ionic atmospheres about 
the particles. Although F' cm always remains positive, F^ becomes 
negative for r > 11-7. We cannot predict whether F c0 „ will also become 
negative for large r with the higher approximations. 



Fig. 3. Energy as a function of distance for y — 10"* mol./l., 1-1 type, Q„ = lOOe, 
«= 10-' cm., r = 3'26. (I) F'„ (II) r„ (III) F'„ (IV) F"„ (V) F^+F'., (VI) F" f +r„ 
(VII) V, (VIII) F' r + F'„+ V, (IX) f;+f:+v. 


Instead of keeping the charge constant, we oan also find the variation of 
■loon 7 f° r constant £ potential. In fig. 5 we have plotted 

L = Wl+r)V(2,r) 

as a function of r with £ = 10 - 4 e.s.u. = 0-03 V and a - 10~*cm. and here 
also drops with increase in r although less rapidly than for constant Q 0 > 
For small r, the energy reduces to a simple expression. When r = 0, 
F a ® 0 for all s. When r = 0 and s is not too large, then | F a | ■< F r . T his 
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illustrated in fig. 4 , where it is seen that F% oa -> 0 as r-> 0. For small r, the 
first approximation reduces to 



Pig. 4 . Energy at contact aa a function of r, Q 0 = 1006, a = 10~* cm. (I) F?“ 
(first approx.). (II) FT' (second approx.), (Ill) FT', (IV) FT', (V) FT' + FT', 
(VI) J-'+Jr*. Large r: (VII) FT', (VIII) FT", (IX) FT'. (X)FT', (XI )FT'+FT", 
(XU) FT' + FT'. 


according to II (37 i).* This is the form for the energy assumed by Hamaker. 
This cannot be valid for large e, since it has been shown that for any r (or k) 
when 1, the attractive term F a is the important one and the energy 

is of the form ( 7 ), The second approximation (II, (48 i)) reduces to 


F" r '** 


c -f(»-l> r 


Da{l+r) s 


1 - 




( 10 ) 


4 Formula ( 9 ) differs from U (37 i) by a factor e T * 1 for t«0 , which actually 
should be inserted. 
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We conclude that the formula ( 9 ) used by Hamaker is valid only under very 
special circumstances and in general is unsatisfactory. 


a in om. x 


10* when y — 10~* 
10 7 when y = 10~* 


for (mHVII) 



Fig. 5. Energy at. contact as a function of t and <*. (1) F'Jt), (II) i^(r), with 
f = 10~ 4 e.s.u., lO -'cm. (Ill) F'(Z,n), (IV).r(2,a), with £= 10~ 4 e.s.u., y = 10-* 
or 10-* mol./l., for 1-1 type, * = 0-329 or 3-29. (V) V„ u =-Ka, K = 5xl0~». 

(VI) F’(2 , o) + K». (VII) F"( 2, o) + V^,, with £ = 2 x 10"‘ e.s.u., y = 10~‘ or I0-*mol./l.. 
for 1-1 typo, x =0 329 or 3 29. 


When the particles are touching and r = 0, ( 9 ) and (10) reduce to Ql/ 2 Da 
and (Q\j 2 Da) (1 — 3 / 26 ) respectively. This implies that /j(2,0) => 1/2 ac¬ 
cording to (6), and similarly/ s ( 2 , 0 ) = (1 — 3 / 26)/2 = 23 / 52 , where /,(a, r) is 
the second approximation to/(«, r). Since r = constant y'y, t =» 0 when the 
electrolyte concentration is zero, and we are dealing with two charged 
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metallic spheres immersed in water. Now the interaction energy for two such 
spheres is well known and at contact is 

Ql i = Qg i_ 

iba (1 + log, 2) 2 Da 1*693 * 

We see that, at least for small r, the second approximation does not reduce 
the energy sufficiently and it is necessary to consider the higher approxi¬ 
mations. 

The quantity r depends on the concentration of electrolyte, the type of 
electrolyte and the particle radius. For fixed a and y, r increases with the 
valencies of the ions present. For example, for the types 1 - 1 , 1-2, 1 - 3 , 1 - 4 , 
the values of r are in the proportion 1 : 3 : 6 : 10 . Assuming that the charge 
on the particle does not change, we see that the energy at contact F con is 
depressed either by increasing y, or by keeping y fixed and increasing the 
valency of the ions. 

To obtain information of the energy dependence on the radius of the 
particle, we shall assume that the £ potential is proportional to the cata- 
phoretic mobility. Numerous experiments on cataphoresis seem to show 
that at ordinary electrolyte concentrations, in general, the mobility and 
hence the £ potential does not change appreciably with the radius of the 
particle. We may then write i\ — 2 F X in the form 

F 2 - 2 F X * F(s,a) m £ 2 Da(] + Ka) % f(a,Ka) y 

treating it as function of a. In fig. 5 the energy at contact F(2, a) has been 
♦plotted as a function of a taking £ = 10“ 4 e.s.u. and y «= 10~ 4 and 10~ 2 for 
a 1-1 type. It is seen that the first approximation F'( 2 ,a) » 0 when a «= 0 
and then increases steadily with the particle radius. The second approxima¬ 
tion F"{ 2 , a) behaves like F'( 2 , a) provided a is not too large. 

The existence of the minimum deserves special attention. Its position 
s min is given by the condition { df(s , r)/ds} 8tnln = 0, so that 8 mn is a function of 
r only. The minimum energy will be F mXn « (QHDa)f{« m i n ( T )> r }* We have 
plotted $ mln and F min as functions of r in fig. 6. It is observed that 8 min 
decreases with increasing r tending to the value « mln = 2 (particles in contact) 
for very large r. Further, as r->0, 8 mXn ~>cc, Thus, if we increase the electro¬ 
lyte concentration, the radius of the particles or the valencies of the ions, 
the minimum moves in towards smaller values of separation. Also, as 7*-> 0, 
F min 0 as is to be expected, since we simply have the repulsion of two 
charged metallic spheres. For fixed charge, -^min increases from zero with r, 
reaohes a maximum and then decreases with further increase of r. 

Certain general remarks concerning the minimum can be made. The 
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corrections arising from the higher approximations to ^ and from the hydra¬ 
tion and electrostrictive effects are small at the values of s>e min , being 
important only when the particles are close together. The introduction of 
the original Debye-Hiickel equation will change the values of A v A 2 , etc., 
and also will create new short-range terms. The energy at large distances 
will still be negative however. Hence we may conclude that the electrical 
energy will always be negative at large distances and, since it is positive at 
small distances, it must pass through a minimum at some intermediate 
separation. This will be true of both metallic and insulating particleB since 
the solutions in the two cases become identical at large s. 



Fig. 0 . F mlo and * n[n as functions of r, Qo= 100e, a= 10*® cm. (I) s'Jr), (II) F^Jr)* 
(III) F£ io (r). The second approximation *^Jr) is slightly greater than the first 


3. General properties of the complete energy 

FUNCTION AND APPLICATIONS 

It is possible to calculate the van der Waals energy of attraction V{s } a) 
between two colloidal particles by appealing to the work of Bradley (1932, 
1936) and Hamaker (19376, 1938). We shall not enter into the details of their 
method which actually can give only a qualitative answer ohiefly because 
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of the unknown irregular surface on the particles and the unknown nature 
of the immediately surrounding layers of water molecules.* Furthermore 
the application of their method to metallic particles is rather doubtful. 
However, in order to illustrate the general nature of the van der Waals 
energy, we have applied their formula to the particular case of two gold 
particles for which we consider only the contribution from the gold ionic 
cores, neglecting the conduction electrons. In figs. 2 and 3 the plot of 
V{s,a) as a function of s is shown. 

On combining the electrical and van der Waals mutual energy of the two 
particles we obtain the complete energy function 

E = F 2 ~ 2*1 + V = H f(8, ku) + V(a, a) 

= £ 2 Da(l + tea)* f(s, tea) + Vis, a). (11) 

The variation of E with s is shown in figs. 2 and 3 . A number of important 
features of the behaviour of the energy function should be observed. 

For small enough r (low electrolyte concentrations y) the energy at 
contact E con is positive. As the particles are separated the energy at first 
increases, attaining a maximum E m&x at a little distance # max out from 
contact and then decreases again. The maximum is given by the relation 



so that # max and hence E max are functions of Q 0 > k and a (or of £, k and a). 
Keeping the charge constant, as r is increased, both E con and E mB>x diminish, 
pass through zero and become negative. For large values of r, the maximum 
disappears and the energy is merely of an attractive nature falling off rapidly 
with distance. 

We shall merely indicate the role of JE max in determining the rate of 
coagulation. As the concentration of electrolyte is increased i? max diminishes 
until it is equal to a few kT when slow coagulation begins. With further 
increase of y, soon reaches a zero energy value and in this region we 
experience rapid coagulation. The same effects are obtained by using electro¬ 
lytes with higher valency electrolytes and keeping the concentration 
constant. 

In the theory of slow coagulation developed by Smoluchowski it is usually 
found that the radius of attraction is greater than the diameter of the 

* This is not so important for the electrical forces because of their long-range 
character. 
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particles. A satisfactory explanation of this has never really been given. 
Further, a theory of slow coagulation is still lacking. From the form of the 
energy curve drawn in fig. 4 , we see that when rapid coagulation takes place 
the effective radius of attraction of the two particles is considerably larger 
than 2a. The rate of slow coagulation should be proportional to e~ B ™* lkT ' 
We shall not attempt to give a more detailed formulation of the changes 
necessary in the existing theories of coagulation. It will be possible to 
determine the dependence of the rate of coagulation on the concentration 
and type of electrolyte, and on the charge and radius of the particles. 

In a similar fashion the value of E m&x — K con is the determining faotor in 
reverse phenomena to coagulation, namely, peptization, the rate of this 
process being proportional to e~ {E «»*~ E ™ )/kT . 

We have assumed up to now that the particles do not adsorb any ions 
thereby changing the charge. It is not necessarily true that this adsorption 
will lead to a decrease of the charge on the particle. It is well known, for 
example, that with the alkali salts in metallic sols, the mobility increases 
with added electrolyte, passing through a maximum, and it is quite possible 
that here the charge on the particles can be increasing, even at the precipi¬ 
tation value. In other cases, it is found that complete adsorption of ions 
occurs at much lower concentrations than corresponds to the flocculation 
value. An examination of F max « ($g/£>a)/(# max , r) shows that /(« max , r) 
drops so rapidly with increase in r (or y ) that Q 0 may even be increasing and 
can still diminish sufficiently to cause coagulation. We cannot estimate, 
without further investigation into each individual case, the roles played by 
/(*max> r ) and by the drop in Q 0 as a result of adsorption. However, it does 
appear that in many cases the diminution in E m&% with the addition of 
electrolyte is chiefly due to the form of the function /(0 max , r), i.e. to the 
behaviour of the ionic atmospheres, the reduction in Q 0 due to the adsorption 
of ions being less important. 

If the £ potential rather than the charge is kept constant then, as is shown 
in fig. 5 , F con wiLl still diminish with increasing t and we may expect F mhX to 
behave in a similar fashion. Thus it may be possible to bring about coagula¬ 
tion by adding electrolyte even though the £ potential does not change. Of 
course in actual practice the £ potential usually decreases. However, it should 
be pointed out that the drop in the £ potential is not the only factor that 
determines precipitation. Expressed mathematically, F max is the product 
of two factors £ 2 and Da(l + r) 2 /(s max , r) and the second as well as the first 
may diminish as electrolyte is added. Of course, the drop in F max (and hence 
in with increase in r is much more rapid for constant Q 0 than for 
constant £. 
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We will now examine the behaviour of E con (and J£ mwc ) under variation 
of the particle radius. The plot of the electrical contribution as a function 

of a has been shown in fig. 5. At contact the van der Waals energy* 
~~Ka where, according to Hamaker, K varies roughly between 
3x 10“ 7 and 3x 10 "*. The plot of E con = - ifa + £ a Z)a( 1 + /ca) 2 /( 2 ,a) as a 
function of a, is shown in fig. 5, for the arbitrary value K ~ 5 x 10“ 7 with 
£ - 2 x 10 ~<e.s.u. 

It is seen that for both approximations E con at first increases with a but 
then reaches a maximum and begins to fall, becomes zero at, say, a ** a 0 and 
then passes to negative values. This happens for fixed values of £, K and y. 
In order to investigate how a 0 depends upon K , £ and y, we need to study the 
properties of the relation E 0on =» 0 , which may be written as 

Z>( 1 + xa 0 ) 8 /(2, k<Iq) s <f>(tca 0 ) s/)(l + T Q ) 2 f{2 9 r 0 )s0(r o ) « Kj£\ (13) 

We begin by examining the first approximation/( 2 , r 0 ) — r 0 ). It has 

been shown above that/ 1 ( 2 , 0 ) = 1/2 and also, according to II (37 ii), that 
lim f x { 2 , r 0 ) » 1 / 1 Grg, from which it follows that the first approximation to 

tv+oo 

< p(r 0 ) has the values 0,(0) = Dj'2 and ^> x (oo) = D/ 16. According to the 
curve (I) in fig. 5, which represents lO -14 ^,^) (in ergs) as a function of r, 
(pi(T) is a monotonic decreasing function of r varying from D/2 to D/16 in the 
range 0 <r ^ oo. It follows that Dj2 Js K/£ 2 ^ D/16 in order that (13) be true 
for the first approximation. Taking D = 81*1 this yields 40*6 > A /£ 2 > 5-0. 
In other words, provided Kj £ 2 lies in the specified range there exists a value 
r 0 and hence of a 0 such that E' C0B — 0 . Otherwise E' oon > 0 or < 0 for all 
a, according as I£/£ 2 <D/16 or K/£ 2 >Dj2. 

Furthermore, we may invert the form (13) to give, for the first approxi¬ 
mation, t 0 = 1 (if/f 2 ) as a function of if/£ 2 . Here also 1 (A/g s ) will be a 

monotonic decreasing function of K /£ 8 . We may express this relation in the 
form Ka 0 = fo^KjZ 2 ) or a 0 = 3-04 x 10~ 8 ^f 1 (A/^ 2 )/^/y, for a 1-1 type, at 
T m 291° K. The function ^^(A/^ 2 ) will be a constant for fixed A and £*, the 
value of this constant decreasing when we either increase K or diminish £. 
This is the required form a 0 as a funotion of K, £ and y. We see that for fixed K 
and £ the value of a 0 diminishes as the electrolyte concentration increases. 

If we use the second approximation, then in the range 0 <tsS 11-7, K/£ 2 
must lie within 23D/52>l£/£ 8 >0 in order that (13) be true. Otherwise 
F" on > 0 or J?* on < 0 , for all a, according as K/£ 2 > 23D/52 or t > 11*7. 

* Aotually —Ka{l —e(a)}, where e(a)<l, provided a>10-*om. However, 
t’ m ->0 as a-»0 and we are interested in the value a = 0 ^, which is usually greater 
than 10~* cm. For small a, we shall need to replace K by K{1 — e(o)} in (13). 
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We can prove that for the specified range for K/£ 2 , E con will always be 
positive for a < a Q and negative for a > a 0 . It is convenient to write 

-®con - a{£*Z)(l +r)V(2,r)-Jf} = a X (r), 

say, and we shall assume that y(r) is a monotonic decreasing function of r. 
(This is true for the first two approximations.) It follows that when r > r 0> 
X(t) > x(t<>) “ 0 and when r<r 0 , x( T )<X( T o) “ 0. This means that when 
m < m 0 or, for a given k when a < a 0 , E con > 0 and when m > Kd 0 (a > a 0 ), then 
^con < Since E con « 0 when a *= 0 and a = a 0 and U C0I) > 0 in 0 < a < a 0 , it 
follows that E con must pass through a maximum at some value of a lying in 
the range ( 0 , a 0 ). 

It does not necessarily follow that E m&x will show the same behaviour as 
E con with regard to becoming negative for large a. This would mean that 
coagulation will come about simply by increasing the particle radius and 
keeping £ and y constant. From fig. 2 it is seen that it is possible that 
E m9x > 0 while E con < 0 (since E mn < J7 max ). The reason for this is that near 
contact the van der Waals energy decreases in magnitude more rapidly than 
the electrical energy. It is to be expected that, as a function of a, E max will 
show an initial increase, just like E con9 but we cannot predict, without 
further investigation, whether E mfLX will pass through a maximum at some 
value of a and then decrease, finally becoming negative. The form of 
F(«,a) suggests that at s max , k^ax will increase in magnitude less rapidly 
with a than V con and hence that the tendency for •®max to become zero when 
a is large will be less marked than for E con . However, until we examine the 
behaviour of U max more carefully, we should not rule out the possibility of 
this occurring in certain cases. 

It is possible to suggest an explanation of the fact that with electrolytes 
which coagulate at low concentrations y c (* c ~vVc) khe critical potential Cc 
is much lower than with electrolytes which precipitate at large concentra* 
tions. Usually the latter type of electrolyte shows a maximum in the £ 
potential (in the mobility) and we have mentioned that in these oases the 
particle charge may actually increase, giving a larger critical charge Q e than 
in the other cases. In order that the precipitation condition 

= £? Da{ 1 + K e a)*/K»«> K o a ) + v «*x>«) • 

%kT, 

*xnax "* *tnax(*«>®> ^e) * ®max(*c»®> £c)» 


(14) 
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continues to hold when Q c is increased, /(^ uax , K 0 a) must be made smaller, 
i.e. /c e (or y c ) larger. Since it has been shown that, for constant 

+ T)V(a mttx ,r) 

diminishes with increase in r (or x), it follows that if precipitation takes place 
at larger values of £, then r (or k) must be greater. 

Some information can also be obtained concerning the influence of the 
valencies of the ions on flocculation, usually called the Schultz-Hardy rule. 
According to ( 14 ), if ^ is the same with different electrolytes for the same 
sol (same a) then E r meji depends only on x c , i,e. k c depends only on E c mAX , 
k c * ^c(^mai) ^ Ar c (&jP), i* 1 other words k c must have the same value at 
coagulation with all types of electrolytes. The concentrations of electrolytes 
necessary to yield a common Ar c for the types 1 - 1 , 1 - 2 , 1-3 and 1-4 are in the 
proportions i : 1 /3 : 1/6 : 1 / 10 . Actually this condition seems to be roughly 
satisfied with 1-1 and 1-2 electrolytes for the metallic sols, provided i^is about 
the same (e.g. HC1 and BaCl a for the platinum sols of Pennycuick (1930)). 
On the other hand the value of k c for the alkali salts in metallic sols (platinum 
and gold) is about three or four times that for the other electrolytes. We 
have already suggested an explanation for these high values of k c . Thus the 
precipitation power for a typical series NaCl, HC1, BaCl 2 , A1C1 3 and ThCl 4 
should be roughly in the proportions 1 : 10: 30 : 60 : 100. Experimentally 
we find the concentration of the last two electrolytes to be much smaller 
than that predicted. Furthermore, the theory developed here requires that 
the flocculating power of the types p—q and q—p (p + q) should be the same, 
which is not so. These discrepancies must lie in the use of the approximate 
Debye-Huckel equation. Of course this was shown some time ago by 
Muller (1928) and more recently by Hamaker. However, to obtain an 
explanation which can be expected to be satisfactory, it is necessary to use 
the original Debye-Huokel equation and calculate the mutual electric 
energy of two particles. The efforts of Hamaker in this direction are too 
crude. 

Certain conclusions can be drawn concerning the behaviour of E at the 
minimum s m1w and at large distances of separation. Hamaker has shown 
that for most sols, the value of 8 at which V - kT varies roughly between 2' 1 
and 2*4 and for larger V rapidly becomes small compared with kT . It 
follows that the van der Waals forces cannot explain thixotropic properties 
in those hydrophobic sols where the average distance between nearest 
particles seems to be much larger than 2*4a (assuming spherical particles, 
which is exceptional). On the other hand, the minimum in the electrical 
energy can be of a long-range character when r is small enough since s mln 00 
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as r->0. Also, according to fig. 6 F m[n attains the maximum value 3 IcT 
(circa) when Q 0 = lOOe and a - 10 ~® cm., and this can be made much larger 
by increasing Q 0 . 

At large distances of separation, the energy has the form 

constant _ Q%t e-*-» _ const ant _ _ 2) 

s 8 2Da 2 (l + r) a s 8 

If r is increased and 8 kept fixed, the van der Waals energy remains constant 
but the electrical energy decreases in magnitude. At the same time s mln will 
diminish. The energy and # min behave in a similar fashion when £ and k are 
constant and the radius a is sufficiently increased. Thus, at large distances 
the van der Waals energy becomes more and more important when we 
increase either the concentration of electrolyte, the valency of the ions (y 
being constant) or the radius of the particle. Under these circumstances it 
is possible that the van der Waals energy at F mln -f mlr However, an 
examination of the curves in fig. 3 suggests that when this is the case the 
sol is not stable. Indeed, in a stable sol it seems necessary that F mln be 
considerably larger than P^ ln . Hitherto it has been considered that the 
van der Waals forces are responsible for thixotropy. However, the results 
obtained here suggest that in hydrophobic sols thixotropy may be mainly 
due to the nature of the electrical forces.* Of course, thixotropy usually 
occurs with rod-shaped or plate-like particles so that the analysis developed 
here does not strictly apply. It seems reasonable, however, that the general 
nature of the mutual energy of the particles will not change in any drastic 
manner with the shape of the particles. 

One other important application is worthy of mention, namely the 
calculation of the osmotic pressure of the sol. It follows from the inter¬ 
pretation of E(R) t given in the appendix in II, that the contribution to the 
osmotic pressure from the part of the free energy calculated here is given by 

N IcT &nN*kT f® 

p'm^sp- (e ~wr_i ) lt 2 d R i ( 15 ) 

v v Jia 

where N p is the total number of colloidal particles in volume F. This is the 
usual formula for the pressure of an imperfect gas where only binary 
encounters are considered. It is valid provided N p vjV 4 1 , where v is 
the volume round a given particle in which a second particle must lie so 
that i?(jR)4 0. Otherwise E(E) = 0 (or E(R) 4 kT). Taking N p jV — 10 l ®, 
a « 10“ e cm. and v to be the volume of a sphere of radius 10~ 6 cm., we find 

•No claim is made that the structural effects may not be equally or more important 
in producing thixotropy. 
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N p vjV — 4*2 x 10“ 3 . Thus under ordinary conditions this approximation is 
quite sufficient. 

We have attempted only a sketchy discussion on a few of the applications 
of the theory developed here. However, it should serve to indicate the large 
group of phenomena which are related to the interaction of the particles and 
the amount of work that needs to he done in the way of application. It is 
to be noticed that we have only examined E C0Tl in a thorough manner and 
have merely suggested the analogous properties of U max . Furthermore, it 
is necessary to consider the case of insulating particles and examine the 
higher terms in the series for the potential,* the original I)ebye-H\ickel 
equation, and also the hydration and electrostrictive effects. It is hoped 
to consider these various problems in further papers. 


Summary 

1 . A method of obtaining the mutual electrical energy of two colloidal 
hydrophobic spherical particles has been developed by applying the 
Debye-Huckel theory of electrolytes. The final result is 

where Q 0 is the charge on each particle, assumed to be constant, a its radius, 
f its potential, R the distance between the particles, D the dielectric constant 
of water and k is the well-known Debye-Huckel constant, being proportional 
to the square root of the electrolyte concentration. Only the approximate 
Debye-Hiickel equation has been considered. 

2 . The electrical forces are repulsive at small separations but become 
attractive at large separations, passing through a zero at some intermediate 
distance, where the energy is a minimum. The energy near contact decreases 
very rapidly with increase in electrolytic concentration even though the 
charge does not change. This suggests that the diminution of the mutual 
energy as electrolyte is added is chiefly due to the behaviour of the ionic 
atmospheres, the effect of the adsorption of ions tending to lower the 
charge being less important. 

3 . There are two distinct terms in the energy function. The first represents 
the repulsion that one particle experiences when it enters the field of a second 
particle, and is the more important term at small separation. The seoond 
term represents the attraction that is exerted upon the ionic atmospheres 

* A number of papers dealing with the first three terms and also giving further 
applications will appear shortly, in collaboration with Mr G. P. Dube. 
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when overlapping occurs and is the dominating contribution at large 
distances. 

4. The van der Waals attractive energy for a particular oase is computed. 
The resultant total energy function exhibits a maximum at a little distance 
out from contact. The value of the energy at this maximum is the controlling 
factor in coagulation, its value diminishing with electrolyte concentration* 

5. The theory suggests an explanation for the fact that with electrolytes 
which coagulate at low concentrations the critical potential is much lower 
than with electrolytes which precipitate at large concentrations. 

6. The Schultz-Hardy rule is discussed. It is shown that the use of the 
approximate Debye-Htickel equation cannot explain this rule for the ions 
of higher valency and it is neoessary to consider the complete equatiorf. 

7. The energy minimum is characteristic of all hydrophobic sols con¬ 
taining spherical particles, and, contrary to current belief, the energy is 
always negative at large distances. Whereas the van der Waals forces cannot 
be of a long-range character, the electrical forces can yield a minimum in the 
energy at a distance of several particle radii and the minimum energy may 
be a small multiple of kT . In general, it is likely that, at least for hydrophobic 
sols, thixotropy and related phenomena are associated with this minimum 
in the electrical energy and not with the van der Waals energy. 

8. The method of calculating the osmotic pressure from the expression 
for the interaction energy is indicated. 
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Problems of stability in hydrophobic colloidal solutions 

II. On the interaction of two colloidal metallic 
particles: mathematical theory 

, By S. Levine 

Cavendish and Colloid Science Laboratories , Cambridge University 
{Communicated by E . K. Rideal, FM.S.—Received 13 June 1938 ) 

1 . Introduction 

In this paper we shall develop the mathematical method for determining 
the energy of interaction of two particles, used in Part I (Levine 1939, 
referred to as I) to obtain the stability properties of colloidal solutions. 
Since we apply the Debye-Hiieke] theory of electrolytes it is advisable to 
examine the nature of the approximations so introduced. One of the chief 
objections to this theory is the neglect of the fluctuation terms. It has been 
shown by Kirkwood (1934) that the correction to the approximate solution, 
introduced by Gronwall, La Mer and Sandved (1928) when they solved the 
original equation, is of the same order of magnitude as the neglected 
fluctuation terms. Thus the work of the latter becomes questionable, par¬ 
ticularly for unsymmetrical electrolytes. 

Now we have shown in I that such an important property of colloidal 
solutions as the Schultz-Hardy rule cannot be explained by means of 
the approximate Debye-Hiickel equation. Further, the ordinary £ potential 
of colloidal particles is so high that only for the 1-1 type of electrolyte may 
we assume that the approximate solution can be used with any degree of 
accuracy. (Of course, at precipitation conditions the £ potential may be 
sufficiently lowered so as to require only a small correction.) If we treat 
the particles as equivalent to the ions then we shall have an electrolyte of 
a very unsymmetrical character and the fluctuation terms will be important. 
Henoe a straightforward application of the complete Debye-Hiickel eq uation 
should not be made although this has been done for colloidal electrolytes. 

However, provided we consider the colloidal particles as forming external 
fields acting on their ionic atmospheres then the fluctuation terms will be 
smaller than for proper electrolytes. This is true because of the large size 
and charge of colloidal particles compared with ionic dimensions and ionic 
charge respectively. Indeed, the larger the size and charge of the particles, 
the smaller the fluctuation terms. This property holds only for the average 

[ 166 ] 
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potential around the particles. Thus, when calculating this potential we 
are more justified in using the original Debye-Huckel equation for colloidal 
particles than for electrolytic solutions. This will remain true when electro¬ 
lytes of the unsymmetrical type are present in the sol. It turns out that 
when dealing with stability properties of sols we need only the free energy 
associated with this average potential around the particles. 

The success of the method developed here also depends on the relatively 
small concentration of particles in a sol. We may consider each particle with 
its ionic atmosphere as an electrically neutral and easily polarizable system. 
The interaction of two such systems will be of a somewhat short-range 
character (except for very dilute electrolytic concentrations). As a result, 
we may use the method of imperfect gases in treating the particles, con¬ 
sidering binary encounters only. 

We proceed to calculate the free energy of interaction of two particles. 
All undefined symbols will have the same meaning as in I. In the appendix 
a detailed investigation into the exact interpretation of the energy evaluated 
here is given. From this we deduce the results discussed above concerning 
the applicability of the Debye-Huckel theory to colloidal solutions. 

2. General expression for energy 

Let be the average potential and p the corresponding charge density 
at any point in the electrolytic solution in the vicinity of one or more of the 
particles. Then we are interested in determining the free energy associated 
with the charge on the particles and the exoess charge p in their ionic 
atmospheres. This is given by 

r rp Np fQ* 

Fn p =\ dv\ Q)dQ t (1) 

where is the potential of the pth particle and V is the volume of the 
electrolytic solution excluding the particles. The derivation of (1) from 
statistical mechanics is given in the appendix. In the first integral the 
volume of the solution may be taken as infinite, since both \Jr and p fall 
off to zero very rapidly as the distance from the particles is increased. The 
summation in the second term is over all the particles N p in number. 
Both ijr and p are functions of the positions of the particles which are assumed 
to be fixed when evaluating (1). Using Poisson’s equation and the approxi¬ 
mate Debye-Huckel equation 


(2) 
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rp DtA /V T) K t 

so that jfidp = -~-J o W = ( 3 ) 

Dk 2 C N P /*«• 

and (1) becomes F N -—~l ^dv+j? VAQ)dQ. ( 4 ) 

p on Jy n=\Jts p 

The first term on the right of ( 4 ) is equal to the familiar expression | J pijrdv, 
and ( 4 ) may also be written as 

^ = SJ F |grad ^ |Idv - (4i) 

However, it is much simpler to calculate ( 4 ). 

In deriving ( 4 ) the assumption has been made that k does not vary during 
the charging of the particles and the ionic atmospheres. This is not strictly 
true and a discussion of this point is given in the appendix. As a result of 
this assumption it is noticed that the energy of charging the ionic atmo¬ 
sphere is actually the internal energy.f We shall find below that the same is 
true of the energy associated with the particles themselves. However, if 
the complete Debye-Hlickal equation were used this identity would no 
longer exist even with k constant. 


3. Single pahticle 

For a single particle the potential is xjr 0 = Ae“* r /r, A « Q 0 e r /D( 1 -hr), as 
introduced in I. Then the first term on the right of ( 4 ) becomes ( N p = 1) 



2 Ja 


e~ 2KT dr = 


Ql r 

4 cDa (1 +r) a ‘ 


( 5 ) 


We have introduced polar co-ordinates r, 0 , <j) with the centre of the particle 
as origin so that dv = r 2 bind d 6 d(f> dr. Integration with respect to 6 and <j> 
yields 47r. Substituting for 

(r - a) = W 0 (Q 0 ) = Q 0 /Da(l + r), 
the second term in ( 4 ) becomes 


J o °V 0 «?)dQ 


WOo) 

2 


Ql 

21 )a( 1 +r)' 


( 6 ) 


This is the ordinary formula for the energy of a metal surface when the 
potential is proportional to the charge. This will no longer be true when 


t This does not necessarily violate the Gibbs-Helmholtz equation, since the varia¬ 
tion of D with T has been neglected in the internal energy. Cf. Bjerrum, Z. Phya. 
Chem. 119 , 146 {1936). 
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the original Debye-Hiickel equation is used. Adding ( 5 ) and (6) the free 
energy associated with a single particle is given by 

v Qt /i T 1 f 7 ) 

1 2 Da(l +r)| 2(1 +-r)/ ‘ 1 ’ 

Alternatively, if we apply ( 4 i) then 



which is readily verified. 


4. General solution for two particles 


The problem is to solve the equation (2) for the electric potential i/r in 
the electrolytic solution surrounding the two particles 0 1 and 0 2 , shown in 
fig. 1 in I. In polar co-ordinates r v 0 V fa with as origin, equation ( 2 ) 
reads (see Levine 1934; Scatchard and Kirkwood 1932) 


d*jr 2 d_ 

3rf + r 1 dr 1 + r\ sin 0 X 



( 8 ) 


remembering that \jr is independent of fa, the azimuthal angle about the 
line OjOjj, so that d 2 \J/ j?j(f>\ = 0. Separation of variables yields 


^ = ii n (r 1 )P„(cos^ 1 ), (9) 

where P„(cos is the ordinary Legendre polynomial of integral order n 
and E n (rj) satisfies the equation 




If we substitute R n = * U n and write y — iKr v this becomes 


dm, 

dy a 


! y dy \ y* / n 


( 10 ) 


(ii) 


whioh is the ordinary Bessel equation of order n + J, so that R n has the two 
independent solutions r^J^iicr^ and rl l /_< n+ |)(tArj). Since R n must tend 
to zero as r x becomes infinite, the appropriate linear combination of these 
two solutions is 


Rn( r i) = i^I 1 ( i(n+ ‘ ) >L(n+i)(»^i) - *'~ (n+w •W^ift/sin (n + *) n 


= r l i K n +i( Kr i) 



n 


e~* r i S 

«—o 


(n + a) i 

«!(«—«)! (2*^)*’ 


( 12 ) 
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R n +i( <r i) being the modified Bessel function of the second kind. A solution 
of ( 2 ) is therefore 

fx (r lf d x ) = i B n P n {cos e x ) K n+i ( Kri )r? = S Xn( r n e x ), say. (13) 

Jl*»l 

By symmetry, an equally good solution is 

^n( r 2 ’^a) = S B n P n (ooB6 t )K n+i (Kr a )r^ = £ X„(r 8 ,0 a ). (14) 

n-0 n—1 

The general solution is given by the sum of (13) and (14) 

^ ^l) + fix (r», 0 2 ). (15) 

The problem reduces to finding the coefficients B n subject to the con¬ 
ditions 

ijr = ^(Qo) = constant at r x - a and r 2 * a, (16) 


-5T> -< l7 > 

The second condition is simply Gauss’ theorem ( 6 ) in I. It is convenient 
to throw it into a more suitable form so as to be applicable to (16). By means 
of the relation cos 6 % = ( R 2 + r\ — r\)j2Rr % we may express ft n (r 2 ,0 2 ) in terms 
of r x and r a , writing it as ^f £ (r x , r 2 ). Noting that 

GM .(Si) + (Si) (*>) 


\ /r,-« 


M+a*-ie*)/a^ I ' 


and transforming to r a by the relation 

(cos^),^ = (R 2 + a i -rl)/2Pa 
so that sin 6 1 d 6 1 = r 2 dr 2 /i?a, 

we have that the first equation of (17) is replaced by 


2 Qo 

Zta* 


+ (iZ + a)^fi(a, i? + a) + (i?-a)^(a,.R-a)J. ( 18 ) 
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Here the second term in the integrand of the second integral on the right- 
hand side has been integrated by parts. 

In general, if the potential over the surfaoe of the partiole is not oonstant 
then the energy of charging the particle is 


f 

Js Jo 


W(<r(S))da, 


where cr(S) is the surface density of charge at any point S on the particle 
and dS is an element of area on the surface. For a metallic particle 
W(cr(S)) = W(Q) is constant and (19) reduces to the ordinary formula 
f 0i 

'FlQjdQ. When the approximate equation (2) is used, !P((2) is a linear 
Jo 

function of Q and (19) becomes the usual result Q 0 W 0 (Q 0 )j2 corresponding 
to (6). 

However, since it will be neoessary to consider successive approximations 
to the true potential, W(cr(8)) will not be constant over the surface of the 
particle and some method of approximating to (19) is necessary. If (2) is 
used, then 

<2o) 

and ^(o-('S')) = Qh(S) = o-(S)h(8)lg(S), say, (21) 

i.e. at any point 8 on the particle, 1 / / ((r(6')) is proportional to cr(S) and hence 
may be written as l P{a(8)) = <T(S)W(<r 0 (S))lcr 0 (S). Substitution of this 
form into (19) gives the ordinary result 

f dS p V(<r(8)) da = f dS pcr(5) da- - * f <r 0 (S) W(<r 0 (8)) dS. 

Js Jo Js 0\>(") Jo Js 

This derivation depends on the linearity of the potential with respect to Q 
and also on the assumption that k is constant. 

To be exact one should use (20) and (22) to find the energy of charging 
the particles. However, this is somewhat arbitrary because we do not use 
the correct expression for the potential, which is given by the infinite series 
(15). A simpler alternative is to write (22) as 


W m jv 0 (S)dS = lQ 0 W m = W 0 V(Qo), 


applying the mean value theorem, W m = W(<r(8 m )) being the value of IP 
at some point 8 m on the particle and *P(Q 0 ) being the average value of the 
potential over the surfaoe of the particle. As we include an increasing number 
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of terms from (15) in the potential ¥ m and ¥ approach the true value of the 
(constant) potential of the particle. Also for large R, ¥ m = ¥ very nearly. 
Using (23) in (4), the free energy for the two particles becomes (N p — 2) 

F, = -~jrdv+Q 0 ¥(Q 0 ), (24) 

with ¥ = {ft(r lt 0j) + f n (r a> 0^)) r ^ sin 0 X dd x 

pn 1 pR+a 

= ^i(a,d 1 )sin(9 1 d^ 1 + Jfu{a,r t )r t dr t . (25) 

In the second integral we have transformed from d x to r v 


5. First approximation 

Putting B n = 0, n > 1, the first approximation to (15) is 

( P~*r t p~ Kr i\ 

— + — ) + 

+ ( 2 «) 

where, for the sake of brevity, we have put A, = ^j(n/2K) B 0 . Applying 
(18) gives 


A x 


Qo? T 




e T (r cosh r — sinh r) e~ 


D(l + r)(l-^) l-8 x * V1 (1 +t) 5r 

Substituting (20) into (25), the average potential of each particle is 

By symmetry 
where 


= i, = e'sinh T-~. 

ST 


Da( 1+r) l-S 1 °1-^ 

j^r*dv = 2A?(a; 1 + aIi), 

„ f e -' rtr i +r « ) . 

«n = 

Jr r x r t 


To evaluate a' n , we introduce polar co-ordinates r v 0„ <f> v so that 

dv = rf sin dd x d<p x dr x 
and writing H{r v 6 X ) — e~ 2 * r i sin 0 V 


(27) 

(28) 
(29) 



172 


S. Levine 


we have that 

«u - WM)} 

r foo fir fli+a f 00 H 6 x *1 

= 2 tt drj H(r 1< d 1 )d0 1 — dr A H(r 1 ,0 1 )dO 1 

L Ja JO Jn-a JO J 

OlT 

= ^ e -*r(l_ M (30) 

where coe 8 X = (/? a -h rf — a 2 )/2jir 1 

e - 2 r( 8 -l) 

and //j = ——— {(2#r - 1) sinh 2r + 2 t cosh 2r} 

-»j ^{EiClrV-X) - Ei(2r TTl)}, 

poo g —ay 

Ei(au) = —— dy . 

Ju 2/ 

The first integral on the right of (30) is taken over all space surrounding O x * 
We must subtract from this the integral taken inside the particle 0 2 , which 
is given by the second term in (30). 

To compute <x xl , we transform to elliptic co-ordinates 


t + r x -r z , 

£ = V' *-Y’ *" 

»3 R 2 

Then dv=~(P- V *)dtdr,d<t>, r 1 + Ti = R£, - T «»-*•). 

If we introduce the notation 



J{H& V )} » 2nd r $r**dg P % y)d V 

LJ <2a-f-tf)/i2 J-1 



fV2a+R){R f$~2ain “| 

J1 J J 

(31) 

then 

a u ” ^0} “ “ e “ 2T /^a» 

(32) 

with 

K*-2) f sT 

Pt m „ {l + r(«-2)} ——. 



The limits of integration in (31) are obtained in the following manner. 
The surfaces of the two particles are given by 


V 


(>-! = <*), V (»* = »). 
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Integration over all space yields the limits 

/»« /»+i 

J>J> 

It is necessary to subtract from this the integrals taken inside the spheres 
r x ~ a and r 2 * a; the first of these is 


/: 


(2 a+R)in /*2 a}R-t 

dd 


and the second 




r2alR-Z 

J-, *> 

dd l dy. 

JZ-2a/I£ 


Using these results, we derive (31). Combining (29), (30) and (31) we find 
that 


27T 

( a u + a u) = ~ e "~ ir (l +<^3)> = /*x- 


(33) 


Substitution of (28) and (33) into (24) yields the first approximation to F 2 , 
namely, 

Ql 


f: 


_fi+£s_ T ~1 /o a\ 

2(1 + t)( 1 -^)*J- W 


2 ~ Da(l + 

On subtracting 2 F x , where F 1 is given in (4), we obtain 
F' t -2F l = 


Ql 


Da(l + r)(l 


{ r (« s + 24 l -«f)) 

-^r i+ 2 "2(i+T) ) (35,) 




DJt( 1 + r) 2 (1 - *,) \ ■ 1 2( 1 + rj (1 - 8 X ) ft + S t )j' 


(8 3 + 28 1 -Sj) \ 


(36 ii) 


since, according to (27) and (28), ^ + <^ 2 = e -T( * _2, /(l +r)s. For «>1, 

e -»T(*-l) 

/t 2 5=e _T< * _2) and /i x '== —-—(l-re 2T ), so that and fi 2 $>6 v Hence the 

second term in the brackets on the right-hand side of (36 ii) becomes 


r a(l+r) st kR , 
iPi-bxrx H —s - -—> 1 . 


(36) 


2(l+T) r8 e- f t*"» ' 2 2 

It is also of interest to consider the limiting case when r -> 0. We find that 

8 t -+ t~, fi x -* r|e -2r *- j 1°J~"j ) and 

Ql\ 


F's-iF^ 


_ t _Q&Z L 

Da(l+r) ’ Do8(\+t)‘ 


(37 i) 


to that 
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When 8 = 2 (particles touching) and r-> oo we find that 

. 1 . 1 1 . 1 
d ^Tr’ 8 a -+-, and to-*--. 

The asymptotic form for fi x follows on using the formula 


Ei(au)~- 


\ au ) 


for large u. Thus when s — 2 and r^oo, 

F ^i x ^ Wa — . 

All three results, (36), (37 i) and (37 ii), have been quoted in I. 


6. Second approximation 

A second approximation is obtained by taking the first two terms in the 
series (15), namely 

*• - + ^)] + ^( i+a ‘ cm< '*( i+ ^,))] 

= Xi(ri) + Xi( r i) + Xt( r v °i) + X»( r i> °i) = Vi (»i, Ox) + iAn( r i> ®«), (38) 

where we have replaced aJ(7t/2k)B 0 by A 2 and ^( 7 t/2k)B 1 by A 2 A V The 
condition that the potential should have the same value at the two points 
r x = a, 6 X = 0, n (or r 2 = a, 0 2 = 0, n) leads to the relation 

$1 ( a * 0) + ftn(B fi) ** (®» ft) + + 0), 


from which we derive 


where 


g-r(a-l) T 2 (y^ -f r 2 ) 

2(1 + r).’ 


9 a 
* + g r i + V 


n t(«-1 ) r(« +1)’ r * r 2 i 


r 2 («-1) 2 r 2 («+l) 2 ' 


The boundary condition (18) yields 


A Qo® T \ 4 . s' - * ii ■ A i( 1+flT M 

A * D(1+t) (1 -«?i) l-<Si’ 8T ]• 


The average value of the potential over the particle is 

m Qq(1 + <%) _ xu k* k /i . ^1 

* Zto(l + T)(l-i;) “ " 2 -®*( 1 + 


(!+«■)' 
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substituting (38) into (25). Again we evaluate 

S dv rn 2Al{a' n + a“ n + 2A 1 (a[ ji + a'( s ) + Af(a^ + a^)}, 
r / l \ 

“ U ”J r“T c “"r 


where 




cos 9 , 


a i 2 — I ‘ 

JF **1 

c I ] \2 

“» = J r -fr o “‘ 0 >( 1+ ^.) *■ 

ajg = f -' cos#,costf,(l + — -)(l -f-i \dv. 

J v r irz 2 \ ktJ\ ktJ 


Introducing polar 00-ordinates, we evaluate 


(42) 


*is = 


(43) 


where 


and 


where 

*e 


G(r v Oi) = e -2/cr i^I cos sin 

*>2r P ^—2^ 

<$4 - 2 ? 2 T a[“a "{“ 2tc08h2t + (1 + 2rs )sinh2r) 

- r 2 ( 1 + s 2 ) {Ei(2r «"=T) - £i(2r J+T)}j, 

a 22 = Wri. 0 X )} = *«, (44) 

H (fj, ^i) = e _2Kr i/1 + — j cos 2 0 t sin d v 


1 (* + ;) + Sr { * 2 ~ 1 y {1 “ T * (a * ■ 1 »( Ei{2rs -V- Ei ^ r *+*)} 



(s-I) 8 -32fl*n 
2 s*r(«+ 1) JJ 
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To compute a" n and elliptic co-ordinates are introduced. Then, noting 
that cos B x = (1 + + y) and cos 0 a = (1 - £y)/(£ - y), integration leads to 


<*!» = Jm,v)} = 


(46) 




R<{i+yW 


with 

and 


2er 


~ “3 [(l+«r) + e ar {5 2 r 8 -(l + «r)(l-2r + 2r 2 )}], 

= J{L(£,y)} = ~e~*8 7 . 


(46) 




1 + 


•<m-y)V 


where <t 7 = er**+tf (l +|+^i) { 


r + 2 e ST (3r — 2 — 2 t®) 


• + 


)• 


Substituting (43), (44), (45) and (46) into (42) and then (41) and the re¬ 
sulting form for (42) into (24), we find as a second approximation to the 
energy 


Ql 

ri+A' r 1 

ll+S a + 2A 1 (<* 4 + S t )+A}(£„ +S 7 )\1 

Da{ 1 + t) 

2(1 +r) 1 

t (l-^) 2 IJ 


so that the energy of interaction is 

Ql 


n" on _ 

*t~ “1 — J[)a(i + r)(l —5j) 




<J 8 + 2«y; - rfi* + 2A 1 (<S< + 6 t ) + Af(tf, + S 7 ) 


)]■ 


(47) 


substituting (7) for F v 

When T-y 0 and s is sufficiently small so that «r<^ 1 then 


V 

and 

FI — 2F 1 = 


(« 2 — l){f+ 2s/(s 2 — 1)*}’ 63 * 2 [ l a(a t — 1) (1 + 2«/(« 2 — 1)*}] 

_ [ 1 ~ a (* 2 - 1 ) {1 + 2 «/(«* -1 ) 2 }J ‘ 


OT Ql <r T( *~ i: 

Da(l+r) Da(l+T) s 


(48 i) 


All the other terms in (47) are negligible compared with 8 a . When a ■» 2 
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and r > 1, then A, — 
(37 ii), shows that 


and a calculation, similar to that adopted to obtain 


FI 




Qa_J_ 

Da 54t’ 


(48 ii) 


a negative quantity. On the other hand, according to (48 ii), when s = 2 

Q-i 23 

and r = 0, then F" z — 2F 1 = jf - ~~, which is positive. Again all these results 

U(X Oa 

are quoted in I. 


Appendix 


To obtain an expression for the mutual electrical energy of the colloidal 
particles we must begin by considering the total electrostatic energy of the 
ions and particles. Let the sol contain N t ions of the ith kind, of charge 

e i = z i€, the total number of ions being N = £ Let r fw) r M< and r {j be 

i~-l 

the distances between two particles /i and v, between a particle ji and 
an ion i y and between two ions i and j respectively. Then the electrostatic 
interaction energy of the ions and particles is of the form 


W 


Ql N -> 


Q n N N ” 

V V* 


N 


7 >° S ?(V)+H°S te ( h(r /d )+ s 


m 


For insulating particles g(r^ « 1/r^ and A(r^) = \jr fd . For metallic par¬ 
ticles there will be a distortion of the spherical charge distribution on the 
surface of the particles when two particles approach one another. We have 
neglected triple and higher encounters of the particles (in the case of metallic 
particles) and also any polarization effect on the particles produced by 
fluctuations of their ionic atmospheres.| For fixed positions of the particles 
the free energy F e reads 


er F<!kT 


= j...je- w ' kT dv 1 ...dv s , 


(50) 


where dv t is a volume element for ion t. 

The value of F e is obtained by the usual method of charging the particles 
and ions 

F t = s Video (51) 

/«—i J o <-iJo 

t In particular, we neglect the polarizing effect of each individual ion on the 
neighbouring particle, equivalent to the formation of the usual electrical image. 
This has been considered for a piano surface by Wagner and Onsager and Samaras, 
Chem . Phya . 2, 528 ( 1935 b for example. 


Vol. CLXX, A. 


12 
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where and ^ are the average potentials of the particles fi and ion % 
respectively, due to all the other particles and ions. Here 3^ and ^r i will 
both be functions of the positions of the particles. For the time being we 
are only interested in that part of F e which depends on these positions and 
hence may subtract any contribution independent of them. Now there 
will be an excess of ions whose total charge is equal in magnitude and 
opposite in sign to that on the particles. These ions will tend to cluster about 
the particles. At large distances from the particles where 

is independent of the particles’ positions. Instead of F t we shall consider 
F N « F p + F if where F p is the energy of charging the particles and is given 
by the first term on the right in (51) and 

j^-s rta-ft)** (« 2 ) 

i~l Jo 

We now consider the particles as forming an external field and examine the 
statistical distribution of ions about them. Then the charge density of ions 
of the i kind in an element of volume dV will be 

p { dV * e^W>/*2’ dV t (53) 

where u\ is the potential of the average force acting on ion i , and 
and N { at large distances from the particles. We may now replace the 
summation in (52) by an integration over the volume of,the solution and 
obtain 

*i-S f dvfdp { . (54) 

i-ijr Jo 

At this stage we shall introduce approximations. Now —is the 
change in potential at the centre of ion i when it approaches one or more 
colloidal particles. We replace —by the average potential tp at the 
point occupied by the centre of i due to all the ions and particles (i.e. 
averaging over all positions of the ions, the particles being fixed). This 
approximation is equivalent to the assumption that the statistical charge 
distributions around the (one or more) colloidal particles and ion i are 
additive, in other words that they overlap without mutual interference. 
We may now write (54) as 

F i - f dV ( P lpdp, p m £; Pt - £ Xh e -iw t -u,WT' 

Jr Jo i-i <-1 V 


( 55 ) 
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Putting — and remembering that the function >Jr satisfies 

Poisson’s equation, we obtain the original Debye-Huckel equation 

VV = - -~ n yiN° i e i e~^ kT , (56) 

which is approximated by ( 2 ). In I and II we have dropped the bar from ijr. 
In deriving (56) we have made only two approximations, namely ^ \fr i — 
and e { ^ H — w^. Both of these are equivalent to neglecting certain 
fluctuation terms (4) which will be small provided we are dealing with 
volumes large compared with molecular dimensions. For colloidal particles 
of ordinary size the neglect of these fluctuation terms w'ill very likely 
introduce only a small error. 

There remains to discuss the significance of assuming k constant during 
the charging process. The following simple example is suggested to illustrate 
the legitimacy of doing so. Suppose that we have an electrolyte of the 1-1 
type, with N x positive ions and N 2 negative ions so that Q 0 N p + e — N 2 e « 0 . 
We shall first charge the positive ions completely and the negative ions 
to a fraction A = AyA 7 2 of their full charge. It is now assumed that the 
process involved in the expression ( 1 ) for is that of charging the particles 
and completing the charge of the negative ions. This method of charging 
is quite permissible, of course. In this particular case the equation ( 2 ) 
will be replaced by 

Vy = 7} 2 K 2 i/r, 

where ^ 2 = (A^ + £ 2 AT a )/(iVi + Ay with £ increasing from A to 1 . Now if the 
number of particles in the solution is not too large, then A =1 and hence 
For example, taking N p /V = 10 12 , Q = lOOe and y = 10~ 3 mol./l. 
we find 1 — A~ 10 ~ 4 . For a 1-3 type, say, with y= 10 ~ 5 , l —A^IO™ 2 , 
Thus the error introduced by putting y = 1 is small provided the sol is not 
too concentrated. 

It is well known that the solution of (56) for electrolytic solutions, 
obtained by Gronwall, La Mer and Sandved, does not satisfy certain neces¬ 
sary conditions of self consistency. However, this question deals with the 
calculation of the potentials which does not concern us here. The neglected 
terms in (56) will be small provided none of the ions has a charge com¬ 
parable with Q 0 . Hence, we shall be able to use (56) for all the common 
types of electrolytes. It is important to realize that the Debye-Hiiokel 
equation should be used only for sols provided the particles are treated on 
a different footing from the ions (i.e. treat the sol as a two-phase system). 
Of oourse, the questions of the van der Waals forces between the ions, of 
the correct value for D and of the image forces still remain. 


12-2 
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Adding the expression (55) for F i and the first term in (51) for F p) we 
finally obtain the free energy F Np to be associated with the particles and 
given by equation (1). It is convenient to write F Np in the form 


F Sp = N p F 1 + £ F„+ 2 F w +. 


(57) 


where F x is the self-energy of a given particle, F pl , is that contribution to A, 
which is a function of r only, F pvfi that which depends on r pv , r vp and r pjl 
(referring to the three particles fi, v and p) and so on. If we remove from the 
solution all the particles except fi and v, then F N -+2F x +F fUf . Hence the 
physical interpretation of F pv is that it is the change in free energy, on the 
approach of the two particles ft and v , associated with the charges and the 
ionic atmospheres, all other particles being absent. In other words, 
F ftv ~ F,-2F V the quantity which we have evaluated in this paper. We 
shall also need to consider the contribution to the free energy from the 
van der Waals forces which we may write as 


- Ayi+ 2 v M „+ 2 

Jl<v<p=* 1 


y - V 

r flV r > 


(58) 


corresponding to the form (57). To obtain the thermodynamic properties 
of the colloidal solution it will be necessary to find the free energy E Np 
for all positions of the particles (writing E Np = F s + V Np ). For most sols 
we need include only the first two terms in (57) and (58), neglecting ternary 
and higher encounters of the particles. Then E Sp is given by 


er E Np {kT 


■J4 


e~<*V + v Njt kT dv t ... dv N 


p’ 


(59) 


where dv p is a volume element associated with the centre of particle fi 9 
yielding 

E Np = W + F x )-^ATln V--pjje-Kmr- 1 )RHR, (60) 

according to the ordinary method applied to imperfect gases (6), with 
F(R) = F^R) + F^(tf) and R - V 

In order to obtain the osmotic pressure of the sol, it is not sufficient to 
consider E N alone. Before the addition of the colloidal particles we have 
an eleotrolytic solution containing N\ ions of type t, t = I, On intro¬ 
ducing the colloidal particles we also need to add ions with a total charge of 
- N p Q 0 to keep the sol electrically neutral. For the sake of simplicity, let us 
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assume that all the added ions are of type 1 so that N p Q 0 = — (N x —JV$) 

Then the free energy associated with the ions in the original solution is 
8 

FI « S A* and the energy F e defined in (51) may be written as 

i— 1 JO 

F e = + ^ + = F» + F Np + F*. (61) 

The osmotic pressure to be associated with the colloidal particles is 

p-~[S Sp + F*). (62) 

The contribution to p from E Np follows at once on differentiating (60) and 
is given by I (21), The form (61) is easily modified if, instead of adding 
ions together with the particles, we remove them from the electrolytic 
solution through adsorption on the particles. 

The above analysis permits us to define exactly the part of the free energy 
that F Np actually represents. One part F p is simply the energy of charging 
the particles. The other part F i is the energy of charging the excess of ions 
in the ionic atmospheres of the particles. The potential acting on these 
ions during this charging process is the additional potential which they 
gain on entering the field of the particles. 

In conclusion the author wishes to acknowledge his indebtedness to the 
American Philosophical Society for a grant during 1936-7, enabling him 
to carry out most of the work in Part II at Princeton University, Princeton, 
New Jersey, U.S.A. Part I was developed at Cambridge University with 
the aid of a Royal Society of Canada Fellowship, held during 1937-8. 
Grateful thanks are due to Professors H. Eyring and H. Mueller, to various 
members in the Department of Colloid Science at Cambridge, and in 
particular to Professors E. K. Rideal and R. H. Fowler for their valuable 
advice and assistance. 


Summary 

The mathematical method of deriving the mutual energy of two colloidal 
metallic particles is developed. Only first and second approximations 
are obtained. In the appendix a statistical analysis of the free energy 
evaluated here is given. It is seen that the Debye-Hiickel theory of electro¬ 
lytes can be applied more satisfactorily to colloidal solutions than to ordinary 
electrolytic solutions. This is true even if the electrolyte present in the sol 
is of an unsymmetrical type. 
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Melting as a disorder phenomenon 

By F. C. Frank 

Max Planck Institut , Berlin-Dahlem 
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The essential nature of the usual theory of melting-points is indicated by 
fig. 1. It is supposed that a property X (degree of order, density, heat content, 
etc.) of either phase is a continuous function of temperature, but that at a 
particular temperature, where the two phases have equal thermodynamic 
potential <j> « u -f-pv — Ts, the stability changes over, this being the melting- 
point. This theory gives no explanation of the fact that the continuation of 
the crystal curve beyond the melting-point has never been realized, i.e. that 
whereas supercooling of a liquid occurs, superheating of a crystal is unknown. 
This theory, which seemed natural when a liquid was regarded as a dense 
gas and a crystal as a perfect space lattice, is now by no means so obvious, 
since our knowledge has increased in recent years (Mie 1903). We know on 
the one hand from X-ray diffraction experiments that a liquid has a fairly 
high degree of order, only with a limited range of coherence; and on the 
other from these, from dielectric experiments and observations on diffusion, 
electrical conduction and specific heat, that a fairly large degree of disorder 
may exist in a crystal. There are already many experimental observations in 
the literature indicative of “premelting”, that is a fairly rapidly increasing 
change in the state of the crystal in the neighbourhood of the melting-point 
(Baker and Smyth 1938; Bidwell 1924; Hachkowsky and Strelkov 1937; 
Muller 1937,1938; Roberts 1924; Ubbelohde 1938; White and Morgan 1937). 
Since Lindemann’s theory, and before, it has been supposed that at the 
melting-point the crystal shakes itself to pieces, or the molecules aoquire 
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enough energy and free volume to slip past one another (Boltzmann 1896; 
Hirschfelder, Stevenson and Eyring 1937; Lindemann 1910). This idea 
finds no expression in fig. 1. Above all we have in the above theory so far only 
a partial theory of melting in that it accounts for a melting-point provided 
two distinct phases exist, but it gives no theoretical explanation of the 
existence of two phases rather than a continuous 
transition from the one to the other. A complete 
theoretical discussion of melting-points therefore 
requires further consideration going beyond the 
usual thermodynamic argument. 

Peierls (1934) has shown that the break-up of a 
space-lattice with increase of temperature must be 
accompanied by discontinuity in certain properties 
of the system, essentially because there is a significant 
and abrupt difference between an infinite and a finite 
range of coherence. Frank (1938) has applied a 
related argument to obtain the same result in connexion with the simpler 
transition between liquid-crystal (having no space-lattice) and the liquid 
state. Such arguments do not exclude the possibility that melting proceeds 
by a so-called Curie point or A-point, without discontinuity in the heat 
content, but in its first differential (transformation of second order, Ehren- 
fest 1933). We must now explain why there is a latent heat of fusion. We do 
not accept Bernal’s theory (1937) of a discontinuous jump over geometrically 
unrealizable configurations, because it is demonstrated with a model in¬ 
volving an invariable distance between nearest neighbours. The relaxation 
of this condition corresponding to the 8 % expansion of a crystal between 
absolute zero and the melting-point weakens to invalidity Bernal's admit¬ 
tedly inconclusive demonstration. 

A survey of all types of the “melting” of a space-lattice structure shows 
that this proceeds in general by a A-point for superlattices (e.g. for the alter¬ 
nation of atoms in an alloy as considered by Bragg and Williams (1934), or 
the restrictions on molecular orientation which above a certain temperature 
give place to “free rotation” of molecules in the crystal) provided a constant 
ground structure is maintained during the transition, but with an energy 
jump when the ground structure itself melts. The principal difference 
between these two types of lattice which melt so differently is that in the 
former the break-up of order proceeds with only one “co-operative effect”, 
in Fowler’s sense (1935), whereas in the latter more than one act together. In 
the alloy transitions we have only all-or-nothing misplacements of atoms to 
consider. The smaller continuously variable thermal displacements are ruled 
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by the ground structure and not appreciably influenced by the transition. 
We now apply the method of Bragg and Williams ( 1934 ) to the consideration 
of melting. This, though developed by them only for the case of the super¬ 
lattice alloys, is essentially a method of treating thermodynamic equilibria 
in systems for which the heat of reaction is strongly dependent on the extent 
of reaction; these are what Fowler calls “co-operative systems”. Firstly, 
Bragg and Williams define a continuous measure of order, Z, suitable for 
their case under consideration (essentially by counting the number of atoms 
in orderly sites) and what may be called a “heat of reaction ”, K, which is the 
increase of potential energy caused by removing an atom from an orderly 
site to a disorderly one. (Z has been written in place of 8 to avoid confusion 
with entropy.) They consider how V depends on the degree of order already 
present. This gives us F(Z), which in their simple case can be fairly repre¬ 
sented as a straight line through the origin and independent of temperature. 
Then they consider how the equilibrium value of Z would depend on V if 
that could be independently adjusted. Z(V) is a curve also passing through 
the origin and rising asymptotically to the value 1 . It is of course highly 
dependent on temperature, T , and in simple cases Z is just a function 
of Vj T. The possible states of equilibrium at a given temperature are 
represented by points of intersection of Z(V) and K(Z). The equilibrium is a 
stable one (for minor disturbances) when 



The contrary case represents an unstable equilibrium. It is shown by Bragg 
and Williams that in the cases they consider two different results may arise, 
depending on rather minor differences in the following conditions: 

(а) There is never more than one intersection representing stable equili¬ 
brium. Z suddenly starts to rise from zero to finite values at a temperature T c . 

( б ) There are two states of stable equilibrium (for minor disturbance) 
between two temperatures T r and T 7 '. The lower is Z = 0 , the other has finite 
values of Z. 

In applying the Bragg and Williams theory to melting we must first have a 
definition of order, which automatically implies a model, though the 
special assumptions of the model are actually of less importance than the 
fundamental one that a continuous measure of order is a possibility. We shall 
naturally be guided by the results of modern experimental and theoretical 
research, especially by Wagner, Schottky and others, who have shown that, 
apart from the thermal vibrations, the first small deviations from the perfect 
crystalline lattice, as temperature rises, are the appearance of unoccupied 
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lattice spaces and of a not necessarily equal number of molecules (ions) at 
abnormal positions in the lattice. We may count with the latter the rotation 
of molecules (or ionic groups) in the crystal. We propose order Z = njN, the 
number of molecules in orderly positions divided by the total number of 
lattice points in the occupied space. Hereby molecules are considered to be 
orderly when their deviation from true lattice points is approximately (say 
within 1/10 of the lattice constant) the same as that of some of their neigh¬ 
bours, which again fulfil the same condition. The orderly molecules together 
form a skeleton crystal, which is filled in with “disorderly” molecules and 
with “holesThis definition of Z corresponds closely to that of Bragg and 
W illiams, and the Z(V) curves should be essentially the same as in their case. 
The V(Z) curves should also be similar, i.e. approximately linear, so long as 
the lattice remains a rigid one—i .e. for high degree of order (not for all degrees 
of order as in the superlattice cases considered by Bragg and Williams). 
This linearity follows from the fact that the number of orderly neighbours a 
molecule finds on being brought to an orderly position is on the average 
proportional to Z. However, with small Z the skeleton crystal becomes very 
weak and distorted; it is clear that this distortion will increase the energy of 
the crystal producing an additional reduction of V over and above the linear 
reduction of the Bragg and Williams case. Thus (a) gives place to ( 6 ) in fig. 2 . 
This curvature is of great importance, for it accounts for 
the outstanding characteristic of ordinary melting, that it 
is always a transition of first order, having latent heat and 
relatively very little “premelting”. We consider that 
such a curvature could also be accounted for independently 
of the special model of disorder in a crystal used above, as 
a general result of several co-operative effects, in Fowler's 
sense, working together. In the case of this special model 
the co-operative effects are (a) primary disorder, closely 
parallel to the Bragg-Williams disorder in an alloy, and ( 6 ) the subsequent 
weakening and distortion of the thinly occupied skeleton crystal when the 
primary disorder is high. 

The effect of this curvature on the Bragg-Williams diagrams is that triple 
intersections of the Z( V) and F(Z) curves, such as are represented in fig. 
5 (c) of Bragg and Williams ( 1934 ) occur in every case, leading to Z(T) 
diagrams of the type of fig. 5 (d) (in which two thermodynamically deter¬ 
mined states exist over a certain range of temperature) but in more exagger¬ 
ated form, so that the upper intersection corresponds to a fairly high degree 
of order over its whole range of existence. 

Though each of the two intersections satisfying condition (I) above 
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represents stable equilibrium for minor disturbances of Z only one of them can 
be an absolutely stable equilibrium, except at a single temperature. It may 
easily be shown that such a temperature, in which two phases with different 
values of Z can exist in equilibrium with one another, must lie between the 
two critical temperatures T c and T' c . We shall call this temperature T m , for it 
is the melting-point. To illustrate the argument contours of constant thermo¬ 
dynamic potential <j> have been added schematically as thin lines to the Z-T 
diagram. These are precise with regard to the general course of <j>(T) and the 
positions of minima and maxima of (j>(Z) with which we are mainly concerned. 
The two possible types of intersection of Z( V) and V(Z) correspond respect¬ 
ively to minima and maxima of <j> for a given temperature:* a minimum 
corresponds to a thermodynamically determined state, one that is in 
equilibrium against small disturbances. Where there are more than one 
minimum, the stable state is represented by the absolute minimum, and two 
states are in equilibrium with one another at that temperature at which two 
minima are equal. In our case that is the melting-point, for it is the tempera¬ 
ture at which a state with finite crystalline order is in equilibrium with a 
state of no crystalline order, i.e. the liquid. At T c a maximum and minimum 



* Evidently a law of the form 

fW(%) T = (V,< r) -V r{t) ) T , ( 2 ) 

must connect the Bragg-Williams diagrams with <j>. Assuming this holds with f(Z) 
const, (which can be true only for one particular definition of Z), T m is that tempera¬ 
ture at which the two loops 0 E 1 and E x E t enclosed between the Z(V) and V(Z) 
curves have equal area (cf. Nix and Shockley 1938). We have made use of ( 2 ) in 
constructing the $ contours in fig. 3. 
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of 0 join together forming a horizontal inflexion at x which must lie higher 
than the minimum corresponding to the liquid, since that is the only 
minimum of 0 at this temperature, Similarly at T' c a maximum and minimum 
of 0 unite at y and the minimum corresponding to the crystal must lie lower. 
It follows that the temperature at which the minima for orystal and 
liquid are equal, must lie between T c and T' c . 

We can also understand why in our case of very strong co-operation, T m 
lies much closer to T r than to T' c . It can be seen from the figure that this is the 
case whenever there is a much larger difference in mean entropy between the 
crystal and the “transition state” xy than between the latter and the 
liquid. (Entropy = -d^jdT, p being constant.) This means most of the 
heat of fusion is absorbed in going from the crystalline to the “transition 
state” rather than from the latter to the liquid. In either form this is an 
expression of the strongly co-operative nature of the crystalline structural 
principle (existence of multiple conditioning chains—cf. Peierls 1934 and 
Frank 1938 ) which does not begin strongly to restrict the motion of a mole¬ 
cule until the order is fairly high. The actual value of T' e is determined by the 
linear term in the expansion of V(Z), i.e. the initial slope a in fig. 2 . It is 
absolute zero if this is zero, but this case can probably be excluded. 

The phenomena of supercooling and nucleus formation can also be use¬ 
fully discussed from the point of view of this theory. The liquid is unstable as 
soon as it is cooled below T mi and the crystal is unstable as soon as it is heated 
above it, but transition commences only when a fluctuation brings some 
portion of the system beyond the critical temperatures T c and T' 0 or the 
critical line xy> which corresponds to that intersection of Z(V ) and V(Z) 
which represents an unstable equilibrium. Thus we see why it is sometimes 
necessary to supercool a liquid considerably in order to produce crystalliza¬ 
tion nuclei. On the other hand the nearness of T c to T m gives us a reason why 
superheating of the solid cannot be achieved, in addition to that usually 
given, that surface and edges have, in effect, a lower melting-point than the 
solid itself' and readily produce a nucleus of liquid for the commencement of 
melting. 

A deduction from this theory is that a liquid cannot be supercooled as 
such to an unlimited extent. At T' 0 it must crystallize unless it has already 
become a glass, which is a thermodynamically undetermined state, one 
which does not continue to maintain its inner equilibrium. K, Wirtz sur¬ 
mises indeed that T' c may be more directly connected with glass formation, 
crystallization in a viscous liquid commencing at this temperature at an 
extremely large number of points out of phase with one another, 

Frenkel ( 1937 ), and Simon ( 1937 ), have discussed the possibility of 
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continuity of state, on the p-T diagram, between crystal and liquid. In the 
first instance, in any ordinary case, change of pressure will shift T Ci T m and 
T c in the same direction, but it is difficult positively to exclude the possibility 
that extreme conditions of positive or (less easily imagined) negative pres¬ 
sure should so modify V(Z) that these temperatures move together and 
eventually unite. However, simple continuity would not be the result: the 
latent heat would vanish, the transition becoming a A-point. 

Some wider connexions of this theory are discussed in a general survey of 
crystalline transformations which the author has written in conjunction 
with K. Wirtz ( 1938 ); the theory was elaborated in discussions with him, 
and has also gained from the inspiration and criticism of Professor Debye, to 
whom thanks are, moreover, due for the hospitality of his laboratory. 


Summary 

The only satisfactory existing theory of melting is the purely phenomeno¬ 
logical thermodynamic description. This reveals no connexion with existing 
molecular theories, such as Lindemann’s, and stands to some extent in con¬ 
tradiction with these. The modern recognition of order in liquids and disorder 
in solids raises the problem of explaining why there is an abrupt jump in 
physical properties on melting at all, instead of a continuous change, only 
showing discontinuity in a derivative quantity, e.g. in specific heat. Peierls 
has already succeeded in showing that discontinuity in certain properties is 
necessary. 

In this paper the Bragg and Williams theory of order-disorder transforma¬ 
tion is applied to melting. The basic assumption for this application is that 
the increasing disorderliness of a crystal near, and in fiction above, its 
melting-point, can be described by a continuous numerical measure. An 
essential deviation from the cases considered by Bragg and Williams is that 
the lattice loses its rigidity on approaching states of low order. This causes 
one to anticipate a change of form in the V(8) curve of Bragg and Williams 
such that the transition is regularly one of first order, whereas their cases 
could readily be of either first or second order, in sensitive dependence on 
minor changes of circumstance. 

According to this interpretation there are critical temperatures above and 
below the melting-point limiting the range of existence of the metastable 
(superheated and supercooled) states. The probability that transformation 
will commence becomes great as the critical temperature is approached. It is 
shown that the melting-point may be expected to lie much closer to the 
critical point than the lower one, which may in certain circumstances 
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be near the absolute zero. This explains why it is impossible to keep a crystal 
in the superheated state, but sometimes necessary to supercool to very low 
temperatures to produce crystallization nuclei in a liquid. 
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Introduction 

Interest in the continuous /?-ray spectrum has been revived during the 
past few years by the discovery of induced /?-ray activity and the difficulty 
which has been experienced in incorporating an account of the phenomenon 
in the theory of the nucleus. Attention has been focused on two features 
of the spectrum: the high-energy limit, the accurate measurement of which 
yields the total change in nuclear energy associated with the /? disintegra¬ 
tion, and the form of the energy distribution curve, which is discriminative 
in theories of the /?-ray emission process. 

Owing to the convenience of RaE as a source, the /?-ray spectrum of this 
element has received considerable attention, and a comprehensive table 
of previous work published in a recent paper by O’Conor ( 1937 ) shows that 
recent values of the high-energy limit obtained with magnetic spectro¬ 
meters are in fair agreement. The form of the RaE spectrum, however, 
is still not known with any certainty. This can be made clear with the 
help of Table I, which sets out the results and significant experimental 
details of the work carried out since 1935 with magnetic spectrometers. 
Some recent work with cloud expansion chambers is not included because 
the results are rather discordant. With the relatively low energy electrons 
of RaE and the high probability of nuclear collisions in the chamber, 
measurements of the energies of the /J-particles are extremely difficult, 
and the results are probably not as reliable as those obtained with magnetic 
spectrometers. 

The lack of agreement between different experiments in respect to the 
momentum distribution of the /7-partieles is clearly shown by the different 
values of Up given for the intensity maximum in column 5 of Table I. 
Evidence of this lack of agreement may also be inferred from column 4 . 
This shows the difference between the high-energy limit obtained directly 

* F. F. H. Eggleston was associated with this work in its initial stages. He assisted 
in the design and construction of the electromagnet and the counter and associated 
amplifiers. 
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from the experimental curve and that estimated by an extrapolation based 
on the theoretical distribution of Konopinski and Uhlenbeck (1935). The 
extrapolated limit is a parameter chosen to give the best fit between 
the experimental and theoretical distributions and to this extent is an 
index of the form of the distribution. 

Table I. Recent experiments on RaE with 

MAGNETIC SPECTROMETERS 



Momentum limit 


Maximum 




Up gauss cm,* 

0/ 

/o 

intensity 




-- 

. . N 


H P 



Author 

Exp. 

Theor. 

Difference 

gauss cm.* 

Counter window 

Source mount 

Soott (1935) 

6600 

6600? 

0? 

2480 

3 mg. cm. -1 cellophane 

Ni wire 0*45 mm. 





diam. 

Alieh&now and 

5400 

— 


1100 

0*45 ,, cellulose 

A1 0*0005 mm. 

others (1936) 






thick 

Lyman (1937) 

5280 

6050 

14*5 

— 

5 „ mica 

Ni 

Langer and 
Whitaker 
(1937) 

5330 

6250 

17*5 


12*2 „ aluminium 

Ni thin? 

O’Conor 

5350 

5650 

5-5 

1650 

3 5-7 „ cellophane 

Pd, Pt, Ni wires 

(i937) 






Flammorsfeld 

5350 

6190 

16*0 

1750 

0*24 „ cellulose 

Mica 0*004 mm. 

(1937) 






thick 

Alichanian and 
others (1938) 

5380 

— 

— 

— 

— 

— 


* Throughout this paper H represents the magnetio induction and is given in gauss. 


The present paper describes experiments made with a magnetic spectro¬ 
meter to determine the effect of experimental conditions on the distribution 
curve of RaE, and the distribution corrected for these effects is compared 
with the theoretical distributions of Fermi (1934) and Konopinski and 
Uhlenbeok. 

Obvious factors which will disturb the distribution curve are: 

(1) absorption of /^-particles along their path in the spectrometer, i.e. in 
windows of counters, in residual gas of the spectrometer box, or even in the 
source if impurities are present; 

(2) baok scattering from the source support; 

( 3 ) scattering from the walls and slits of the spectrometer box. 

Two of these whioh cannot be entirely avoided are the absorption in the 
window of the counter and the effect of the souroe support. In the attempt 
to keep the background count low measurements have often been made 
with coincidence counters with the result that the electron beam must 
suffer absorption in at least three separate windows, and as far as the 
distribution is concerned the effective thickness of the counter windows 
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is the sum of the separate thicknesses. Even with the thinnest windows the 
correction for absorption is considerable in the low-energy part of the 
distribution, and since it is here that the form of the curve is most in doubt, 
we have preferred to limit the correction by using a single counter of small 
dimensions which has a low background count. 

In the past the support for the source has usually been a relatively thick 
metal plate or wire, and possible effects on the distribution due to back- 
scattering from the support have been looked for by changing the material 
of the support. This procedure has not disclosed any change in the distribu¬ 
tion, and it has been assumed that back-scattering does not materially 
affect the form of the distribution. Actually it is found that if the source 
is mounted on a very thin support the form of the distribution is definitely 
altered, fewer low-energy electrons being observed. With a thick support 
the high-energy /^-particles suffer back-scattering with loss of energy and 
reappear as an excess of low-energy electrons, the distribution of which 
apparently is not sensitive to the material of the support. We have attempted 
to deal with this problem of back-scattering by comparing the distribution 
curves obtained with a source mounted on very thin mica and on thick 
platinum under identical experimental conditions. 

Apparatus 

The design of the electromagnet, an axial section of which is shown in 
fig. 1, was arrived at after several alternatives had been discussed in 
conjunction with Professor T. H. Laby. The form of the magnet was sug¬ 
gested by the annular electromagnet designed by Cockcroft (1933) for a-ray 
analysis, but it will be noticed that the pole pieces are on the inside of the 
magnet. The advantages of the design are short magnetic circuit, low 
leakage, and large annular area of uniform field, the dimensions of which 
are especially suitable for /?-ray analysis. The inside and outside radii of 
the pole faces are 5 and 15 cm. respectively, while the distance between 
the faces is 2 cm. The uniformity of the field was studied for various values 
of magnetic induction with a small flip coil, and it was found that with an 
induction of 900 gauss, the maximum induction required in this work, 
the variations around the annulus were not greater than 0-1 % and in the 
radial direction 0*2 % over the central 5 cm. The core was cast from a pure 
low carbon steel in two identical pieces, and each was machined so as to 
leave an air gap accurately 2 cm. long. The total weight of metal was 
approximately 10 cwt,, so the two halves were mounted with the plane of 
the pole faces vertical on a cast iron bed, and arrangements were made to 
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move one-half horizontally in order to mount the spectrometer. The 
energizing coils were each 518 turns of 15 s.w.g. wire and will carry 3*3 amp. 
without heating, giving a maximum Hp of 20,000 gauss cm. which is all 
that is likely to be needed with nuclear electrons. The power dissipation for 
2000 gauss is 70 W. 



Fit*. 1. Axial section of magnet showing position of spectrometer box. 


The variation of magnetic induction with exoiting current is nearly 
linear with an uncertainty of approximately 2 gauss, but in the experiment 
it was preferred to measure the field during the progress of each count. 
This was done with a ballistic galvanometer and a flip coil driven by a 
phosphor bronze leaf spring so that it rotated through exactly 180 ° when 
released. The constant of the galvanometer was determined in terms of 
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a mutual inductance of 20*05 mH and a series of standard currents. These 
were chosen to give ballistic deflexions equal to those observed with the 
flip coil thus eliminating tangent correction and any error due to non¬ 
linearity of the galvanometer for large deflexions. The mutual inductance 
was calibrated against both a standard mica condenser 0*09993/tF (N.P.L. 
certificate) and a standard mutual inductance. The flip coil was mounted 
in the upper part of the annular gap above the spectrometer, and con¬ 
sisted of a single layer coil of 51 turns and 15*142 mm. mean diameter. 
The standard currents used in the calibration of the galvanometer were 
measured with a Wolff five-dial low-resistance potentiometer, which was 
also used to measure and control the magnetizing current. 

The design of the spectrometer and the counter is shown in fig. 2 . The 
source slit and counter slit were each 2 mm. wide and 1 cm. high. A series 
of double aluminium baffles was used to limit the beam and prevent scat¬ 
tering, and to the latter end the inside of the box received a very thick 
coating of aluminium paint. A shutter operated externally could be moved 
in front of the source slit in order to make the background count. A pressure 
of 0*002 mm. Hg was maintained inside the box by continuous pumping. 

The counter was cut from square section solid brass and consists essen¬ 
tially of a highly polished cylindrical chamber 6 cm. long and diameter 
1-2 cm., along the axis of which a tungsten wire 0*005 in. thick is supported 
from one end by an amber plug. The free end of the wire is covered with 
a tiny bead of glass. The window of the counter was a slit 2 mm. long 
by 1 cm. covered with mica. With air at a pressure of approximately 
5 cm. Hg the sensitivity of the counter was constant to 3 % over a range 
of 400 V. The counter was always operated 300 V above the threshold 
potential. The high potential w as supplied by a constant voltage source 
similar to that described by Evans ( 1934 ) and the potential of the wire 
was indicated continuously by means of an aluminium leaf electroscope. 
The natural effect of the counter was very low and quite constant, never 
exceeding seven per minute in these experiments, and usually ranging 
botween five and seven per minute. While the design was simple, and only 
soft wax was employed in making joins and seals, the counter maintained 
its characteristics remarkably well over periods as long as three months. 

The counter feeds into an amplitude limiter of the type described by 
Barasch ( 1935 ) and is followed by a “scale-of-two” unit operating a 
meohanical counter through a power triode. The resolution of the counter 
was found to be 0*037 sec.; in the present experiments the maximum count 
was 300 per min. 

In order to eliminate as far as possible variations in experimental con- 
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ditions, six complete runs were made over the whole curve in each experi¬ 
ment, using 5 min. counts. The counts were made for the same inductions 
in separate runs, and the deviations of the counts from the mean were in 
every case within the calculated error. 



Fig. 2. p -ray spectrometer box Hhowing construction of counter. 

Experimental results 

Back ^scattering of the source support. A source of RaE in equilibrium 
with RaD was evaporated on to a strip of thin mica 0*88 mg. cm." 2 and 
the distribution curve, I in fig. 3, was obtained. The effect of back- 
scattering under conditions similar to those which have usually held in 
past experiments was studied by mounting a piece of platinum foil 0-26 mm. 
thick close behind the mica without disturbing the source and apparatus 
in any way. The experimental conditions differ, however, in one important 
respect. Electrons which are scattered forwards by the platinum must 
have twice traversed the mica mount, absorption in which materially 
affects the distribution of the low-energy electrons. For this reason the 
distribution was not used for fields smaller than 220 gauss. The ratio of 
the counts for fields greater than this was 1*43. 


13-3 
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The effect of the mica was eliminated without sacrificing the quantitative 
character of the experiment by obtaining the distribution curve for a source 
electrolysed on platinum 0-26 mm. thick and fitting this to the previous 
curve for the mica-platinum source. The fit was exact at the high-energy 
end of the distribution curve, the difference between the platinum and 
mica-platinum curves reaching a maximum of + 4% at 220 gauss. This 
composite distribution is shown as curve II, and the distribution 1 may 
therefore be considered as showing the effect of using two identical sources 
mounted on platinum and on thin mica respectively. The total numbers 
of particles emitted from the two sources were calculated from the curves 
above a lower limit of 15()Hp and were found to be in the ratio 1*45. It is 
interesting to notice that this is in good agreement with a recent theoretical 
estimate of 40% by Chalmers ( 1938 ) for the fraction of /7-particles back- 
scattered normal to the surface of a RaE source mounted on a thick 
platinum support. Chalmers’ numerical estimate was based on the 
scattering experiments of Schonland ( 1925 ). 

Ral) lines. Two well-defined lines were found at 710 and 59 QHp, and 
there is definite evidence of a less intense but incompletely resolved line 
at These are produced by the internal conversion of the y-ray 

hv ~ 0-0472 x 10 6 eV in the L y M and N shells respectively. For comparison 
the following table of IIp values for the /?-ray lines of RaD is taken from 
Rutherford, Chadwick and Ellis ( 1930 ). 

TABLE II. /?- RAY LINES IN THE SPECTRUM OP RaD 


Hp gauss cm. Intensity 


Level 

r.c.e. 

Authors 

R.C.E. 

Authors 

A 

600 

596 

50 

(47) 

L „ 

606 

_ 

2 

— 

An 

628 

— 

0*5 

— 


714 

710 

20 

28 

N, 

738 

732 

10 

10 


The lines corresponding to conversion in the L u and L lu levels are so 
faint that we would not expect to detect them, and the agreement between 
our observed values of Hp and the corresponding values as measured 
photographically by Ellis is all that could be desired. The intensities of 
the lines are of the right order, but since corrections have not been applied 
for absorption in the window of the counter, no importance can be attached 
to the value given for the L t line. 

Since the shape of these lines throws light upon the performance of the 
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spectrometer a calculation was made of the distribution to be expected 
when a homogeneous beam of electrons emerges from the source slit. 

Consider the possible paths of electrons of fixed radius of ourvature for 
each point of origin in the slit near the source. The directions of emergence 
are contained in a certain range of angles with the normal to the slit, and 
the extent of this range is conditioned by the width of the slits, the position 
of the limiting slits and is a function of the radius of curvature and the 
point of origin. Suppose the upper and lower limits of the range are 6 ui d h 
then the fraction of electrons counted is proportional to d n — 6 b and the 
total fraction of electrons counted is this quantity integrated over the 

whole slit j(0 u - 6 t ) ds . 

This is conveniently separated into the two integrals 


j& u ds — j&^ s - I u — I h 


Suppose the slits to be each 2 d cm. wide and 2 p cm. apart, centre to 
centre, the central limiting slit being 21 cm. wide, then for a radius of 
curvature p -fa, the following expressions are obtained: 


— d<a< 


l 2 -f 2 pd 

w+iy 




-2d<A(a)< 0, where A (a.) = f 


A(a,) >0, 


4^2 


4(a))J,| 




( 1 ) 


( 2 ) 


(8) 
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The composite curves for /„ and I, are Bhown in fig. 4, also the difference 
curve representing the sensitivity of apparatus to electrons whose radius 
of curvature is p + a. 



Fig. 4. Component and resultant curves showing the effect of limiting slits 
on the resolution of the spectrometer. 


This resolution curve can be applied to obtain the effective radius of 
curvature of the speotrometer. If 

S(a) = 

then the effective value of a, a, is given by 


a 


JaiS(a) da j J$(a) da 


integrated over all a. From this 

a = 0*055 cm., 

and the effective radius of curvature is 

p = 10*09 cm. 


The width of the lines found experimentally is slightly greater than twice 
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that calculated from these expressions. It will be noticed that the lines 
rise sharply on the high-energy side, the half width there being approxi¬ 
mately 15Hp . This confirms the calculations and indicates the absence 
of scattering. The lack of symmetry on the low-energy side is of a different 
order from that shown in fig. 3 and is possibly duo to back-scattering which 
will be present with these low-energy particles even with the thin mica 
support. 

Absorption in window. The absorption in the mica of the counter window 
was estimated by taking distribution curves with windows of different 
thicknesses, and in a second series of measurements by placing thin sheets 
of mica in front of the counter window. In this latter series, the experimental 
arrangements remained unchanged and the relative intensities corre¬ 
sponding to different thicknesses were directly compared. This was of course 
impracticable with the first series of measurements since it was impossible 
to maintain the constancy of the counter sensitivity during the change of 
windows. The difficulty was overcome by fitting the distribution curves 
at the higli-energy end where the absorption is inappreciable. 

The intensities corresponding to different fields can be extrapolated to 
zero thickness of absorber, but in order to minimize the effect of statistical 
fluctuations in the individual measurements we have preferred to calculate 
the quantity (/ 3 — h)Kh~~h) f° r &U- the measurements at any one value 
of the field. 1 is the intensity corresponding to a thickness t. This quantity 
was plotted against the field ancl a smooth curve, fig. 4 (inset), drawn 
through the points. The quantity (/i”/ 2 )/(* 2 “*i) h independent of the 
window thicknesses for any one field provided the absorption is linear. 
This condition is probably fulfilled for the thickness of mica used, the 
maximum value of which was 1*98 mg. cm.* 2 . This curve was used to 
calculate the corrections for a window thickness 0*63 mg. cm." 2 . 

Fig. 5 shows the distribution curve obtained with a source mounted on 
mica 0*88 mg. cmr 8 and with a counter window 0*63 mg. cm."* 2 . The 
broken curve represents the distribution corrected for absorption in the 
manner outlined above. Since it was shown by Richardson ( 1931 ) that the 
continuous spectrum of RaD extends to Hp - 750 the distribution for 
RaE is not shown beyond this value. 

It will be noticed in fig. 3 that the cut off at the low-energy end of the 
distribution is quite sharp and corresponds to the value found by Schonland 
( 1925 ) for an equivalent thickness of aluminium. This has been the case 
with the several windows which have been used during the course of the 
experiment and provides further evidence of the absence of scattering 
in the box. 
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Features of the RaE distribution comparison with theory. On the assump¬ 
tion of zero neutrino mass, the theoretical distributions of Fermi and 



Fig. 6. Momentum distribution corrected for window absorption. 
Inset: Curve used for determining absorption corrections. 


Konopinski and Uhlenbeck (K.U.) may be expressed in the generalized 
form 

P(y)dr/ m const.(ty + 0*355^*) {<J(l +Vo)—*J( i - + V*)} x dy> 
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where x takes the value 2 or 4 for the Fermi and K.U. distributions 
respectively. is the momentum of the /?-particle and the momentum 
at the upper limit in me. units. 

Writing / for (t/ + 0*355j/ 2 ) and N = njH it follows that (N/f)* or (N/f)* 
should be a linear function of ^(1 depending on whether Fermi’s 
original theory or its later modification is acceptable. It will be seen from 
fig. 6 that neither theory is capable of representing the experimental 
results over an extended range of the distribution. Only near the high- 
energy limit does the Fermi theory appear to give an adequate representa¬ 
tion. The departures of the experimental curve from the straight line 
expected from the K.U. theory lie far outside the limits of possible statis¬ 
tical errors. For example, the departure at the low-energy end corresponds 
to an experimental count 1*43±0-04 times that expected from the K.U. 
theory. At the high-energy end the corresponding factor is 0*31 ±0*05. 

The chance that the departure at the low-energy end is due to scattering 
we regard as small in view of (1) the good definition of the RaD y-ray lines, 
(2) the sharp rise of the lines on the high-energy side, (3) the sharp cut-off 
of the curve on the low-energy side and (4) the agreement between the 
Hp values for this cut-off and the corresponding values given by Schonland. 
As a further test of the absence of scattering we found that when the 
limiting slits were reduced to half size the distribution was not appreciably 
changed. The possibility of a radioactive source somewhere in the wall of 
the box is eliminated since with the shutter closed the natural count was 
independent of the magnetic induction. In this connexion it might be 
mentioned that the natural count was identical with the count obtained 
with the shutter open with zero field or field reversed. 

There remains the possibility of back-scattering, even with the very 
thin mica support, but the following considerations suggest that this 
possibility is small. The total number of electrons represented by the K.U. 
plot was calculated and compared with the total numbers emitted by the 
source mounted on mica and platinum respectively. If the K.U. plot 
represents the true distribution for the low-energy particles the back- 
scattering from platinum amounts to 85%, which is very unlikely. On 
the other hand, the ratio of the numbers of electrons in the platinum and 
mica distribution is 1*45 which is in good agreement with Chalmers’ 
estimate of 1*40. 

There can be no doubt as to the departure at the high-energy end of the 
spectrum since the experimental points are free from error due either to 
back-scattering or absorption. It was thought worth while to make an 
estimate of the effect of the finite resolving power on the observed curve 
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at the high-energy end where the effect will be a maximum. Even here 
the correction amounted to only half the probable error and was neglected. 

Use was made of the fact that the Fermi distribution is in agreement with 
our results near the high-energy limit to provide an extrapolation to this 
limit. Fig. 6 (inset) shows a Fermi plot for values of Hp greater than 4900 



Fig. 6. Fermi and K.U. plots o{ experimental results. Inset: Collected results for 
extrapolation to end point. Points shown with (2) represent means of two separate 
experiments. 

gauss cm. taken from three distinct runs, two with souroes on thin mica and 
one on platinum. The points lie accurately on a straight line which was 
extrapolated to find the high-energy limit. This was placed at 5395 gauss cm. 
and is in excellent agreement with the determinations of Alichanian and 
Alichanow. 

The maximum intensity is situated at 1210 gauss om. which is much 
lower than the values for the maximum obtained in most experiments, 
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and is essentially in agreement with the value found by Alichanow, 
1100 gauss cm. In view of this pronounced shift of the maximum towards 
the low-energy end, a check was made by calculating the mean energy 
of the /7-particles from the curve. This was found to be 321 ekV, which 
agrees within the limits of experimental error with the calorimetric values, 
344 ekV ± 34 due to Ellis and Wooster ( 1927 ) and 337 ekV ± 20 due to 
Meitner and Orthmann ( 1930 ). 

Since the Fermi theory accounts satisfactorily for the observed distribu¬ 
tion near the high-energy limit, and the K.U. theory for a range somewhat 
removed from this limit, it is tempting to employ a linear combination 
of the two distributions to represent the whole range of results. The serious 
departure from the K.U. distribution at the low-energy end, however, 
would require the addition of a further term in which the index x is greater 
than four. This procedure would thereby lose most of its attractiveness 
since with three arbitrary constants the basic theories no longer play 
a significant role. 

We wish to express our indebtedness to Professor T. H. Laby for his 
interest and suggestions during the course of these experiments, and to 
Mr F. Eggleston for his assistance in the initial stages of this work. We 
are also grateful to Mr J. S. Rogers for preparing the radioactive sources. 

Summary 

The /7-ray spectrum of Ra E has been studied by means of a magnetic 
spectrometer, the magnetic field for which was provided by an annular 
electromagnet, and has a geometrical form especially suitable for / 5 -ray 
analysis. 

Special attention was paid to the effect on the distribution of back- 
scattering in the source support, and absorption in the window of the 
counter. The former was found to disturb the shape of the distribution 
to a greater extent than is generally appreciated. With the source 
mounted on thin mica and after correcting for absorption in the win¬ 
dow of the counter, the maximum of the distribution was placed at 
1210 gauss cm., a value much further towards the low-energy end of the 
distribution than hats usually been found. The average energy of the 
/?-particles is in good agreement, however, with the calorimetric values. 

Both the Fermi theory and the modification of Konopinski and 
Uhlenbeck completely fail to describe the experimental distribution. The 
high-energy limit was placed at 5395 gauss cm, 
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The nuclear spin of iodine. IV. A new type of hyperfme 
structure deviation from the interval rule 

By S. Tolansky, Ph.D., Manchester University 
(Communicated by P. M. S. Blackett, F.R.S.—Received 3 November 1938) 

Introduction 

In two earlier papers dealing with the hyperfme structures in the spark 
spectrum of iodine (Part I (Tolansky 1935 ) and Part III (Tolansky and 
Forester 1938 )), the partial analysis of a large number of lines has been re¬ 
ported. The basis of the analysis made in Part III was the multiplet classi¬ 
fication given by Lacroute ( 1935 ), according to which the lines reported in 
Parts I and III belong largely to the ( 4 S) and (*D) systems, intercombinations 
being rare. If this classification is correct, certain anomalies arise in the 
interpretation of the hyperfine structures, as already discussed in Part III. 
A very striking anomaly is the exceptionally large value of the interval 

* A paper with the low-energy end of the spectrum of RaE has appeared in the 
CM, Acad. Set., U.R.S.S. ( 1937 ). but unfortunately is not available in Australia. 
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factor of the term given by Lacroute as ( 4 S) 5d 3 D a . Since many lines are 
based upon this term, its identification is important. Apart from the 
anomaly in structure, there are other difficulties associated with the inter¬ 
pretation of the numerous lines involving this term. As pointed out in 
Part III, the intensities of these lines are quite different in the hollow 
cathode and Geissler tube discharges, and if Lacroute is correct they are 
certainly excessive in the latter type of tube. These considerations throw 
some doubt upon the validity of at least part of Lacroute’s analysis, which, 
incidentally, also fails to account for a considerable number of very intense 
lines. 

Quite recently Murakawa ( 1938 ) has published an alternative multiplet 
analysis which, in many respects, appears to be superior to that of Lacroute. 
Thirty-three of Lacroute’s terms are retained (absolute values being modi¬ 
fied) and forty-nine new terms are given. A number of the term identifica¬ 
tions given by Lacroute are interchanged and modified, but fortunately it 
so happens that where there are differences, the J values are almost invari¬ 
ably retained by Murakawa. Because of this, the fine-structure analysis 
reported in Parts I and III is hardly affected, except in so far as certain 
terms are differently named and attributed to different electron configura¬ 
tions. Murakawa has succeeded in identifying the important 5s 5p 5 con¬ 
figuration terms and has thus removed anomalies in Laeroute’s scheme. 

The term described by Lacroute as ( 4 S) 5d 3 I ) 2 is, according to Murakawa, 
5s 5 // 3 P 2 , a classification which removes the anomalies both in the hyper- 
fine structure and in the intensities. Of necessity the 5*5p fia P # term must 
exhibit a large hyperfine structure, since there is an uncompensated 5s 
electron in the configuration. It is well known that the hollow cathode can 
affect the relative intensities of complete multiplets which can be sup¬ 
pressed or strengthened relative to the appearance in the normal Geissler 
discharge. It is difficult to see why the ( 4 S) 5d 3 D a term should be differen¬ 
tiated from other similar ( 4 S) terms, but it is easy to understand how the 
whole of the terms based upon the 5s 5configuration can be weakened with 
respect, say, to the 5 s 2 5p*n& terms. 

The hyperfine structure data in Part I, that given here, and also that 
given by Murakawa for four lines, strongly favours the multiplet classifica¬ 
tion of Murakawa. Furthermore, those redundant strong lines in the 
Lacroute system fit completely into the new scheme. Murakawa's classi¬ 
fication will therefore be adopted here as being the better. This enables an 
analysis to be made for the structures of twelve previously unclassified 
lines, measurements for which were given in Part I. As a result, twelve new 
interval factors have been derived. Of much more importance is the fact 
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that the structures in these lines are so excellently resolved that in seven 
of these terms marked distortion can be definitely established. 

Analysis of the newly classified lines 

Of the following thirteen lines, the structures of eleven were given in 
Part I (that of 3833*4 is taken from Part III). The classification of 6127-4 
is not changed but it is included here, since an improved analysis is now 
possible. The data for 6161*9 are new. 

Consider first the analysis of the line 6516*1 shown in fig. la. This is a 
rare case of a complex line pattern in which every component is clearly 
separated. Furthermore, as the silvered Fabry-Parot interferometer used 
is at its best in this region, the measurements can be relied upon to an 
accuracy of 1 cm. *x 10~ 8 . This order of accuracy is indeed confirmed 
by the analysis, since the values derived for a given interval from different 
pairs of components agree in every case to within 1 cm.*" 1 x 10“ 3 . Only the 
position of the upper F — £ level can be possibly in error. 



6516*1 5351S 


(a) <&) 

Fig. 1 

Alongside, in fig. 1 b, is reproduced the analysis given by Murakawa for 
5351-8, This line 5* Sp^P^D) 6p 3 P 0 , failed to appear in the hollow- 
cathode discharge, as the 5s 5p 5 configuration terms are not easily excited 
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under these conditions. Since the upper J value is zero there is no ambiguity 
in Murakawa’s interpretation. The structure given here for and 

that given by Murakawa are in strikingly exact agreement. 

Table I 


Structure in cm .* 1 x 10 -8 


Wavo- 

longth 

Classification 

Red 




-*- 



Violet 

65161 

5a5p‘*P, ( a D) {ip 3 F, 

0 

153 

327 

502 

628 

779 

834 

926 1053 



(i) 

(3) 

( 12 ) 

( 2 ) 

(4) 

(6) 

(4) 

(4) (3) 

6204*7 

(*p) o*uv( 2 D) 6 p 8 r> t 

0 

71 

104 

244 

393 






(3) 

(5) 

(i) 

( 2 ) 

( 2 ) 




6161*9 

5s 5p* 3 P r -( 2 D) Op 3 P a 

0 

549 

585 

917 

952 






(13) 

(4) 

<»> 

( 2 ) 

( 2 ) 




6127*4 

(*D) 

0 

200 

234 

354 

432 

536 

618 

645 



( 10 ) 

(6) 

(4) 

( 2 ) 

(4) 

(3) 

(i) 

( 2 ) 

5508*5 

Bn5p‘H\-(‘D) Op 3 D, 

0 

395 
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813 

1037 






(5) 

(18) 

(i) 

(3) 

<») 




5593*1 

( 2 D) 6 i»>D r (*D) Op 1 P 1 

0 

26 

80 

121 
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(10) 
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(4) 

(4) 




5345*2 

( 3 D) 0s B D a -( a D) Op 8 F 4 

0 
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419 

507 

536 
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( 1 ) 
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( 10 ) 

(8) 

( 6 ) 

(4) 

( 2 ) 


5214*0 

(*S) 5d a D # -( 2 D) 0p*D 2 

0 

36 

83 








( 2 ) 

(3) 

(3) 
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(*S) 6 d 3 D a .(Ml) Op 
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(*D)G *p l D t 

0 
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508 
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(5) 
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4450*9 

( 2 D) 05 8 IV( 8 P) 6p 1 D B 

0 

50 









(5) 

(4) 







3833*4 

(*S) 5d a D 8 ~( a D) 6 fPD a 

0 

160 

352 

653 

1051 






( 1 ) 

( 2 ) 

(3) 

(4) 

( 8 ) 





It was pointed out in Part I that the lino 6161*9 has a triplet structure 
clearly indicating a breakdown in the interval rule. In Part III this was 
treated as arising from a term X v and approximate distortion constants 
were derived. Murakawa has shown that the classification of this line is 
5a 5jt> 53 P 1 -( 2 D) 6p»P r The lower term structure has already been evaluated 
in the previous line, being 1052 cra.“ 1 xlO* _8 wide. Since the structure 
previously reported for 6161*9 extends over 949 cmr l x 10~ 3 , it is clear 
that in this line the upper term has a structure which was not resolved. 
Further measurements were thereupon undertaken, and as a result the 
second and third members of the triplet were found each to consist of very 
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close doublets, the doublet separations representing the effect of the upper 
term. The analysis of the line pattern is given in fig. 2. Since it is not possible 
to measure the upper structure accurately the validity of the interval rule 
has been assumed for this term. 



calc. 


obs. 


4_-Ar 

TTTtv 


%% 8SS 


cm‘*10 


6161-9 
Fig. 2 


The analysis for 5598-6 is shown in fig. 3a, and alongside, at 36, is the 
analysis for 5625-1 given by Murakawa. Both analyses give almost identical 
structures for the common upper term. 

In the discussion on 6127-4 in Part III it has been proved that the lower 
term (®D) 6a 3 D 2 is perturbed. Reference to the analysis given there shows 
that the fit is not perfect, and at the time it was considered that both the 
upper and the lower terms might be distorted. The small absolute values 
of the upper structure separations prevented any certain conclusion being 
reaohed uplift this point, and therefore it was temporarily assumed that the 
interval rule was obeyed in the upper structure. Fortunately Murakawa 
has succeeded in measuring the structure of ( 4 S) 5 d S D 0 -(*D) 6 p X P, (see 
fig. 46), and from this the upper structure of 6127-4 can be derived without 
any ambiguity. This can be applied now to the analysis which is given in 
fig. 4a, and it is seen that both the upper and the lower terms are strongly 
distorted in 6127-4. 
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The analysis for 5593*1 is shown in fig. 5a, and alongside, in fig. 56, is 
the structure given by Murakawa for 4442*5. Both lines show excellent 
agreement for the calculated structure for ( 2 D) 6^ a D 1 . 
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The term scheme for 6204*7 is shown in fig. 6. Unfortunately the one 
component needed to determine the position of the F » \ level of the lower 
term cannot be separated from its neighbour and therefore its position is 
uncertain. The other four levels of this term, (®D) 6$ l D # , exhibit severe 
distortion, and by assuming a law for this it is possible to calculate the 
position of this F **\level When this is done it is actually found that the 
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missing line practically coincides with another line, in agreement with 
observation. It is important to recognize that the distortion constants of 
the term can be calculated without the help of the F ■= | level at all. The 
calculated level is indicated in fig. 6 by a broken line. 

Amongst the remaining lines analysed the only one of interest is 5345*9, 
which is a AJ = 4~> 3 transition. The high J values lead to strong diagonal 
components with weak associates. The interval rule is not exactly obeyed 
in one or other of the structures. The particular interest of this line lies in 
the fact that it proves conclusively that the nuclear spin of iodine is f 
without recourse to the interval rule, the reason being that full multiplicity 
is established in both the terms. 

It is clear that the hyperfine structure data strongly favour the multiplet 
classification of Murakawa, although a few contradictions may be noted. 
Thus the structures reported in Part III for 3779*3 and for 5920*6 are in 
mutual contradiction if the allocations are correct. The structure derived 
here for the upper term of 6161 *9, ( a D) 6p a P 2 , is in disagreement with that 
derived from the pattern of 4540*6. Since the latter line has only one link 
in the term scheme studied, this is to be suspected. There seem to be doubts 
in classification in these cases. Murakawa's classification for 3833*7 is quite 
definitely inconsistent with the reported hyperfine structure. 

It may be mentioned that the line 4129*1 included in the lists in Part III 
is not a spark line but an arc line 6 a 4 P|-ftp 4 I)j. 


Distorted structures 

Eight terms exhibit deviations from the Land 6 interval rule, the effect 
being shown in figs. 7 and 8 . In each term the observed structure is shown 
by straight lines and that calculated from the interval rule by dotted lines. 
The numerical displacements from the theoretical positions are indicated. 
The reported structure for ( 4 S) 5d 3 D 1 is taken from Murakawa’s paper. 
From the frequency of the occurrence of distortion it is clear that the cause 
must be nuclear. The eight terms are widely distributed, lying within a 
range of 31,900 cm,"* 1 , and it is highly improbable that there can be so many 
accidental very close coincidences with unidentified terms, which of course 
would also distort the structures. It can therefore be taken for granted that 
the nucleus is responsible for the distortions. 

According to Schiller and Schmidt ( 1935 ) and Casimir ( 1935 ) the inter¬ 
action energy between the angular momentum J of a non-spherio&lly 
symmetrical electron configuration, and the spin / of a non-spherically 
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symmetrical nucleus, does not obey the opsine law which leads to the 
interval rule. Instead the interaction law for each level takes the form 

E = A' + A' cos / J + B' cos 2 IJ, 

which can be rewritten as 

E = a' 0 + $a’C + b'C(C+l), 

where C = F(F+ 1) — /(/+ 1) — J(J+ 1). 
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In this expression a' 0 , a' and b' are constants, a' n being the displacement of 
the centre of gravity from the position the term would occupy if the spin 
were zero, a' is the hyperfine structure interval factor, and b' is a measure of 
the deviation from the interval rule. Casimir has shown that in favourable 
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cases the nuclear electrical quadrupole moment can be calculated in terms 
of b'. 

In Part III this quadratic interaction law was assumed to be true but was 
found to hold only approximately, and average values of the constants were 
evaluated. The accuracy in the present analysis is higher, since the lines are 
more suitable and resolution is more complete* As a result it can definitely 
be established that the law proposed by Schuler is mi sufficient to account 
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Fig. 8 

for the deviations in the iodine hyperfine structures. It is olear that any 
experimental errors in determining the positions of the F levels in a term will 
cause apparent deviations from the interval rule or from the quadratic 
formula of Schuler, if that actually happens to hold. In order, therefore, to 
test the validity of the formula it is essential that terms must be selected in 
which the error in determining the F levels is sufficiently small not to 
influence the values of the constants. 

Clearly terms with J greater than 1 must be selected, since the latter, 
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having only three F levels, can be fitted into quadratic equations by adjust* 
ment of the constants. Only the distorted terms with J ** 2 will therefore 
be considered. A critical examination of the accuracy of measurement (which 
is limited by resolving power and accidental coincidences of components of 
the pattern) shows the following. In ( 2 D) 6s 3 D a the position of each of the 
five F levels is known to within 1 cm. -1 x 10~ 3 . In the term ( 2 D) 6p a F a the 
positions of four out of the five levels are known to within the above limit 
of accuracy. Reference to the analysis in fig. la shows that the only com¬ 
ponent about which there can be any uncertainty is the weak one at 507, 
since this is distant only 54 cm.- 1 x 10~ 3 from a stronger component. (The 
width and complexity of the pattern prevent the use of large gap inter¬ 
ferometers and thus limit the resolution.) This 507 component is the only 
one involving the upper F — £ level, the position of which may therefore be 
in error by an amount, certainly not exceeding 5 cm.” 1 x 10~ 3 . Finally, 
from fig, 0 it will be seen that for ( 2 D) 65 1 D 2 the positions of four levels only 
are also known to within 1 cm.' 1 x J0~ 8 . In these three terms reliance can 
be placed upon the measurements. 

The quadratic formula of Schuler and Casimir will now be applied to 
these three terms. Since only three constants are involved, this formula can 
be checked in a term in which the positions of at least four F levels are known 
and there are, of course, more checks when the positions of more levels have 
been established. Table II shows the values derived for the constants b\ 
a' and a’ 0 using the quadratic formula for the terms. The values are derived 
from different combinations of F levels. The units are cm.*” 1 x 10” 3 . 

Table II 


Term 

b' 

a' 

< 

(*D) 6**D„ 

-0*50 

61 

492 


— 0*26 

05 

501 


+ 0*04 

53 

503 

(»D) 6p»F 8 

-0*14 

42 

348 


-0*32 

44 

351 

(»D) 0s l D t 

+ 0*04 

68 

467 


+ 0*28 

71 

459 


It is quite clear that in all the three terms the quadratic formula entirely 
fails to hold. Thus in the case of ( 2 D) 6$ S D 2) where three checks are available, 
b\ instead of being constant, has values varying widely from — 0*50 to 
+ 0*04. If an average value is taken and used in deriving a\ similar wide 
variations naturally appear in the values so obtained, and the same is 
true for The quadratic formula fails badly in ( 2 D) 6p ®F a where b’ has the 
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different values - 0*14 and - 0*32. The failure is even more marked in the 
( a D) 6 s 1 D a term where the respective b f values are -f 0*04 and + 0*28. 

Since the quadratic interaction formula fails, it appears logical on purely 
empirical grounds to extend it to a cubic form. In this case the interaction 
energy for any F level will be given by (Tolansky 1938 ) 

E = A* + B n cos IJ + G* cos* IJ 4 - D* cos 3 IJ. 

In a preliminary notice communicated to Nature (Tolansky 1938 ), it was 
further suggested that this new interaction law can be taken as approxi¬ 
mately equal to 

E = dp -f \aG 4 - bG{C 4-1)4* cO*(0 4 -1). 

This is indeed the case. However, in a private communication, Professor 
Casimir of Leyden has kindly informed me that the correct quantum 
expression for a cubic equation of the above form is 

E *= a 0 4 - \aC 4 - bC(C 4 -1) 4 - c(C 3 4 - 4C 2 4 -fC). 

Since C has values lying between 10 and — 1.4, for a term with J = 2 , this 
formula does not in practice differ greatly from the above empirically sug¬ 
gested expression. The correct quantum formula will now be applied to the 
(*D) 6 s 8 D g term. 

Table III 


Term 

0 

b 

a 


(*D) 6s *D, 

-0-012 

-0-37 

66*3 

501*9 


-0-018 

-0-42 

65-7 

503-1 



-0*39 

65-9 

502*0 

Mean 

-0-015 

-0*39 

65*6 

502-3 


Since there are four constants and five levels, one independent check is 
available only. Table III shows the values derived for the four constants. 
When cognizance is taken of the fact that the whole distortion of the struc¬ 
ture is not very large it must be considered that the agreement is remarkably 
good. The two values found for c are effectively constant, and by taking 
-» 0*015 as a mean and using this for the derivation of 6 , the values so found 
only scatter from their mean by ± 6 %, This can be compared with the 
widespread values of namely, -0*50, -0*25, 4-0*04, given by the 
quadratic equation. The superiority of the cubic expression is quite evident* 
Since the b values of the cubic are so much more consistent than the 6 ' values 
of the quadratic, it follows that the cubic constants a and a 0 are much more 
consistent than the quadratic constants a 9 and a*- The scatter in a is only 
0*9 % but in a' it is 15 %. 
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Consider now the term (*D) 6 p 3 F 2 , The positions of four of the levels are 
accurately known and these cannot be fitted into a quadratic (see Table II). 
The value derived for c by fitting these four terms into a cubic is +0-007. 
The fifth level of this term can be in error by an amount up to 5 cm ." 1 x 10 ~ 8 , 
which is approximately 5 % of the separation between it and the next level. 
The value derived for c using this doubtful level and three others is + 0 * 011 . 
The difference is not very great, but since the latter is suspect, the first value 
will be adopted. It is noteworthy to point out that if the F = separa¬ 
tion is reduced by 5 cm ." 1 x 10“ 8 , i.e. made 87 instead of 92 cm ." 1 x 1G~ 3 , then 
the c value for this term also becomes +0*007. The four constants for this 
term are given in Table IV. 

Only the positions of four levels are known for the ( 2 D) 6 s x D a term so that 
no check upon the validity of the cubic equation is available. However, 
again it must be recalled that a quadratic equation definitely does not fit 
the data, hence the employment of a cubic equation is a logical step. Table IV 
gives the cubic constants for the three terms discussed, the units are 


cm." 1 x 10" 3 . 


Table IV 



Term 

c 

b 

a 

«0 

(*D) e**D a 

— 0*015 

— 0*39 

65-8 

502*3 

(*D) 6p*F a 

+ 0-007* 

-0*22 

41*6 

349*2 

<*D) 6* 5 D a 

-0-011 

+ 0*14 

71*0 

462*6 


The fourth distorted term with «/ = 2 is 5^5p 68 P 2 . As mentioned earlier 
the lines involving this term are only weak in the hollow-cathode discharge 
so that there is not sufficient available experimental data to enable the 
structure to be evaluated with very high accuracy. The measurements are 
however quite good enough to show that there is distortion in the term which 
will not accurately fit a quadratic formula. On the other hand, they are not 
precise enough to enable a cubic formula to be tested. The structure has 
therefore been temporarily approximately fitted into a quadratic expression 
the constants being averaged. The data are given in Table V. 

For the distorted terms with J *= 1 the introduction of a fourth constant c 
is quite arbitrary, since these terms have only three F levels and can there¬ 
fore always be fitted into an equation with three constants only. These terras 
have therefore been fitted to a quadratic. In Table V a summary is given 
for the constants for all the terms in which distortion has been observed. 
Those given here for / « 2 differ slightly from those reported in the earlier 
preliminary note in Nature (Tolansky 1938 ), due to the use of the theoretical 

* +0*011 if suspected level is employed as an alternative. 
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instead of the empirical formula, and to the exclusion of the suspected level 
in ( 2 D) 6jp 3 F 2 . 

Table V 


J 

Term 

c 

6 

a 

°o 

2 

( 2 P) 6* 8 D a 

-0*015 

-0-39 

65*8 

602*3 


(*D) 6p 8 F a 

4-0*007 

-0*22 

41*6 

349*2 


( a D) 0s ^ 

-0*011 

0*14 

71*6 

462*6 


5 p * 8 P a 

— 

-4-0*8 

152 

1030 

1 

5* 5 p * 

<“D) $ p * V l 


4-0*38 

176*1 

600*6 



4 0*72 

107*1 

344*8 


(®D) 0p l P 4 


-0*87 

18*4 

100*8 


(<S) 5d»D t 


-0-39 

40*8 

169*3 


Attention may be drawn to the extreme distortion in the ( 2 D) 6p l P x term 
revealed by the large ratio of 6/a. 

Interpretation of the distorted structures 

Since the terms with J — 1 do not involve the constant c those with J ^ 2 
will first be considered. The data show that a cubic equation of the form 

E**A' + B M cos IJ + & cos 2 IJ + D " cos 3 IJ 

is required to fit the distorted structures. The numerical contribution of the 
cubic term is relatively very large, much too large to be considered as simply 
a second order mathematical correction to the quadratic term B" cos a /i/. 
This latter expression represents the contribution of the electrical quadra- 
pole moment to the interaction energy and it is apparent that c must arise 
from something other than electrical quadrupole moment. Light is thrown 
upon the nature of c by considering the ratios c/a and c/6 from the data in 
Table V. These ratios are shown in Table VI. 

Table VI 

Term (cja) x 10 4 (c/6) x 10* 

(*D)6*«D # — 2*2 4*3*8 

(*D)frp 8 F a 4*1*7 -3*1 

(*D)e**D t -1*0 -7*9 

If the term involving c is simply a mathematical correction to that in¬ 
volving 6 it would be much smaller, and one would expect the three ratios 
c/6 to be close to one another, simply beoause the expression involving c 
will then in each case be proportional to that involving 6. However, it can 
be seen that there is a numerical ratio of 2*6 between the extreme values. 
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On the other hand, the ratios c/a are numerically much closer to equality, 
which suggests that they are related. As the b term arises from the nuclear 
electrical quadrupole moment it is quite reasonable to suppose that the c 
term is due to some nuclear magnetic effect. Since C has large values, the 
contribution of the cubic term is considerable, even if c is only a small 
fraction of 6. As c reaches 7*9 % of b it follows that the cubic contributes 
almost as much as the quadratic term. This excludes the possibility of the 
cubic being simply a mathematical approximation, and in fact also indicates 
that c and 6 have different physical origins. If, as is proposed, c has a nuclear 
magnetic origin it will probably be proportional to a, since the latter involves 
the nuclear magnetic moment as an integral component in its evaluation. 
Table VI shows that the ratio of c to a is appreciably constant. 

After the above considerations had been developed, Professor Casimir 
kindly pointed out the following in a private communication to the author. 
The interaction between a nucleus and the outer electron distribution, both 
for electric and magnetic fields, can be represented in the series, dipole field, 
quadrupole field, octopole field, .... Further, according to Casimir, the odd 
terms, that is dipole, octopole, etc., are zero for electric interaction, and the 
even terms zero for magnetic interaction. It follows from this that a term 
involving cos Z IJ can arise only from a magnetic octopole. The quantum 
expression for the interaction of a nucleus with a spin, an electrical quad¬ 
rupole moment and a magnetic octopole moment, is then 

2? - a 0 -f \aC + bC(C + I) + c(C 3 + 4C 2 + |C). 

The previous discussion shows that c derived from the experimental obser¬ 
vations is probably related to the nuclear magnetic moment and as the 
above theoretical formula does fit the observations it is reasonable to 
conclude that the distortions are actually due to the presence of an electrical 
quadrupole and a magnetic octopole moment. 

However, Casimir at present considers that the observed constant c is 
very much larger than what one would expect on theoretical grounds. This 
is a serious difficulty which has yet to be resolved. It is therefore of interest 
to examine the possibility of perturbation of the term structures by the 
accidental coincidence of neighbouring terms. This could convert a quad- 
ratio into a cubic equation. 

The first point is that amongst the large number of terms already identified, 
none is close enough to any of those distorted to be able to have any effect. 
Although the hyperfine structure interval factors are now known for S3 
terras, only in a third of these is the resolution sufficient to enable a decisive 
conclusion to be reached as to whether or not the Land 6 interval rule is 
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obeyed. In the majority of these (eight) the interval rule breaks down, and 
in all the four distorted terms with J » 2 the quadratic formula is insufficient. 
The only term which can be said to obey the interval rule is the spherically 
symmetrical ( 4 S)6a 6 S 2 term. This is in agreement with theory. It is 
thus very unlikely that accidental perturbations can account for the 
deviations from the quadratic formula, since the possibility of chance 
proximity of terms to all the J = 2 terms which have large structures and are 
well resolved is remote. In addition it would be strange if only the ( 4 S) 6$ 6 S a 
term should escape. On the other hand if the nucleus is responsible for the 
deviations then all the observed J = 2 terms will be distorted excepting 
(*8) 6$ 6 Sj 5 , which is indeed the case as far as can be established. 

It has been also kindly pointed out to me by Professor Casimir, that 
theory shows that for terms with J * 1 any existing octopole moment has 
no influence upon the distortion of the structure. From this it follows that 
it should be possible to calculate the nuclear electrical quadrupole moment 
for iodine from the terms with J«1 in Table V, providing the electron 
couplings can be evaluated. 


Interval factors for the terms of the 1+ spectrum 

With the aid of the new multiplet classification given by Murakawa, a 
number of new term hyperfine structure interval factors are now known. 
Furthermore it has become necessary to modify some of the term alloca¬ 
tions given by Lacroute, As a result of these additions and alterations the 
modified and extended list of interval factors given in Table VII is now 
available. The terms marked with an asterisk are those in which the Land6 
interval rule does not hold and the value adopted for the interval factor is 
that of a in the appropriate formula for the distortion. Where the identi¬ 
fications of Lacroute have been altered there is a reference number to the 
footnote to the Table. 

The new list exhibits several points of interest. The earlier anomaly of 
Lacroute’s ( 4 S) 5<2 3 D B disappears, since this is now classified as 5s5p 5 *P a . 
Interval factors are now known for five complete multiplets, namely, 

( 4 S)6p*P, ( 4 S) 5d 8 D, ( 2 D) 6p 3 D, (*D)6^ 3 F, ( 2 D) 6* 3 D. 

It should be possible to calculate individual electron couplings from these. 

In agreement with what is to be expected, the largest interval factors are 
found in the 5s configuration. As already pointed out in Part III the 
( 4 S) 6s 6 S # and the ( 4 S) 6s 3 Sj terms show that the electron group can 
have a large coupling with the nucleus. This is also borne out by the data for 
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the (*S) od 8 D multiplet. The interval factora amongst the ( 2 D) terms reach 
surprisingly high values, especially those for 6p 3 D lt 6 p 1 I) 2> od and Sd *D. 
There is a distinct possibility that this may be due to configuration inter¬ 
action. 



Table VII. 

Teem interval factors, 

CM. -1 X 10 

-3 


5p* 

5a* 5p * 6* 

&»* 5p 8 7« 5s i 6p*6p 

5p*5d 

&>• 6p’6d 




( 4 S) System 





(1)*P, 152* 

*S. 

87-4 

S S, 24-4 »P, 

—16*3 

«Di 

35 

•D 4 <1 

*Pj 1761* 

*8, 

— 9 

*P, 

7*6 

»D, - 

■30*3 





‘P. 

0*9 

*D, 

Small 






28 

(2)*D, 

9*3 





»P, 

— 1*1 

(3)»D, 

40*8* 





(*D) System 






27 

»D, 

1071* 

»D. 

69 



»D, 

65-8* 

»D, 

6*8 






55*5 

>D S 

19*4 

‘D, 

69*8 



*D, 

71*6* 

*F t 

41-6* 







>F. 

-63 







•f 4 

23*1 







»P t 

-37 







•P. 

10*2 







‘F, 

68*7 







‘D. 

89*8 







W‘Pi 

18-4* 





(1) (‘S)6d*D,. (2) (»D)5d*F,. 

(3) (*D)5d*D,. (4) («D)6p s D,. 


My thanks are due to Professor P. M. S. Blackett, F.R.S., for his kind 
continual interest and advice, to Professor D. R. Hartree, F.R.S., for helpful 
disoussionB and to Professor H. B. G. Casirair for clarifying the theoretical 
aspect of the problem. 

My thanks are also due to the Go vernment Grants Committee of the Royal 
Society with whose aid the necessary instruments have been purchased. 

Summary 

Eight terms in the 1+ spectrum are found to exhibit deviation from the 
interval rule in their hyperfine structures. Those distorted terms with J *■ 2 
fail to fit the quadratic deviation formula of Schiller. They can be fitted into 
a oubio interaction formula whioh is 


M1 ** A”+ B' cos IJ + O' cos* U + D" cos* IJ. 



222 S. Tolansky 

The quadratic term in this expression is attributed to the electrical quad- 
rupole moment of the iodine nucleus* The cubic term is shown to be related 
to the nuclear magnetic moment and may be due to nuclear magnetic 
octopole moment. 

A hyperfine structure analysis is given for thirteen newly classified I + lines* 
Interval factors are reported for 33 terms, amongst which are five complete 
sets of multiplets. Some of the earlier term identifications require to be 
modified in the light of recent work. 

The nuclear spin is proved to be | without use of the interval rule. 
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Structure and thermal properties associated with 
some hydrogen bonds in crystals 

I. The isotope effect 

By J. Montkath Robertson and A. R. Ubbelohdk 
The Davy Faraday Laboratory, The Royal Institution, London 

(Communicated by Sir William Bragg, O.M., P.R.S .— 

Received 2 December 1938) 

[Plate 2] 

A study of the vibrational spectrum is one method of investigating the 
forces between atoms in a crystal. Since the lattice vibrations influence the 
distanoe between crystal planes, information on crystal forces can also be 
obtained from X-ray measurements of the thermal expansion. Finally, in 
crystals containing hydrogen it is possible by substituting deuterium to 
make large changes in certain vibrational frequencies, without altering any 
other factor which determines crystal structure. 
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The utilisation of the resulting isotope effects for investigating various 
problems in crystal structure has been discussed in earlier papers (Ubbelohde 
1936; Robertson and Ubbelohde 1937). In genera), the isotope effect depends 
on the role of hydrogen in the lattice forces. Crystals in which the hydrogen 
is present as a negative ion (Zintl and Harder 1935) or in solid solution as a 
metal (Ubbelohde 1937) show comparatively large contractions on sub¬ 
stituting deuterium, as might be expected from the structures involved. 
Crystals, such as hydrocarbons, in which the hydrogen is linked by co¬ 
valency to specific atoms, do not seem to have been investigated experi¬ 
mentally, but the conclusion that the isotope effect can be expressed in 
terms of a smaller space requirement of the deuterium compound is sup¬ 
ported by experiments on the partial molal volume of H a O and D a O in 
solution (Robinson and Bell 1937) and on the relation between ionic volumes 
and transition temperatures in certain hydrogen compounds (Clusius 1938). 

In some crystals, certain hydrogen atoms link together pairs of atoms 
such as O, F, N, by hydrogen “bonds” or “bridges”. (For examples see 
Bernal and Megaw 1935; Huggins 1936.) From the standpoint of X-ray 
crystallography, the presence of such “ bridges ” in a solid is inferred from a 
decrease in the minimum distance of approach of, say, two oxygen atoms 
from the usual van der Waals value (3 4 - 3*7 A) to 2«5-2*8 A. X-ray measure¬ 
ments on such hydrogen compounds do not permit a final conclusion as to 
the nature of the forces responsible for hydrogen “ bonds Other methods, 
such as calculations of the binding energy, are complicated by the fact that 
various forces (van der Waals, Coulomb, and special resonance effects) 
probably contribute terms of the same order of magnitude (compare Hug¬ 
gins 1936; Gilette and Sherman 1936; Moelwyn Hughes 1938). The chief 
question of interest appears to be whether it is really necessary to assume 
special resonance effects to explain the various observations. 

The present paper describes experiments on the isotope effect in crystals, 
which were designed in the hope of throwing further light on the nature of 
the hydrogen bond. 

The provisional conclusion is that special resonance effects seem to be 
present in at least one of the examples investigated, i.e. oxalic acid di¬ 
hydrate. Similar but smaller effects in the other crystals investigated are 
discussed below. 

General description op the experiments 

Choice of substances . In a crystal a change in bond length between any 
pair of atoms will in general lead to a change in the axial lengths, and 
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consequently isotope effects are observed from a change in spacing of a large 
number of planes. Definite correlations between the individual bond-length 
changes and the observed changes in spacing can be established only by 
using crystals for which the relation between the axial spacings and the 
bond directions is accurately known. 

Two such crystals containing hydrogen bonds are sodium bicarbonate 
(Zachariasen 1933) and oxalic acid dihydrate (Zachariasen 1934; Robertson 
and Woodward 1936). In spite of various attempts it has not yet proved 
possible to prepare sufficiently large crystals of NaDC() a to permit a com¬ 
plete investigation of the isotope effect for this crystal structure. The con¬ 
clusions from powder photographs are given below. With oxalic acid 
dihydrate, measurements were sufficiently numerous and complete to permit 
a location of the isotope effect in the crystal. Experiments were also made on 
phthalic, benzoic and succinic acids, since although the, crystal structure of 
these acids is not accurately known, the results throw light on the behaviour 
of the carboxyl group. Finally, a- and /^-resorcinol were included in the 
investigation since both structures are accurately known, and contain 
‘* hydroxyl 1 * bonds (Robertson and Ubbelohde 1938), and thus throw light 
on the behaviour of the hydroxyl group. 

X-ray methods. Isotope effects in crystals do not so far as is known exceed 
a few hundredths A (Ubbelohde 1936), and since the absolute lattice spac¬ 
ings of most organic compounds are known only with this order of accuracy, 
it is not possible to measure the effects with any certainty from separate 
X-ray photographs of the hydrogen and deuterium compounds. The prin¬ 
ciple adopted was to photograph each crystal in turn on the same film or 
plate, using a simple geometrical method for displacing the whole film by 
a small amount after the first exposure. In this way the relative displace¬ 
ments of various crystal planes can be measured with considerable accuracy, 
since any measurement covers at the most a few mm. of film, and irre¬ 
gularities of film shrinkage, etc., are insignificant, When using a Weissenberg 
spectrometer or a two-crystal moving film spectrometer small geometrical 
errors in setting the individual crystals are eliminated by statistical methods. 
A new spectrometer has also been used which facilitates the various experi¬ 
mental precautions required. This is being described elsewhere, but we 
would like to take this opportunity of thanking Mr C. H. Jenkinson for his 
skilful help in its construction. 

NaHC 0 3 and NaDCO s 

These compounds were prepared by parallel methods as follows: Na 2 C 0 8 
(B.D.H,, A.R.) was heated to about 500 ° C, and cooled in a desiccator over 
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P 2 0 6 . A 15 % solution was made up in H 2 0 or 99*6 % D 2 0 , and C 0 2 vaporized 
from the solid, and further dried by passing through tubes cooled with 
solid CO 2 and alcohol, was passed through each solution in turn for about 
5 hr., taking precautions to exclude atmospheric moisture. The solution was 
then decanted, and the precipitate dried with a stream of air dried with 
liquid air (Ubbelohde 1933). The composition of the powder was verified 
by ignition to sodium carbonate, to make sure no sesquicarbonate was 
precipitated with the bicarbonate under the conditions of preparation. 
None of the various methods for evaporating a solution in the absence of 
H 2 0 gave sufficiently large crystals of Nai) 00 3 for single-crystal spectro¬ 
metry. 

The powder was filled into tubes of thin cellophane sealed at both ends 
with Apiezon Q sealing compound, and were photographed with Cu Kol 
radiation, using a nickel filter. Owing to the general scattering and overlap 
of planes at angles approaching 90 °, only the stronger reflexions could be 
picked out. The results of a series of independent experiments are as follows: 


Table I. Sodium bicarbonate 


Bragg angle 
Mean & n ° 


Isotope effect (0 H — 0 n )° 

-A 0 


/ r 

I 

II 

III 

IV 

Mean 

80-81 

— 0-07 

— 0-06 

-0-06 

— 

- 0*06 

79-90 

— 0-12 

— 0-13 

>-0-11 

-- 

-0-12 

70*08 

4*0-22 

4-0*22 

4-0-25 

4-0*25 

4-0*24 

75-40 

+ 0-31 

4-0-28 

4-0*16 

4-0-25 

+ 0-24 

73-31 

4-0-27 

4-0-2G 

4- 0*30 

— 

4-0-27 

72-80 

4-0*26 

4*0-25 

— 

— 

4-0-26 


Planes with smaller Bragg angle are not sufficiently distinct in powder 
photographs to be measurable, though the isotope effect is accompanied by 
considerable changes of intensity of some of the reflexions. 

Since a positive value of 6 n — implies that the spacing expands on sub¬ 
stituting deuterium, it follows that the isotope effect for Nal)C 0 3 is chiefly 
an expansion. Owing to the use of powder photographs, certain planes may 
have been missed or may overlap, but the expansion is in agreement with 
the effect observed for the other substances investigated, and about a 
quarter of the magnitude of that in oxalic acid dihydrate (cf. fig. 2, Plate 2 
and Table XI, columns 2 and 4 ). A comparison with Zachariasen’s published 
structure shows that this is too complicated to permit the identification of 
the above planes with any certainty. 


Vot. CLXX, A. 


15 
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(C 00 H) a 2 H 2 0 and (C 00 D) 8 2 D 2 0 

0*5 g. anhydrous oxalic acid (Organic Synth . 1921) was dissolved in 
2*5 g. 99*6 % D a O with warming, and the water was re-evaporated in vacuo . 
This procedure was repeated twice, and the moist crystals of (COOD) 2 2 D a O 
were rapidly dried with filter paper, and transferred to a dried container 
with greased stopper. Further drying was not used owing to the risk of 
producing the anhydrous acid on the surface of the crystals. 

Samples of (C() 0 H) 2 2 H 2 0 and (C 00 D) 2 2 D 2 0 were also kindly provided 
by Dr J. Bell, and gave an independent check on the results. 

The melting ‘‘point” of the hydrates depends somewhat on the method 
of observation, but samples compared under similar conditions in small 
tubes gave tfie following values: 

Acid m.p.° C 

(COOH) g 2H a () 99-8-100*7 

(COOI)) a 21) g O 95-5- 97*5 

This difference in melting-points is in the same direction and is of the same 
order of magnitude as for succinic acid (Halford and Anderson 1936) and 
for the carboxylic acids described below. The inferences which have been 
made from this observation, about the relative strengths of the hydrogen 
and deuterium bonds, depend on assumptions about the liquid phase, 
which require experimental verification. 

The composition of the oxalic acid crystals was checked by igniting to 
verify the absence of sodium salts, which might have dissolved from the 
glass (ash content > 0*01 %), and by oxidation with KMn 0 4 ((COOD) a 2D a O 
99 * 7 % D± 0 * 5 %). The possibility that moisture on the surface of the 
crystals might lead to swelling (as in some zeolites) was checked by blank 
experiments on (COOH) 2 2H a O, and can be rejected. The rate of exchange 
of D 2 0 with atmospheric moisture was tested by grinding a few crystals to 
a fine powder, so as to expose a large surface, and comparing the melting- 
point at intervals, with powdered (COOH) 2 2H a O. After 10 min. exposure 
the rise in m.p. was not greater than 0 * 5 ° C, indicating that for the un¬ 
damaged crystal this danger is negligible. This conclusion was confirmed by 
the observation that X-ray photographs of the deutero compound, taken at 
intervals, showed no appreciable change in the isotope effect. The following 
table of 0 values and isotope effects for various crystal planes refers to X-ray 
photographs with Cu Ka radiation, filtered with nickel. The crystals were 
rotated about the b axis (periodicity 3-60 A). 

In this table the second and fourth columns (which refer to measurements 
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with the new spectrometer) are directly comparable with the results for 
sodium bicarbonate (Table I). 


Table II. Oxalic acid dihydbate 






11 

-0„) 

Expansion 
, — A sin 0 

Direction 



0 H 

On 

New 

Moving 

sin 0 

referred to 

hkl 


meas. 

calc. 

spec tro m. 

film 

x 100 

c axis 

1 013 - 

fa* 

|a x 

76-53 

75-99 

75-92 

0-59 

0-61 

0-61 

0*268 

+ 9° 

3 0T3 

■a 2 

a i 

75-43 

74-91 

74-80 

0*95 

0-92 

0-87 

0-414 

- 6-5° 

« 0 12 

a* 

72-55 

72-15 

71-80 

1*10 

M3 

M2 

0-664 

— 36° 

709 - ! 

** 

1*1 

71-45 

71*05 

71-00 

1*09 

Ml 

1-04 

0-634 

-52-5° 

0 0 14 | 

fa* 

l a i 

69-22 

68*89 

68-90 

0-36 

0-35 

0-22 

0-150 

4-16° 

5 o 1!3 | 

fa* 

[a* 

68-57 

68-19 

68-20 

0-87 

0-85 

0-83 

0-603 

-26-5° 

3 0 11 


— 

68-05 

— 

Zero 

Zero 

+ 40-5° 

1 0 13 


66-17 

66-13 

— 

0*07 

0-066 

+ 24° 

■i 0 12 


65-76 

65-79 

— 

0-04 

0-022 

4* 32*5° 

507 


— 

65-17 

— 

0-07 

0*055 

4 60° 

707 


— 

64-95 

— 

0-72 

0*591 

— 60-5° 

7or 



64*09 

— 

0-36 

0*300 

-86° 

004 


— 

63-63 

—- 

0-14 

0-134 

4 73-5° 

2 0 1? 


— 

63-43 

— 

0-36 

0-322 

0 ° 

703 


— 

62-25 

— 

0 43 

0-396 

— 77*5° 


The effect was also investigated in more detail by means of moving-film 
spectrometers of the Weissenberg type, and the results are given in the 
remaining columns of Table II. In these experiments, after completing the 
photograph with one crystal, the spectrometer spindle was given a small 
angular displacement relative to the film holder, so as to make the reflexions 
from the second crystal overlap in pairs with the first. Part of such a moving- 
film exposure is shown in fig. 1, Plate 2. The upper darker component is 
due to (COOD) s 2D a O. The Bragg angle 0 and hence the spacing of the plane 
conoemed is given by the horizontal co-ordinate on the photograph, whilst 
the angular position of the reflecting plane in the crystal is given by the 
vertioal co-ordinate, sin# varies from about 0-60 on the right to 0-97 on 
the extreme left, and in this region of large dispersion the isotope effect is 
very marked. The expansions calculated from the displacements are shown 
at the side. With the extreme dispersion the reflexions split, showing the 
Ka v a t doublet. 

The displacements on the moving-film exposures cannot be measured 


15 * 
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quite as accurately as those recorded by the new spectrometer (fig* 2, 
Plate 2), but, on the other hand, the identification of the reflecting plane is 
much more positive on the moving film. Thus on the stationary film re¬ 
flexions of very nearly the same spacing cannot be separated, except by the 
tedious method of oscillation photographs; the larger apparent discrepancies 
in Table II are undoubtedly due to such superpositions. 

Methods of computation for the isotope effect 

The isotope effect may be treated as a homogeneous deformation of the 
crystal resulting from certain changes in bond lengths and angles, i.e. a 
deformation in which a sphere in the reference lattice becomes an ellipsoid 
in the lattice under discussion. Since oxalic acid is monoclinic (PSJn), one 
axis of the deformation ellipsoid must coincide with the b crystallographic 
axis. Owing to the absence of high orders in the (0&0) series of reflexions, and 
other experimental difficulties, it has not yet been possible to evaluate the 
magnitude of the isotope effect in this direction, but it is probably small. 
The other two axes of the deformation ellipsoid will lie in the (010) plane. 
In the usual notation, these mutually perpendicular axes are X x and JC 8 . 
The corresponding maximum and minimum expansion coefficients are a u 
and a 33 . The angle between X x and the crystallographic c axis is i/r. The 
object is to evaluate the three quantities a u , and rjr. In principle it 
would be sufficient to measure any three expansions in non-parallel directions 
in the (010) plane. Thus if a! is the observed expansion along a plane 
normally inclined at an angle £ to the c axis, then (cf. Wooster 1938) 

a' - A + B cos 2£ + C sin 2£, (A) 

where tan 2 \jr = C/B, a n » A + B /cos 2^, a S3 * A — JB/eos 2 \jr. - 

In the case of oxalic acid dihydrate, the best values of A , JB, C to fit equation 
(A) were calculated from fifteen independent measurements of a', using the 
method of least squares. From these values, the deformation ellipsoid on 
substituting deuterium for hydrogen was found to be defined by 

if » - 42 ° 32 ', a u « + 0 * 00647 , a 83 * - 0 * 00016 . 

Using these values, a plot of a against £ can be compared with the individual 
measurements of a, in order to estimate experimental errors. The com¬ 
parison is shown ih fig. 3 . (To save confusion, it may be noted that £ is 
jKieitive in the obtuse angle between a and c, and negative in the acute 
angle, in accordance with the indexing of the reflexions.) 




{Facing ®. *88) 









Instead of expressing the deformation of the lattice, which tt^Hs pilaoe on 
substituting deuterium, by giving the magnitude gnd position of the axes 
of the expansion ellipsoid, the results can also be expressed by giving the 
relative cell dimensions of the two compounds. It should be noted, however, 
that the absolute cell dimensions are not known nearly so accurately as 
the deformations. Thus for (COOH) g 2H a O, 

a - 6-120 ± 0-020, b = 3-000 ± 0-010, c = 12-030 ± 0-030, p = 106° 12', 

and on this basis the corresponding cell dimensions for (COOD) a 2D s O are 
calculated from the measured expansions to be 

a = 6-149, c= 12-071, /? = 106°33\ 



Flo. 3. Lattice deformation (isotope effect, D for H), oxalic acid dihydrate. 

Relation between the deformation ellipsoid and bond length changes 

The directional nature of the expansion on substituting deuterium is 
shown in relation to the structure of the oxalic acid crystal in fig. 4. This 
represents a scale drawing of a projection of the structure on the (010) plane, 
and the principal expansion axes are marked on the oxygen atom numbered 
1. The intermolecular bonds, of which there are three different types, are 
indicated by dotted lines and their lengths, i.e. the minimum distances of 
intermolecular approach, are indicated alongside. 

From the curve in fig. 3 it is easy to obtain the expansion in the direction 
of any of those intermolecular bonds. For example, the short “hydrogen” 
bond (2-52 A) makes an angle in the projection of —19° with the c axis, and 
the expansion in this direction is 0-0054 per unit length. One “hydroxyl” 
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bond (2*87 A) is inclined at — 32° to the c axis, and the expansion in this 
direction is 0*0062 per unit length, whilst the other hydroxyl bond (2*84 A) 
is inclined at + 43°, where the expansion is — 0*0001 per unit length. 



2 CL 

Fig. 4 . Isotope effect (D for H) in relation to structure. 


It does not follow, of course, that the intermolecular bonds themselves 
change by these amounts. Any exact correlation between these directed 
expansions and the actual bond length changes is at present beyond the 
reach of experiment. A complete determination of the intermolecular bond 
distances in the deuterium compound could be carried out only by a com¬ 
prehensive Fourier analysis of the intensities of reflexion, as has already been 
done for the hydrogen compound. The expected changes in bond lengths, 
ranging from about 0*01 to 0*04 A, are, however, too small to have an easily 
measured effect on the intensities. This can be seen from the experimental 
uncertainty in bond lengths in the hydrogen compound, which range from 
± 0*02 to ± 0-04 (Robertson and Woodward 1936 ). 

Nevertheless, a qualitative inference about the changes in intermolecular 
bond lengths can be readily made from the data on the deformation ellip¬ 
soid. A quantitative treatment is hampered by numerous uncertainties 
about bond angle changes, and by the fact that the two hydroxyl bonds do 
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not lie strictly in the ( 010 ) plane. In order to simplify the problem, these two 
bonds (2*87 and 2*84 A) are assumed to involve the same forces, and to 
undergo the same dimensional change on substituting deuterium. With 
these simplifications, the observed expansion can most simply be accounted 
for both in direction and magnitude if the short “ hydrogen M bond expands 
by rather more than 0-0054 A per unit length, and if both the "hydroxyl” 
bonds show a small contraction on substituting deuterium. This can readily 
be seen by considering each oxalic acid molecule as tied in the network by 
the intermolecular bonds, and verifying that the above changes in bond 
radius must actually take place in order to reproduce the observed effects. 
The significance of the effect is discussed below. 

Pkthalic acid C 8 H 4 (COOH) 2 and C 6 H 4 (COOD) 2 

Although no published structure is available for this acid, X-ray rotation 
photographs were made in order to investigate how far the isotope effect 
observed for oxalic acid dihydrate could be associated with the presence of 
carboxyl groups. Crystals of C fl H 4 (COOH) 2 and C 6 H 4 (OOOD ) 2 were obtained 
by boiling 1 g. phthalic anhydride with about 3 g. H 2 0 or 99*6 % D 2 0 for 
2 hr., taking precautions to exclude atmospheric moisture. The crystals 
obtained on cooling were decanted and recrystallized from hot H a O or 
99*6 % I ) 2 0 with slow cooling. Melting with loss of water was observed at 
about 193-0° for the H acid, and 1910° for the D acid. 

X-ray powder photographs gave too much general scattering to be 
utilized. Rotation photographs of single crystals were taken about an axis 
with period 11*17 A. No isotope effect could be observed corresponding 
with expansions for any spacing bigger than 0*0001 A. In the absence of 
any known structure, the choice of axis was decided by experimental con¬ 
venience, and may have been unsuitable for detecting hydrogen bonds. The 
absence of a large isotope effect is thus not entirely conclusive. 

Benzoic acid C e H ft COOH and C 6 H 6 COOD 

An early description of the structure has been given by W. H. Bragg 
( 1921 , 1922 ), but no detailed analysis has been published. In order to pursue 
the investigation of the role of the carboxyl group in leading to isotope 
effects, crystals of C 6 H 5 COOH and C e H s COOD were prepared by boiling 
1 g. benzoic anhydride with about 3 g. H a O or 99*6 % D 2 0, using 1 drop of 
freshly distilled SOCl 2 as catalyst, and taking precautions to exclude atmo¬ 
spheric moisture. The product was dried and sublimed in dry air (Ubbe- 
lohde 1933 ) and was recrystallized by slowly cooling a solution in dried 
benzene. It was assumed that exchange of isotopes was negligible under 
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these conditions. The melting-point of the H acid was found to be 123*4 ± 0 * 6 ° 
and of the D acid 120*1 + 0*5°, under comparable conditions. 

X-ray powder photographs gave too much background to be informative. 
Rotation of single crystals elongated along the b axis (period 5*08 A) were 
taken about this axis, the choice of which was decided by experimental 
convenience. Small isotope effects were observed as follows: 


Table Ill. Isotope effects in benzoic aoib 




74*29 

0-11 

73-80 

0*20 

58*25 

0*03 

54*11 

0*08 

48*63 

0*02 

46*72 

0*06 


The effect appears to be definitely an expansion, as in oxalic acid dihydrate, 
but the magnitude is much smaller, at least in this particular zone. 

Succinic acid C a H 4 (COOH ) 2 and C 2 H 4 (COOD) a 

No detailed crystal structure of this acid has yet been published, though 
various investigations are available (Yardley 1924 ; Dupre de la Tour 1931 ; 
Verweel and MacGillavry 1938 ). The acid was selected in the hope that the 
greater number of carboxyl groups per unit volume might lead to larger 
isotope effects, as in the case of oxalic acid dihydrate. 

Crystals were prepared by boiling 1 g. succinic anhydride with about 
3 g. H 2 0 or 99*6 % D a O for 3 hr., taking precautions to exclude air. The 
crystals obtained on cooling were recrystallized from slowly cooled H 2 G or 
99*6 % D a O. Observed melting-points were 184*6 ± 0 * 6 ° for the H acid, and 
181*5 ± 0*9° for the D acid. 

Rotation photographs on single crystals were taken about an axis with 
period 5*09 A. Small isotope effects were observed as shown in Table IV. 

The conclusion is that a small isotope effect is present, but the expansion 
on substituting deuterium is not more than one-fifth the effect for oxalic 
acid dihydrate. 

In this case again the choice of axis was determined by experimental 
convenience. In this preliminary survey of other carboxylic acids, it was 
riot possible to obtain complete rotation photographs about the three 
crystal axes for each substance investigated, owing to the time required 
for each exposure. Furthermore, powder photographs were uninformative. 
Nevertheless it seems unlikely that in each case the axis of rotation selected 
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was unsuitably located with respect to any hydrogen bonds in the crystal, 
and the provisional conclusion seems to be that the carboxylic acids selected 
show deformations on substituting deuterium in the same sense but smaller 
in magnitude than for oxalic acid dihydrate. 


Table IV. Isotope effects in succinic acid 


Mean 


II 

-0„ 



r ' 

I 

II 

III 

Mean 

81-70 

0*14 

— 

— 

0*14 

81*10 

0*18 

— 


0*18 

80-76 

0*18 

— 

0*20 

0*19 

80*14 

on 

— 

0*18 

0*15 

75-02 

0*11 

— 

— 

0-11 

74*49 

013 

0-00 

0*09 

0*10 

73-96 

0-08 

0*09 

016 

0*11 

68-19 

0*08 

0*09 

0-10 

0*09 

67-84 

0-08 

0-12 

0*13 

0*11 

62-84 

0-08 

0-10 

— 

0-09 

62-53 

0-03 

— 

— 

003 


a- and ft-resorcinol C 6 H 4 (OH ) 2 and C 6 H 4 (OD ) 2 

Crystals of these substances were prepared in the manner already 
described (Robertson and Ubbelohde 1938 ) and X-ray rotation photographs 
were taken about the c axis (period 5-60 A for the a crystal, and 5*50 A for 
the ft crystal), a-resorcinol shows no isotope effect for planes up to 0 H « 87° 
greater than A6 = 4 - 0 - 10 °. The expansion on substituting deuterium is only 
just large enough to be detectable. /?-resorcinol shows an even smaller 
isotope effect, if anything a contraction, on substituting deuterium. 


Discussion 

In order to simplify the discussion, it may be added that experiments 
described in the following paper show that the isotope effect is substantially 
the same at 0 ° K as at room temperature, to which the above measurements 
refer. The coefficients of thermal expansion of R and D compounds show 
minor differences of considerable interest, but not large enough to make an 
appreciable change in the deformation ellipsoid for isotope substitution. 
From this it follows that the expansions observed are due to zero point 
energy (residual energy) of vibration, and not to temperature effects. 
Although the presence of zero point energy in solids, has been inferred from 
X-ray reflexion intensities (e.g. James, Brindley and Wood 1929 ) the present 
experiments may be regarded as a more direct demonstration of this fact. 
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Strictly speaking, on substituting deuterium for hydrogen all the lattice 
vibrations will be slightly altered, but the change in “reduced mass” will 
only be large for bond length and bond angle vibrations of hydrogen with 
respect to the oxygen to which it is bound* In the compounds investigated 
the main isotope effect will thus be located at the intermodular bonds 
{cf. Ubbelohde 1936 ). 

Other conclusions from these experiments are as follows: 

(1) When an isotope effect is associated with a carboxyl group in a 
crystal, the deuterium compound in the examples studied shows an expan¬ 
sion. An expansion is also associated with the hydrogen bridge in sodium 
bicarbonate, and a much smaller expansion is associated with the hydroxyl 
bond (2*7 A) in a-resorcinol. 

( 2 ) The effect is probably about five to six times as large for oxalic acid 
dihydrate as for the other acids investigated, and about four times as large 
as for sodium bicarbonate. The outstanding effect for oxalic acid dihydrate 
may be related to the possibility of conjugation across the —C—C— link 
in this crystal. 

(3) The isotope effect is strongly directional, and in the case of oxalic acid 
it can most simply be represented as an expansion of the short hydrogen 
bonds (2*52 A) and a contraction of the very long hydroxyl bonds (2‘8-2*9 A). 

(4) Since an increase in bond length is normally associated with weaker 
binding, the deuterium bond is probably somewhat weaker than the 
hydrogen bond, though the compensating effects mentioned below may be 
operative. 

In order to a|>preciate the significance of these conclusions, it is necessary 
to review the origin of possible isotope effects in hydrogen and hydroxyl 
bonds. 

Van der Wauls forces. The minimum distance of approach of two atoms or 
groups is conditioned by the minimum free energy of the crystal. If this is 
taken as equivalent to the minimum potential energy (thermal effects are 
discussed in the following paper), and this potential energy is represented 
by any convenient function of the interatomic distance r, e.g. 

V = — Ajr m + B/r n , 

where A and B are constants referring respectively to attraction and 
repulsion, the equilibrium value r 0 is given by the minimum of potential 
energy, i.e. dU/dr - 0 , 

r 0 = [nB/mA] lKn ~ m \ 

Isotope effects may lead to changes in r 0 either through ohanges in the 
attraction or changes in the repulsion term. For covalent links it seems 
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likely (Ubbelohde 1936 ) that the repulsion will be smaller at equivalent 
separations r in the case of deuterium, leading to a smaller intermolecular 
distance. It is noteworthy that a number of volatile deuterium compounds 
have a lower critical temperature than the corresponding hydrogen com¬ 
pounds (refs, in Clusius 1938 ). If van der Waals’ equation of state were to 
apply, 

a /6 = 27/8 

and if ft is smaller, a must likewise be smaller for the deuterium compound. 
Too much weight must not be attached to this conclusion, which might not 
follow if a more accurate equation of state were employed. 

Coulomb forces. Owing to the influence of the atomic vibrations associated 
with a chemical linkage, small changes.of dipole moment may be expected 
on substituting deuterium for hydrogen. The dipole moment of ND S is 
larger than that of NH 3 by about 2 % (de Bruyne and Smyth 1935 ) and the 
dipole moment of I)C1 exceeds that of HC1 by about 0*5 % (Bell and Coop 
1938 ), H 2 0 and D a O have identical dipole moments within 1 % (H. Miiller 

1934)- 

Since the known dipole moments are larger and the ft values are likely to 
be smaller for the deuterium compounds, the most likely effect when van der 
Waals and Coulomb forces alone are operative is a contraction of the lattice 
for the deuterium compound. In this connexion it is noteworthy that the 
work of removal of D 2 0 from salt hydrates should be larger than for H a O 
when only the above forces are operative. Heats of vaporization have been 
measured by J. Bell ( 1937 ) and usually agree with this expectation (for 
oxalic acid dihydrate see below). The isotope effects are under in¬ 
vestigation by X-ray methods. Preliminary results show a small contraction 
of the lattice for the deuterium compounds, in accordance with expectation. 

Special resonance forces . If forces other than van der Waals and Coulomb 
contribute appreciably to the binding energy of hydroxyl bonds, it might 
be argued that the very small expansion observed for ice (H. Megaw 1934 ) 
and for resorcinol is due to a compensation of the expected contraction on 
substituting deuterium. On this suggestion, the isotope effect associated 
with these speoial forces would have to be of opposite sign to the effect for 
ordinary covalent links, and would leave a smaller contraction, or an ex¬ 
pansion, in hydroxyl bonds, according to the degree of compensation. 
Furthermore, the proportion of total binding energy due to these special 
forces must be considerably larger in the short “hydrogen” bonds, so that 
for these a comparatively large expansion would be observed on sub¬ 
stituting deuterium. 
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In connexion with this compensation of the expected contraction on 
substituting deuterium, it is noteworthy that the work of removal of H a O 
from oxalic acid dihydrate (13*6 kcaL/moL) is actually slightly larger than 
the work of removing D 2 0 from the deuterium compound (13*3 kcal./mol., 
J. Bell (private communication)) so that the usual increase for D a O in 
hydrates is compensated in some way. 

For reasons given above, this interpretation of our experimental results 
must be regarded as provisional. It can be made clearer from a consideration 
of the effect of zero point energy on intermoJeeular resonance. It is frequently 
stated (cf. Huggins 1936 ) that a deuterium bond would have a lower zero 
point energy than a hydrogen bond, and would therefore be stronger. This 
statement may apply to that part of the binding energy due to van der 
Waals and Coulomb forces, but for special resonance effects our experiments 
suggest that the binding energy may be weaker for deuterium, since the 
“bond length * 9 is increased. This can be related to the fact that inter- 
molecular resonance must refer to potential energy curves for two different 
molecular systems, and will therefore depend on the closeness with which 
two structures approximate in energy and position of the hydrogen atom. 

Too much space would be required to discuss even those aspects of 
resonance for which there is experimental foundation. In what follows, the 
object is merely to indicate how zero point energy might affect the strength 
of binding due to intermolecular resonance. A complete representation of 
the potential energy of oxalic acid dihydrate would require a surface with 
as many variables as there are independent variations of interatomic 
distances, but for discussing hydrogen bonds it is sufficient to consider a 
section of the complete surface by a plane for which all the variables are 
kept constant at the equilibrium value, except for the position of one 
hydrogen atom relative to the two oxygen atoms near which it may lie. For 
simplicity, only the hydrogen bond between oxygen atoms ( 1 ) and (3') in 
figs. 4 and 5 will be considered. Two possible molecular arrangements are 
drawn in fig. 5, (I) and (II). We do not consider that the third arrangement 
(II I ), which corresponds with oxonium oxalate, can be of much importance, 
for the following reasons; ( 1 ) the ionic structure (III) would lead to a C—C 
distance greater, if anything, than the normal value of 1-54 A, as in am¬ 
monium oxalate (Hendricks and Jefferson 1936 ; Robertson 1937 ), where it 
is reported as 1*58 A, Actually in oxalic acid dihydrate this distance is 
decreased from the normal value 1*54 to J-43 A (Robertson and Woodward 
1936 ); ( 2 ) oxonium ion formation does not lead to short hydrogen bonds in 
water. 

Neglecting structure (III), possible potential energy curves for the 
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hydrogen atom are sketched in fig. 6. If the oxygen atoms are very far apart, 
there will be no interference between the two structures, and the potential 
energy curve will be as sketched in (a). As the oxygen atoms are brought 
closer together, the potential energy curves will intersect in the rising 
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Fig. 5 . Possible molecular structures for oxalic acid dihydrate. 


branches M 1 X l and M U X U . When repulsion effects are large, however, 
these branches will increase in steepness as the oxygen atoms come nearer, 
and the point of intersection may lie above the original dissociation line 
When repulsion effects are small, the point of intersection may bo 
brought comparatively near to the minima -A/j and M n . The resulting poten¬ 
tial energy curve may lie below 0, as is indicated by the continuous line in 
(l>), fig. 6. If resonance is sufficiently large, a new minimum may actually 
arise in the neighbourhood of O, and lying below M ] and M n . 

When new energy levels are formed owing to resonance, the isotope effect 
is best illustrated from a consideration of the interaction between in¬ 
dividual vibrational energy levels, as sketched in fig. 6 (c). This diagram is 
drawn on the following basis: 

(1) When the energy levels of two structures are approximately the same, 
a new energy level lower than either may be present owing to resonance. 
The extent of lowering increases as the difference between the initial levels 
decreases, though no exact expression has yet been proposed for inter- 
molecular resonance. 

(2) The structure with the lower potential energy (firmer binding) is 
assumed to have a larger force constant, higher vibration frequency, and 
consequently larger zero point energy. When this is the case the ground 
levels of the hydrogen structures approximate more closely than the ground 
levels of the deuterium structures, because the zero point energy is included 
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in the ground levels. This conclusion can be derived analytically, or from the 
scale diagram, in which frequencies are drawn in the ratio H:: D *» :1, 

and the frequencies of the less firmly bound structure are arbitrarily 
assumed smaller by 15 %. 




n - 3 / 2 



structure resonance structure 

I structure II 

(c) 

Fiu. 6. a and b f potential energy of H atom in alternative molecular 
structures; c, possible energy levels of H atom. 

In this diagram, the resonance is assumed to be sufficiently large for the 
closer approximation of the hydrogen structures to lead to a new level lower 
than for deuterium. If resonance is not so complete, the difference between 
the new levels for hydrogen and deuterium may diminish but not actually 
become negative. It may be suggested that the former state of affairs refers 
to the short hydrogen bond, and the latter to the longer hydroxyl bond. 

In a diagram of possible vibrational energy levels, such as fig. 8c, it is not 
possible to indicate that the positions of the H atoms in the two structures 
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may likewise favour increased resonance, compared with the deuterium 
compound. This can however be seen from the potential energy curves. In 
the usual nomenclature of the tunnelling effect, the deuterium atom, which 
lies deeper in either valley, will have a greater breadth of hill through which 
to tunnel. A quantitative treatment is deferred till other systems have been 
studied. 

Even in its incomplete state this tentative interpretation of our experi¬ 
mental results suggests a number of fresh experiments, which are being 
carried out. The only point to be mentioned here is that the higher vibra¬ 
tional levels of the deuterium structures may happen to approximate more 
closely than in the case of hydrogen. In this case the expansion observed 
at 0°K on substituting deuterium may be partly compensated at higher 
temperatures, and anomalous thermal expansions may be expected. The 
evidence is discussed in the following paper. 

It may be added that the suggestion made here, that zero point energy of 
the individual structures must be taken into account iri computing reson¬ 
ance, may be of importance in other cases than hydrogen bonds. 

In conclusion we would like to thank Sir William Bragg for his interest 
in this work, and the Managers of the Royal Institution for the facilities 
placed at our disposal. We would also like to thank Messrs R. Clay and 

H. Smith for their help with some of the X-ray photographs, and Miss 

I. Woodward for her assistance with some of the calculations and figures. 

Summary 

The hydrogen-deuterium isotope effect has been investigated for a number 
of carboxyl and hydroxyl groups in crystals, in order to obtain fresh in¬ 
formation on the hydrogen bond, and the possibility of intermolecular 
resonance. X-ray methods have been developed for the accurate measure¬ 
ment of the changes in crystal spacing on substituting deuterium, and in 
the case of oxalic acid dihydrate the complete section of the deformation 
ellipsoid has been calculated in relation to the crystal structure. 

In all cases an expansion is observed on substituting deuterium, the 
observed effect being largest for oxalic acid dihydrate, and practically zero 
for phthalie acid and ^-resorcinol. Intermediate expansions have been 
observed for NaHC0 8 , succinic and benzoic acids, and a-resorcinol. For 
(COOH) a 2H s O the expansion is markedly directional, and the observed 
effect can most simply be explained by assuming an expansion of the short 
hydrogen bond, and a contraction of the longer hydroxyl bonds in this 
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crystal, A tentative interpretation of this effect is discussed in terms of 
resonance between the energy levels of two alternative molecular structures 
in the crystal. 
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Structure and thermal properties associated with 
some hydrogen bonds in crystals 

II. Thermal expansion 

By J. Monteath Robertson and A. R. Ubbklohde 
The Davy Faraday Laboratory , The Royal Institution, London 

(Communicated by Sir William Bragg, OMP.R.8 .— 

Received 12 December 1938) 

One of the most important thermodynamic properties of a crystal in 
relation to its structure is the thermal expansion, which provides information 
on the lattice vibrations, and thus indirectly on the binding forces. The 
experiments described in this paper were carried out with a view to obtaining 
fresh information on hydrogen and hydroxyl bonds in crystals from measure¬ 
ments of the thermal expansion. A comparison of the thermal expansion 
of corresponding hydrogen and deuterium compounds from about 90° K to 
room temperature was made in order to distinguish between lattice deforma¬ 
tions due to zero point energy and thermal energy respectively. The marked 
anisotropy of thermal expansion in crystals containing hydrogen bonds 
throws interesting light on the structure. 

General experimental details 

The choice of substances was decided by considerations similar to those 
discussed in the preceding paper. In order to be able to correlate thermal 
expansion with structure, it was necessary to select crystals whose structure 
is accurately known. Crystals of (COOH) a 2H a O and (COOD) a 2D a O, 
a-resorcinol C 6 H 4 (OH) 2 and C 6 H 4 (OD) t , and NaCl were chosen to obtain 
comparative information for lattices containing hydrogen and hydroxyl 
bonds, and for a lattice involving only van der Waals and Coulomb forces. 

The X-ray methods were similar to those used for measuring isotope 
effects. The object is to measure accurately small changes in lattice spacing, 
so as to compute the deformation ellipsoid. A crystal was first photographed 
in a moving-film spectrometer at room temperature using Fe Kol and Kfi 
radiation. The spectrometer spindle was then given a small twist relative to 
the film holder, and the exposure was repeated with the crystal maintained 
at about 90° K. As a result reflexions from individual planes occur in 
overlapping pairs, whose separation can be accurately measured. The 
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appearanoe of an exposed film is somewhat similar to fig. 1, Plate 2 of the 
preceding paper. 

Owing to the comparative inaccessibility of the crystal in the usual form 
of Weissenberg spectrometer, this could not be used in the thermal experi¬ 
ments. On the other hand, the two-crystal moving-film spectrometer 
(Robertson 1934 ), with upright spindles and isolated drum film holder, is 
particularly suitable, and was partly designed for such a purpose. In these 
experiments it was used with the moving-film surface adjusted parallel to 
the direction of the primary X-ray beam. The original description should be 
consulted for the interpretation of films taken with this arrangement, which 
is very sensitive for large angle reflexions, minute changes in spacing giving 
rise to comparatively large shifts on the film. 

In order to maintain the crystal at a low temperature, filtered liquid 
oxygen was dripped direct from a Dewar vessel on to the rotating crystal. A 
small paper cup surrounded the base of the crystal to prevent too rapid loss 
of liquid. Owing to evaporation, the temperature of the crystal may be 
estimated as somewhat below the boiling-point of oxygen (90° K). Provided 
the stream of liquid oxygen is not interrupted during an exposure, no ice 
forms on the crystal during the process, for the suggestion of which we are 
indebted to Mr H. Smith. 

Owing to the fact that thermal expansions are usually proportional to the 
specific heat, in accordance with Gruneisen’s law, the coefficient decreases 
rapidly at low temperatures, especially for crystals with fairly high vibra¬ 
tional frequencies. Any fluctuations in temperature of the crystal in this 
simple method of cooling are quite undetectable on the film. The individual 
reflexions are quite sharp, from which it follows that the bulk of the total 
expansion between 90 and 290° K must take place over a range of tempera¬ 
tures well above any fluctuations which may occur. 


Computation of the total thermal expansion 

Adopting a procedure similar to that discussed for the isotope effect, the 
total thermal expansion between 90 and 290° K can be treated as a homo¬ 
geneous deformation of the crystal lattice, in which a sphere drawn in the 
lattice at 90° K becomes an ellipsoid at higher temperatures. The computa¬ 
tion of the position and magnitude of the principal axes of this ellipsoid 
is carried out as before. In order to check the errors of measurement for 
individual crystal planes, the observed expansions are compared with a 
plot of 


a « A + Rcos 2 £-fC'sin 2 £, 
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using values of the constants A, B, C obtained by the method of least 
squares (cf. fig. 3 of the preceding paper). As before, a is the expansion and £ 
the angle between the plane normal and a crystal axis. 

Polar diagrams of the expansion in relation to crystal structure 

For the purpose of correlating total thermal expansion with crystal 
structure, it is convenient to represent it in a polar diagram. The differences 
between the axes of the deformation ellipsoid are too small for convenient 
diagrammatic representation of sections of it, which would look like circles, 
but a direct plot of a against £ on a polar diagram gives all the information 
required. In connexion with these diagrams, the following remarks may be 
added. 

NaCl, fig, 1 

For these measurements a crystal of rock salt was split to a suitable 
shape, and photographed first at 290° K, then at 90° K. From the crystal 
symmetry, the axes of the deformation ellipsoid must coincide with the 
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crystal axes, and as far as could be detected the expansion was the same in 
all directions. From the scale indicated on the diagram the total thermal 
expansion and hence the mean coefficient of expansion from 90 to 290° K 
are readily obtained. 

a-resorcinol C 6 H 4 (OH ) 2 and C fl H 4 (OD) g 

Crystals of a-resorcinol were rotated about the c axis, and photographed 
at 290 and 90° K. The axes of the deformation ellipsoid must coincide with 
the crystal axes, but a marked anisotropy of expansion is observed, as can 
be seen from the diagram. The small difference between the expansions of 
H and D resorcinol may not take quite the course indicated in fig. 2, which is 
plotted from the least mean square results, but measurements on the (390) 
plane showed quite definitely that D resorcinol expands less than H 
resorcinol, the actual separations on the film being 15*85 and 15*45 mm. 
respectively, corresponding with expansions of 0*0172 3 (H) and 0-0169 a (D). 
The significance of this observation is discussed below. 
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To save confusion, attention may be drawn to the fact that the expansion 
of resorcinol is represented on half the scale of the other diagrams, owing to 
its larger numerical value. 

Oxalic acid dihydrate (COOH) a 2H a O and (COOD) a 2D a O 

The polar diagram for the total expansion of these compounds from 90 to 
290° K is drawn to scale in fig. 3. As in the case of the isotope effect, two axes 
of the deformation ellipsoid must lie in the (010) plane, but do not coincide 
in position with the crystal axes. The crystal a and c axes are indicated, 
together with the sign convention used, in the scale diagram. The differences 



Fig. 3. Oxalic acid dihydrate. Thermal expansion 90-290° K. 


between the maximum expansions of the H and D acids are hardly outside 
experimental error. On the other hand, it will be noted from the diagram 
that at right angles to the direction of maximum expansion the thermal 
expansion is negative, so that a second loop appears on the polar diagram. 
The difference between the minimum expansions of the H and D acids may 
not have quite the numerical value indicated in the diagram, which is based 
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on least mean square values, but it is quite definite. Thus careful measure¬ 
ments on the (604) plane, for which displacements on the film are 2-9 mm. 
for the H acid and 2-1 mm. for the D acid, shows total thermal expansions in 
this direction of 0*0052 g for the H acid, and 0*0040! for the D acid. The 
significance of this observation is discussed below. 

For convenience of comparison, the isotope effect at room temperature 
for this substance is drawn to the same scale as the total thermal expansion 
from 90 to 290° K in fig. 4. 



It should be added that the full use of these polar diagrams can only be 
obtained when they are available in the form of transparent tracings. Such 
tracings can be directly superposed on the appropriate projections of the 
structure (e.g. fig. 4 of the preceding paper), and the radius gives the 
proportional expansion in any direction. 
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Discussion 

The main conclusions from these experiments can be directly obtained 
from these diagrams, and are 

( 1 ) The maximum thermal expansion of oxalic acid dihydrate from 90 to 
290° K is about the same as that of rock salt, and the expansion of resorcinol 
is about twice as large. 

( 2 ) The thermal expansion is markedly anisotropic in the case of resor¬ 
cinol, and much more so in the case of oxalic acid dihydrate. 

(3) The thermal expansions of the deuterium compounds are slightly 
smaller than those of the hydrogen compounds. 

(4) For oxalic acid dihydrate it follows from the diagrams that the isotope 
effect at 90° K is practically the same as at 290° K, and actually that the 
expansion on substituting deuterium is if anything larger at the lower 
temperature. Although this crystal still has an appreciable specific heat at 
90° K (W. Nemst 1910 ), it is unlikely that H—O vibrations make an 
appreciable contribution at so low a temperature, so that any further con¬ 
traction of the lattice in reaching 0 °K will not differ appreciably for H and 
D crystals (see equation (A) below). It thus seems justifiable to suppose that 
the isotope effect will be about the same at 0 °K as at 290° K. 

(5) The magnitude of the isotope effect in oxalic acid dihydrate at 90° K 
is about 60 % of the total thermal expansion from 90 to 290° K, which is 
practically the same for both compounds. For resorcinol it is not more than 
6 % of the total thermal expansion over the same interval of temperature. 

( 6 ) In oxalic acid dihydrate the difference in direction between the 
maximum isotope deformation and maximum thermal expansion is about 
22 °. 

The significance of these conclusions may be appreciated ffom a review 
of the origin of thermal expansion in crystal lattices. For a simple cubic 
lattice the fundamental equation due to Gruneisen ( 1912 ) may be written 

a d\nv C v _ C v 
Xo~~ZlnV'V-~ 7 V’ 

where a is the coefficient of thermal expansion, Xo the compressibility at 

0 in V 

0 ° K, C„ is the specific heat, and y = + ^ is a (dimensionless) measure of 

the decrease in lattice frequency v as the volume expands, i.e. of the an- 
hormonicity of the vibrations. In this form the equation shows how the 
increase in vibrational energy per unit volume of the lattioe, C„/V per ° C, 
exerts an increased thermal pressure on the lattioe, leading to an expansion a, 
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proportional to the compressibility of the crystal, and increasing with 
increasing anharmonicity of the vibrations. To a first approximation, y is 
independent of temperature, so that the equation can be integrated over a 
range of temperature to give the dependence of the total thermal expansion 
on the total increase in vibrational energy per unit volume. 

This simple expression holds reasonably well for cubic lattioes, but in 
other crystals special considerations apply (of. Gruneisen and Goens 1924; 
Adenstedt 1936; and the survey by H. Megaw 1938). For an isolated 
anharmonic oscillator, it follows from the theory of dimensions or from a 
derivation similar to that of Gruneisen that an analogous expression holds, 

a _ 3 In v C v 

k 0 ~ 3 In r * r * 

r is now the bond distance, and F = — (r — r 0 )/K 0 r 0 is the force required to 
reduce the bond distance to the value r 0 at 0° K. In a crystal the oscillations 
are not independent, and an exact solution of the direction and magnitude 
of thermal expansion in terms of the lattice spectrum has not yet been 
proposed for an anisotropic crystal. Nevertheless, certain inferences can 
still be drawn from our results, and are given below. 

In order to utilize the comparative observations on hydrogen and deu¬ 
terium compounds, it is necessary to consider the effect of substituting 
deuterium on the vibrational energy of the lattice. At a temperature T , the 
average energy of a Planck oscillator of frequency v is 

E v » hv/(e hvlkT —l) + hp/ 2 , 


or, writing 0 = hvjk y 

E ~hdl{eW T -l) + \kd 
- H(6jT) + \kd , 

where numerical values of the function H(d/T) can be obtained, e.g. from 
Landoltand Bornstein(i927). The total vibrational energy ofthelattioe is the 
sum of a series of functions H($jT) corresponding with eaohnaturalfrequenoy 
of the crystal. A substitution of deuterium for hydrogen will not, however, 
make an appreciable change to any of these natural frequencies, exoept for 
bond and valency angle vibrations of the O—H linkages, for which 
0 h/^d is approximately yj2: 1 = 1*4: 1. This conclusion can be verified by 
considering how the reduced mass of any type of vibration is changed by 
isotope substitution. 
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The difference in vibrational energy of the hydrogen and deuterium 
crystals will be very approximately 

E H -E D = N 0 [i7H + 0-2 A2»], (A) 


where iV 0 is the number of 0—H bonds per molecule, and the summation 
refers to the characteristic temperatures for various modes of vibration of 


the 0 —D bond. 


In the absence of special resonance forces, which might depend on the 
mass of the atom common to the two molecular structures in resonance (cf. 

the preceding paper), the quantities k 0 and should be the same for the 


two crystals, since they merely depend on the interaction of electron clouds 
round the various atoms. It follows that differences in the total thermal 
expansion of hydrogen and deuterium compounds should be directly 
proportional to the difference in vibrational energies at any temperature 
(cf. also the discussion on LiH and LiD, Ubbelohde 1936 ). 

If these considerations are applied to our experimental conclusions, the 
following iTvferences can be drawn: 

(1) Although the lattice vibrations in a crystal are not independent, the 
anisotropy of thermal expansion in oxalic acid dihydrate is so marked that 
the vibrations in the direction of maximum expansion must show marked 
anharmonicity, Any influence of vibrations in other directions can only 
introduce small correction terms. The maximum thermal expansion in 
(COOH) 2 2 H a O lies almost exactly along the C—C diagonal to the network 
of oxygen atoms 123 1' 2' 3' joining the two carbon atoms (cf. fig. 4 of the 
preceding paper). This network is held by hydrogen and hydroxyl bonds, 
and the anharmonicity must be closely connected with the forces in this 
network. 


In a-resorcinol, the O—H bonds lie around a screw axis through the 
crystal. Although the crystal structure and the comparison with /^-resorcinol 
(Robertson and Ubbelohde 1938 ) suggest that a-resorcinol is rigidly held 
by hydroxyl bonds, the structure does not permit so obvious a correlation 
between the hydroxyl bonds and the thermal expansion, as in the case of 
oxalic acid dihydrate. 

( 2 ) In the case of both these substances, it is feasible to eliminate a number 
of possibilities from a comparison of the H and D crystals. Inspection of 
equation (A) shows that: 

(a) At 0 ° K the vibrational energy of an H oscillator is larger than that of 
a D oscillator, since E n - * 0*2 N o k£0> 
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(6) As the temperature rises, the thermal energy of a D oscillator at first 
begins to rise more rapidly, since H{0jT) increases more rapidly than 
H(l-40/T). It can be seen by expanding the exponentials that at very high 
temperatures the difference in thermal energy exactly compensates the 
zero point energy difference. Two rules derived from equation (A) are thus 
that at 0° K replacement of deuterium by hydrogen should have the same 
kind of effect on the 0—D bond as a rise of temperature, and furthermore 
that at first a rise of temperature should lead to a larger change in an 0—D 
than in an 0—H bond. 

Our experiments with the crystals containing hydrogen bonds show just 
the reverse of the above effects. The replacement of deuterium by hydrogen 
leads to a contraction, and a rise of temperature leads to an expansion, in 
practically the same direction. Furthermore, the effect of rise of temperature 
is to lead to a larger expansion of the H crystal. 

One explanation of this unexpected behaviour is that owing to resonance 
effects the lattice forces are not independent of the mass of the atoms, so that 
equation (A) is no longer a satisfactory approximation to the vibrational 
energy difference between the two crystals. As discussed in the previous 
paper, this may lead to a compensation of the expected expansion on sub¬ 
stituting H for I) at 0° K, but will leave the thermal expansions of both 
crystals more or less unchanged. This explanation must be regarded as 
provisional, however, and it is important to explore other possibilities. 

The simplest of these is that the thermal expansion is principally due to 
lattice vibrations of quite low 6 value, for example, vibrations of the 
(COOH) 2 molecule as a whole in the direction of the 123 T 2' 3' network 
(of. fig. 4 of the preceding paper). These would hardly be altered on sub¬ 
stituting deuterium, since the proportional increase in the mass of the 
vibrating molecule is quite small, and since in the absence of resonance the 
force constant of the vibration must be the same. Such a possibility would 
not affect our conclusion as to the marked anharmonicity of vibrations in 
this direction in the crystal. The isotope effect, which must refer primarily to 
changes in the vibrations of the 0—H group, would have to be ascribed to 
quite independent vibrations with such a high 6 value that higher levels are 
not appreciably excited even, at 290° K. Such vibrations would fail to 
contribute to the thermal expansion from 90 to 290° K, but could give rise 
to zero point energy effects. 

In the light of present evidence this explanation is not satisfactory. Thus 
the expansion on substituting deuterium at 90° K would still require ex¬ 
planation. If it were due to bond angle changes, the only plausible angle 
lies between the hydroxyl bonds, i.e. 232'. If this angle were to decrease 
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on substituting deuterium, it would, however, lead to an expansion in the 
wrong direction in the crystal, and in addition should give rise to isotope 
effects in crystals like ice or even resorcinol, of about the same magnitude as 
in oxalic acid dihydrate. Furthermore, the small difference in thermal 
expansion of the H and D crystals is directly opposed to the view that an 
increase of this bond angle with rise in temperature is responsible for the 
bulk of the isotope effect, since the D crystal shows a thermal contraction in 
the direction in which it ought to show expansion. Although further experi¬ 
mental evidence is being obtained, our present results suggest that the 
isotope effect in oxalic acid dihydrate is due to the presence of a short 
hydrogen bond, and that its magnitude seems to require resonance forces for 
its explanation. 

In conclusion, we would like to thank Miss I. Woodward for her help with 
some of the diagrams and calculations, and Messrs R. Clay and H. Smith 
for their help with some of the experiments. We would also like to thank the 
Managers of the Royal Institution for the facilities placed at our disposal. 


Summary 

The total thermal expansion of NaCl (rock salt), oxalic acid dihydrate 
(COOH) 2 2HjjO and (COOD) 2 2D a O, andresorcinol C 6 H 4 (OH) 2 and C fl H 4 (OD) 2 
have been measured by X-ray spectroscopy, over the temperature interval 
90-290° K. Polar diagrams have been calculated giving the proportional 
expansion in various directions in the crystal. Marked anisotropy of thermal 
expansion is observed in crystals containing hydroxyl and hydrogen bonds. 
The expansion of the deuterium crystals is slightly smaller than that of the 
hydrogen crystals. Possible interpretations of these observations are 
discussed in terms of the role of hydrogen and hydroxyl bonds in the crystal 
structure. 
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On fluctuations in electromagnetic radiation 
By M. Born and K, Fuchs, Edinburgh 
(Communicated by E . T. Whittaker , F.R.8. — Received 5 December 1938) 

Introduction 

The question of fluctuations in electromagnetic radiation played an 
important part during the first period of the development of quantum 
theory. After having introduced (Einstein 1905) the conception of light 
quanta or photons in order to explain the observed phenomena of the 
photoelectric effect, Einstein (1909) considered the consequences of this 
idea for other properties of the radiation. Planck’s formula for the energy 
density of radiation implies, by arguments of general thermodynamics and 
statistics, the following expression for the mean square fluctuation of the 
energy contained in a volume v in terms of the mean energy E v 

-—-2 

5 ^ = —+ hvW„, (0-1) 

where z v « 87 rv 2 jc* is the density of radiation oscillators in the v-scale. Some 
years later it was shown by Lorentz (1916) and by Omstein and Zemicke 
(1919) that the first of the two terms can be accounted for by a classical 
calculation of the energy fluctuation in a radiation field as a consequence of 
the interference of the elementary waves. Einstein (1909) pointed out that 
the second term can be interpreted as showing the presence of photons. For 
it is well known that in an assembly of N independent particles the mean 
square fluctuations of the number in a small partial volume is equal to the 
average number: 

An 2 * n. (0*2) 

In the photon picture where each particle carries the energy hv one finds for 
the fluctuation of the total energy nhv = E v 

AE 2 * { hv) 2 An 2 ~ (hv) 2 n =* hvE y , (0*3) 

It was considered one of the great successes of quantum mechanics to be 
able to account for both terms of (0*1) simultaneously. This attempt to 
derive (0* 1) from the quantized laws of the electromagnetic field is contained 

[ 252 ] 
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in one of the first papers on matrix mechanics by Bom, Heisenberg and 
Jordan ( 1926 ); as a matter of fact, only a one-dimensional model was 
treated. Recently Heisenberg ( 1931 ) has raised objections against this 
proof because certain divergent integrals were neglected, and he has tried 
to remedy this defect by the assumption that the partial volume considered 
has no sharp boundaries. 

We have been led to reconsider the problem in the hope of deriving some 
information from these divergent integrals about possible limits of our 
present radiation theory—similar to the information provided by the 
infinite zero energy of the vacuum and the self-energy of the electron. The 
result of our study is rather surprising. 

We find that Heisenberg’s objections were not justified. On the other 
hand, we have discovered not only another serious error in the old calcula¬ 
tions, but convinced ourselves that the whole problem has not been clearly 
formulated by previous investigators and the numerous authors who have 
quoted their results in text-books and lectures. It is not to be expected that 
the formula ( 01 ) derived by the methods of statistical mechanics should 
coincide exactly with the formula derived from the quantized electro¬ 
magnetic field. The two methods are really concerned with different objects 
and, therefore, lead to different results. We shall give here the derivation of 
the correct formulae for both cases and show that the difference can be 
interpreted physically. The result is that (in contradiction to Heisenberg’s 
statement) no other infinities occur than that of the zero energy of the 
radiation field; if this is admitted the formula ( 0 * 1 ) is in full agreement with 
that derived from the interference fluctuations of the quantized field. But 
the infinity of zero energy is really disastrous to the whole argument. We 
shall discuss this difficulty in the last section in connexion with the question 
of a future theory which avoids these infinities. 


1. Fluctuations derived from statistical mechanics 

The starting point of Einstein’s considerations is the formula of statistical 
mechanics: 

AE% = ~d/}’ P = kf’ 

which is easily proved for a system having a partition funotion 


(M) 
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For one has evidently 1 " 



(1-3) 


hence AE * = {E-Ef = E*-E* 


Z" Z ' 2 ZZ" - Z '» d Z' 
Z Z 2 ~ Z* ~ dfi Z • 


which, on account of (1*3), proves ( 1 * 1 ). Fowler ( 1936 ) has shown that ( 1 * 1 ) 
holds under the most general assumptions possible, including the Bose- 
Einstein and Fermi-Dii ac statistics. If we apply ( 1 * 1 ) to the radiation energy 
as given by Planck’s formula, 


E u 


z u v 


hv 


eW-V 


(1*4) 


we obtain, by eliminating /?, Einstein’s formula ( 0 * 1 ). But (1*4) is not the 
total energy of radiation, but only the thermal part of it, the zero energy 
being omitted. If we are now going to compare this formula with that 
derived from the quantized waves we have to consider that it is certainly not 
allowable to subtract the influence of the zero energy of the wave field on the 
mean square fluctuations; for there are interferences between zero waves 
(unexcited states of the field, no photon present) and the other waves 
representing the motion of photons4 Therefore, in the statistical considera¬ 
tions we must also use the complete Planck formula with zero energy: 


U 9 


rr- kv 

K+w 2 



hv 

e**’/*— 1 



(1-5) 


Then we obtain from ( 0 - 1 ) by substitution, or by direct application of ( 1 * 1 ) 
to ( 1 - 6 ), 



( 1 - 6 ) 


This formula is, of course, identical with ( 0 - 1 ) but has a form proper for 
comparison with the result of the calculation of interferences. 


2. Comparison op the statistical and the interference 

FLUCTUATIONS 

Following Einstein’s idea we have to show that the mean square fluctua¬ 
tions of the energy contained in a partial volume v of a cavity filled with 
radiation, calculated from the interference of the quantized waves, satisfies 
( 1 - 6 ). But can we really expect this? 

* The dash means differentiation with respect to fi. 

t This faot is not made clear in the old paper of Bom, Heisenberg and Jordan. 
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We consider the limiting case of low temperatures; if we make 0, 
oo we see from (1*5) that U v -+ \z v vhv, therefore A 0. This fact shows 

that in spite of adding the zero energy to Planck’s formula, this zero vibra¬ 
tion has no effect on the mean square fluctuation. And this is not surprising. 
For in deriving (1*6) we considered the radiation field of volume v as a total 
thermodynamical system in equilibrium with a bath of temperature T. 
If T * 0 the system is necessarily in its lowest quantum state, and no 
fluctuations of energy can be expected. Whether this lowest state is re¬ 
presented by “no waves” (classical theory) or “zero waves” (quantum 
theory) does not matter at all. 

If we are now going to carry out Einstein’s programme we have to 
consider a partial volume v and calculate the fluctuation of the energy 
contained in it. The source of these fluctuations is the interferences of the 
elementary waves, and these exist not only for waves proper which corre¬ 
spond to photons, but for zero waves as well. We shall, therefore, expect to 
find an additional term in the fluctuations corresponding to .the zero energy, 

* Indeed we shall show that the wave calculation gives the result 





( 2 * 1 ) 


which differs from (l*fi) by this term; expressed in terms of the “thermal” 
energy E v > as given by (1*5), this becomes 

—2 

= ^ + (2-2) 

instead of (0-1). 

In fact, we have to deal with two essentially different models; (0-1) corre¬ 
sponds to a total system, (2-2) to a partial one. Einstein’s argument in 
identifying these models was apparently this: the partial volume filled with 
radiation should evidently behave in the same way as if the outer radiation 
were a bath of constant temperature. This conclusion is quite right for 
higher temperatures, but if the temperature is so low that the thermal 
energy E v is of the same order or smaller than the zero energy the difference 
between the wave model and the total system becomes important: the zero 
waves in the partial volume oontinue to interfere and fluctuate, whereas the 
closed Bystem comes to rest in its lowest quantum state. 

We shall now proceed to prove (2-1) as a consequence of the wave theory. 
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3. Quantized field and energy density 

We follow the presentation of the quantized electromagnetic field given 
by Heitler ( 1936 ), on pp. 43-4 of his book. 

We consider the radiation contained in a cube of side L (Heitler puts 
L<= 1 ). The vector potential is 

A = J 2 2+ gjt c -«k A .« } . ( 3 .!) 

We assume that the field is periodic with the cube as basis*; A denotes the 
different elementary waves with amplitudes 

q* = <j x e~ iu * 1 , oj x = 2nv x = c | k x J, ( 3 - 2 ) 

and a — 1,2 distinguishes the two directions of linear polarization, given by 
the unit vectors ej, which are perpendicular to one another and to k A : 

e “ • k A = 0 , ej.e£ = 6 a/) (a,/? = 1 , 2 ); (3-3) 

therefore c(k A AeJ) = c j k x j e A = oj x ejj, 

e (K Ae l) = -c|& A |eJ = -&> A eJ. (3*4) 


The amplitudes q% satisfy the commutation relations (Heitler, p. 60): 


= = 2^A/“V 

The total energy, i.e. the Hamiltonian, is 

# = £ 2 #3, Ht~io\(f x <tf + q?q$). 

a A 

The thermal energy (Heitler, p. 60) is 

#' = 22 #*% #** = Mqfqr, 

* A 


(3-6) 


(3-7) 


it differs from the total energy by the zero energy 2 ^« A - The vectors of the 

A 

electric and magnetic field are 


* * A = - c Jfffl 2 Xe* x w x {q* x e«**-*>-q?e-«>A.t)}, j 
*e - curl A - iJijj) 2 2 [k A Ae5]{95e<*A.»)_g«t e -<k A .«}. 


(3*8) 


* We have convinced ourselves by a careful calculation that the assumption of 
reflecting walls (standing waves) gives exactly the same results. 
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Squaring these expressions we see from ( 3 ' 4 ) that we have in Jff* the faotor 

[k* a ej] [k,*<] = + ~ w A . ©J), 

the upper sign being taken if a = fi, and the lower if a + yff. In 2 the 
corresponding faotor is the same, but always with the + sign. Therefore, in 
<? 2 + all terms with cancel, and we get for the energy density 

u = + •***) * Ts s S (e“ • e“) e^A-V 1 

- tfA gj - ^V«kA+V'}. (3*9) 

4. The energy in a partial volume and its fluctuations 

We consider a partial volume in the shape of a cube of side L By inte¬ 
grating (3*9) over the cube we get the energy 



U ^judr^Q + Us, 

(4-1) 

where 

Ul = (z) £ 5 (e * • e ‘ } 

U t m - (j) S r (ej . e») <o A w^gjgj + q?q?)f(ki + k ), 

\ x '/ A, n a 

(4-2) 

with 

. . ain k x l 12 sink u l/2 sink t l/2 

Ji ) " kjl2 V/2 kfl/2 ■ 

(4-3) 

We now average over the time, i.e. we take the diagonal elements of the 
matrices only. Then we get only contributions from the terms in U x with 
A * /i; with e*.e® * 1 and/(0) = 1 we find for the mean energy in the partial 
volume 


V = tt) XX + q*M), 

(4-4) 

in agreement with (3*6). 

The fluctuation of the energy about this value U is 



AV- U-U = AU^AUt, 

(4-8) 

where 

dU x - 2(i)*S 2(eS.ej)w A «^</(k A -k # ), 

\*-v A*/* a 

417, - £/,. 

(4-6) 


Here we have commuted and qf in A U 9 which is permitted since A 


*7 
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The square of the fluctuation is 


with 


Am = AU\+AUl+AU 1 AU t +AU i AU v 


(4-7) 


m = 4 7 S S S (e“ • e£) (e£. e£) w A w /t m„ 3^ qfq$ 


A'+’// 0 * 4 ' /y a, 

X /( k A-k«)/( k <r-~kJ, 


\"/ o', p a. A 

X (vfr'/p + qPqp)fQt A + k //)/( k rr + k p ), 

417,^+414^ = 2 f^)‘s 2 2 ( e A ■ e*) (e£.e£) o) A o) o)„(o 

W/ A + fi<r,pa,ft 

x )+ (<?£<$ + ^JsS ^/(k* - M/( k * + k ,)v 

(4-8) 


If we average these expressions over time all terms disappear except those 
which contain the pairs and q^, Therefore we get: 


AU\ = 4jY S S(e 5 .e«)^>^^^t AkA _ k/() ; 

V^v A+/* a 

A#I = (~) 8 2 S (e“. M«?«S;V+flirts? > 

+ 9Sfl?9? t 9X t +«f + k /t ), 

dOid £4 + d£/ a df / 1 = 0 . 


(4-9) 


Now we have to average over all directions of polarization. Each term in the 
sums is a product of unit vectors belonging to two elementary waves 
(e\, ef , k A ) and (e* , e* , ). We can consider the first set of orthogonal vectors 
as fixed and coinciding with the co-ordinate axes, in the order (x, y, z); then 

«J*. e A • e A = e lv 

are direction cosines, which can be expressed in terms of the Eulerian angles 
<j> } rjr, #, for instance 

cosy * e*# = co 8 $Scos^ — cossin^sin^ 

where # is the angle between k A and k^. This equation can at once be read 
from fig. 1, which shows the intersections of the vectors in question with a 
sphere centred in the origin. Averaging over <f> and rjr we find 


(ej*) 1 = i(l+oos»* A ,) - (ej.ej,) 1 - (eg. eg)*. 


(4-10) 
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In AU\ , commutes with q^q^ since A 4 = //. In AU\, q K commutes with q^, 
and q\ with gj, Furthermore we shall show that we are allowed to commute 
cfi? with q^ and gf with qff ; for, doing so and using ( 3 - 5 ), we get an additional 
term 

R - ”(~|) 6 S 2(1+ cos* #„) r,; 2 o>l (qfctf - yf ?«) A + k„), 

or 

R - ^(|) 9 L2ft«5(sS«5 t -9S + 9$)/ 2 (2k A ) = 2 (^)/*(»»). (*n> 

which vanishes as we shall see later. Neglecting R, we get from (4-9), using 
(4-10), 

AU \ = (/) 22(1 + cos 2 & X/t ) -k /t ), 

2(1+ «>s 2 » A ) (tf yf y“yf + 'tfqtqfWfHK + k /( ). 

w \*V A,/* a 7 

(4-12) 


Fio. 1 


5. Monochromatic fluctuation 
If we introduce the matrioes 

(s-i) 

we can write the product 4 wJ &»*?5 appearing in the first equation 

( 4 - 12 ) as 

•rfxaj; * «v 



(5-2) 
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All three matrices s/ % # commute and can be brought simultaneously 
into diagonal form. Each diagonal element corresponds to a state of the 
total radiation field which we characterize by the set of numbers n% of 
photons present in the oscillator A with direction of polarization e“. The 
corresponding matrix element of s/% is denoted by 

s/%(n) - s/%(n x u ...). (5*3) 

38% represents the thermal energy of the oscillator A with direction of 
polarization e£, as is seen from (3*7); and s/% represents the thermal energy 
plus twice the zero energy; therefore 

38%(n) = n%hco Ky s/%(n) = (n% + 1)#^ A , (5*4) 

and *$,(») « « + 1 )n*ti 2 o> x <o fl . (5*5) 

Correspondingly, there appears in the second equation (4*12) the expression 

+ ( 5 * 6 ) 

with the diagonal element 

®%(n) - {(nS + l)K+l) + «Sn«}ft*di A ^. (5*7) 

Substituting this in (4*12) we get 

£U\ = (1 + cos* # A „) + 1 )/*(k A - k„), 

2U\ - S(l + coB*^)« a w A ^{(nS + l)(»;+l) + »S»J}/*(k A + V 

(5-8) 

We now consider small regions in the k-space, of the extension Ak, where 

so that each region oontains a large number of oscillators and at the same time 
the faotor (1 + oo8 8 # A/ ,) w A w^,/*(k A + k # ) in the sums (5-8) does not change 
appreciably in one of the regions. Tids cannot be said about the factors 
depending on n®, n*, for these numbers, of course, change at random as we 
pass from one oscillator to the next. We can now replace »$, n* under the 
summation sign by their mean values over the small regions Ak, and we 
postulate that these mean values do not change appreciably in regions whose 
extension is of the order 1/1. 
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This is, of oourse, not the case for all matrix elements. If, however, l is 
sufficiently large our postulate is satisfied for those matrix elements which 
correspond to states of the radiation field for which a mean value nfdk A of 
photons with wave vectors in (k A , k A -hdk A ) and directions of polarization 
e A can be defined. We restrict our considerations to such states, and all 
subsequent formulae hold only for matrix elements corresponding to such 
states.* 

We now go to the limit L-+ oo. As k is the wave number per 2 rr units of 
length we have to replace 

by dk = dk x dk v dk z , 

then it follows from (5*8) that 


av \ = 1 (i) 6 J JjewkA-k.wMk,, 

AU\ = g(^) 8 sJJ(l+coa^ v )^ Wu 

x + l)(w*+l)+«Sw“}/ 2 (k A + k,) dk K d\i h . 


(5-9) 


Here all factors except / 2 ( k A ± k yi ) are practically constant over regions of the 
order l/l. Therefore we can apply the formula 




(5-10) 


and obtain 

m - i(^)? J 2 *vws+i)dk A , 

AU\ = -s + 1)(W-A + I ) + dk A- 


(611) 


In the same way we get from (4* 11) 

<<H2) 

since co 0 = 0 (for & 0 — 0); thus the neglect of i? in (5*8), (5*9), (5*11) is justified. 

* This restriction which is obviously necessary for a thermodynamical inter¬ 
pretation of the fluctuation formula (as intended by Einstein) is not observed by 
Heisenberg in his critical paper ( 1931 ); he considers an example where only one 
particle is present. Furthermore the divergence which he finds (formula (15), p. 6 ) is 
due to the additive term 1 in N k (N 1 + 1), i.e. to the zero energy, in contradiction to his 
statement. His objections are, therefore, not justified. 
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nf and n°L A are the numbers of photons of a definite direction of polariza¬ 
tion travelling in opposite directions. As we have assumed periodicity in the 
cube L 3 these numbers and n± x can be different; but if this model is to 
represent approximately a box with reflecting walls, we have to assume 

nf^nt A . ( 5 - 13 ) 

Then W^AUl + Wl = JWj(»S + £) 2 dk A . (5-14) 

We now assume that the radiation is isotropic and unpolarized, i.e. that nj 
depends only on the frequency o ), but not on the directions of propagation 
and polarization. (This assumption is of course necessary* and is also made 
in the classical calculation because otherwise a comparison with a result of 
statistical mechanics would be meaningless.) 

If dQ is the element of solid angle we have 

dk = ~dQaj*do> = (~^dQvUv, 

and we get by integrating over all angles and summing over the directions 
of polarization 

AU 2 = (lj &n[h 2 v i (n t + \) 2 dv. (5-15) 



* If this assumption were not made one would have 

J(nS[ + i)*d0=Mff<n“ + i)*, where n« = JL JnfdlQ, 

+ where n„ = |(nJ+Hj). 

a 


and 
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The error in the paper of Born, Heisenberg and Jordan* is in the evalua¬ 
tion of the term A X A % + A % A X (see formula (46*), p. 012). On p. 612 it is 
correctly stated that in the classical calculation the mean value of this 
quantity over all phases vanishes. This is also true in the quantum mechanical 
calculation as is apparent from formula (46*). At the end of p. 614, however, 
A X A 2 -f A 2 A X reappears again with a non-vanishing value and it is shown that 
it gives rise to an additional term by means of quite incomprehensible 
reasoning. It is just this term which transforms the correct formula (2*1) or 
(6*19) into the thermodynamical formula (1*6). But from the standpoint of 
wave theory this formula (1*6) is certainly wrong. 

The error in the later paper of Heisenberg is his statement that the 
integrals (corresponding here to (5*9)) diverge because of the factors 
quite apart from the divergence of the zero energy. This is certainly incorrect. 
As/ 2 ^ 1, 1 + cos 2 & A/l < 2 one has the inequality 

Al] i < {^) J* 2 w A w /t 7y« A +l)dk A <*k„, 

or, resolving into factors, 

AU\ < -f 1) dk, 

which shows that the only infinity appearing comes from the 1 in the second 
integral, i.e. from the zero energy; and a similar consideration holds for 
AUl 

It seems as if Heisenberg has overlooked the fact that n v depends on v in 
such a way that for all spectral distributions of radiation which could possibly 
be compared with black radiation (thermodynamical equilibrium) we have 
w^O if y->oo. 


6. Fluctuations and reciprocity 

The result that no other kind of infinity appears than that of the zero 
energy seems to indicate that the question of fluctuations has no deeper 
interest from the standpoint of the limits of our present theory. But that is 
not so. For in the case of the mean energy itself the zero energy is an infinite 

* As I am one of the three authors of the paper criticized here I ought to give an 
explanation of the mistake. But I can only apologize. Although the share of the 
three collaborators in the different sections of the paper is not equal, each of the 
signatories is, of course, responsible for the whole work. There is no other explanation 
than the enormous stress under which we worked in those exciting first days of 
quantum mechanics. Max Bom. 
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additive constant which can be omitted with some kind of justification. 
But in the case of fluctuations the zero energy is essential; this is evident 
from the form ( 2 * 2 ) of the correct wave formula, for the term hvE y from which 
Einstein derived his photon interpretation of light has no other source than 
just the zero energy. It is impossible to treat the fluctuations of one frequency 
apart from the others; one has first to consider the fluctuations of the total 
energy in a partial volume (and afterwards to resolve it into its spectral 
components), therefore one cannot avoid dealing with the divergent integral 
of the zero energy. We think that this fact is a strong argument for the view 
that the infinite zero energy of radiation is not a harmless imperfection of 
the present theory, but a very essential one. The only way of making the 

integral f \hvz v dv finite seems to be a modification of the function z v in such 


a way that it vanishes sufficiently strongly for v -> oo. 

One of us (Bom 1938 ) has suggested, under the title “postulate of reci¬ 
procity”, a method of doing this. In our notation we have to replace dk 
by <f>(k) dk with 


m 



1 

V( 1-rM) 


- m> 


( 6 - 1 ) 


where b is the “absolute momentum ”, and r » We have, therefore, for 
an isotropic distribution of particles 


Zy = $i/r(v), 


( 6 - 2 ) 


where zj is the density funotion as used before. 

We shall briefly investigate what changes occur in our formulae by using 
the distribution function ( 6 - 2 ) with any \jr(v) having properties similar to 
that given by ( 6 - 1 ). 

In (5-9) we have to introduce under the integral the factor <p{k x ) <p(k M ) 
and, therefore, in (5-11) and (5-14) the factor 0 2 (fc A ), and in (6-15) ir\v). 
Instead of ( 6 * 10 ) we have 

Zuz =m ^p (hv (7iy + i))* 

(M > 


On the other hand, the derivation of the fluctuation with the help of thermo¬ 
dynamics and statistical mechanics, as given in § 1 , is independent of the 
form of the funotion z„ and leads necessarily to ( 1 - 6 ); if we add to this expres- 
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sion the fluctuation due to the zero energy the result differs from (6-3) by 
the factor Now this factor deviates from 1 appreciably for high 

frequencies, and it seems very improbable that just in this region the 
radiation surrounding a partial volume should not behave as a bath of 
constant temperature. In this way we are led to the conclusion that some¬ 
thing is wrong with the simple expedient of modifying the density function 
z v by a factor ijr{v) so as to make the zero energy finite. Although Heisenberg's 
argument is invalid we have found some positive indications about the 
defects of the present theory. We hope to be able to follow this track a little 
further. 


Summary 

It is shown that all previous treatments of the fluctuations of radiation 
are inadequate. One cannot expect a complete coincidence of the formulae 
derived from statistical mechanics and from wave theory, as the zero energy 
plays a different part in these methods. The wave fluctuations are here 
recalculated for a quantized electromagnetic field, and it is shown that the 
result coincides with the statistical formula as far as can be expected, pro¬ 
vided one overlooks the divergence of the zero energy. The importance of 
this infinity is discussed with regard to the question of the limitations and 
future improvement of the present radiation t heory. 
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The principal magnetic susceptibilities of neodymium 
sulphate octahydrate at low temperatures 

By L. C. Jackson 

//. U. Wills Physical Laboratory , University of Bristol 

(Communicated by A. M. Tyndall , F.R.S, — Received, 7 December 1938) 

The magnetic and other related properties of neodymium sulphate have 
been the subject of numerous investigations in recent years, but there is 
still a remarkable conflict of evidence on all the essential points. 

The two available determinations of the susceptibility of the powdered 
salt at low temperatures, those of Gorter and de Haas ( 1931 ) from 290 to 
14° K and of Selwood ( 1933 ) from 343 to 83° K both fit the expression 
X (T + 45) — constant over the range of temperature common to both, but the 
constants are not the same and the susceptibilities at room temperature 
differ by 11 %. The fact that the two sets of results can be converted the 
one into the other by multiplying throughout by a constant factor sug¬ 
gested that the difference in the observed susceptibilities was due to some 
error of calibration. It could, however, also be due to the different purity 
of the samples examined though the explanation of the occurrence of the 
constant factor is then by no means obvious. 

From their analysis of the absorption spectrum of crystals of neodymium 
sulphate octahydrate Spedding and others ( 1937 ) conclude that the crystal¬ 
line field around the Nd+++ ion is predominantly cubic in character since they 
find three energy levels at 0 , 77 and 260 cm. 4 .* Calculations of the suscepti¬ 
bility from these levels reproduce Sel wood’s value at room temperature but 
give no agreement with the observations at other temperatures. On the 
other hand, Penney and Schlapp ( 1932 ) have shown that Gorter and de 
Haas’s results fit well on the curve calculated for a crystalline field of cubic 
symmetry and such a strength that the resultant three levels lie at 0, 238 
and 834 cm. 4 , an overall spacing almost three times as great as Spedding’s* 

The determinations of the specific heat of Nd 8 (S0 4 ) a , 8H 2 0 from 3 to 
40° K by Ahlberg, Blanchard and Lundberg ( 1937 ) show that the contribu¬ 
tion to the specific heat due to the excitation of the electronic levels of the 

* In the presence of a cubic field the ground state of the Nd+++ ion ( 4 I£$, J = 9/2) 
splits into three levels, one doubly degenerate and two quadruply degenerate, with 
the relative positions, 0, 11*84 A, 40*54 A, where A is a constant proportional to the 
strength of the cubic field. 
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Nd +++ ion agrees with that calculated from Spedding’s levels but can only 
be stated to indicate with certainty the presence of a level in the neighbour¬ 
hood of 77 cm. -1 . 

Krishnan and Mookherji ( 1938 ) have found that crystals of the salt in 
question have a magnetic anisotropy (AxJx) of 11 % at 30° C, and Krishnan 
and Chakrabarty ( 1938 ) have examined the polarization of the absorption 
lines. Both investigations lead to the conclusion that the crystalline field 
in neodymium sulphate octahydrate is highly asymmetric in character. It 
follows that the ground state of the Nd +++ ion must be split into more than 
the three levels given by a cubic field and that Spedding’s analysis is prob¬ 
ably incomplete. 

A determination of the susceptibility of the powdered salt from 290 to 
65° K by the present writer in 1936 gave values agreeing within 1-2 % with 
those of Gorter and de Haas. It was thought at the time that this result 
indicated that the difference from Sel wood’s observations was really one of 
calibration and that the question had been settled in favour of Gorter and 
de Haas. The later work mentioned above showed, however, that the ques¬ 
tion was still open. On returning to the problem the earlier results were 
confirmed with the original specimen and a second series of observations 
were made with the same apparatus but on another specimen of the salt of 
different origin. This second set of measurements and a third one on a 
further sample of the same origin agreed well with one another and with 
Selwood’s values over the range of temperature common to them all. It 
therefore now seems probable that the difference between the results of 
Gorter and de Haas and of Selwood must be attributed to a difference in 
the purity of the samples examined. Furthermore, as Selwood’s value at 
room temperature {x =* 14*6 x 10 -6 ) is now supported by Wedekind 
(14-5 x 10 -6 ), S. Meyer (14*6 x 10 -6 ), Zernicke and James (14*5 x 10 fl ) and 
the present results (14*7 x 10~ 6 ) and as the other published values range 
from 13*2 to 10*0 x 10 -6 , it is believed that the correct susceptibility must 
approximate closely to his value. 

The present paper records the results of a determination of the principal 
susceptibilities of single crystals of neodymium sulphate octahydrate grown 
from a sample of the salt which from the susceptibility determinations and 
from a spectroscopic analysis is believed to be of high purity. The greatly 
increased labour involved compared with measurements on the powdered 
material is justified, as the additional information it furnishes enables one 
to make a much more detailed comparison with the crystalline field theory. 
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Method and material 

The susceptibility was measured in certain known directions in the 
crystal by the Faraday method with the aid of the apparatus previously 
described (Jackson 1933 ). 

The crystals used were grown from an aqueous solution of neodymium 
sulphate prepared from the corresponding oxide supplied by Messrs Hilger 
who furnished the following information regarding the purity of the 
sample: 

Neodymium oxide no. 6783: dysprosium, probably absent; gadolinium, 
0*1%, lanthanum, 0*03%; praseodymium, absent; samarium, 0*1%; 
cerium, absent; yttrium, trace—less than 0 * 01 %; magnesium, trace; 
calcium, slight trace. 


Experimental results 

Neodymium sulphate octahydrate is a monoclinic crystal and to de¬ 
termine the three principal susceptibilities and the position of the magnetic 
ellipsoid, measurements are required of the susceptibility in four known 
directions. Determinations of the susceptibility parallel to the symmetry 
axis, i.e. perpendicular to ( 010 ), give Xz directly. Xi and #2 he in the sym¬ 
metry plane and the angle which the larger of the two makes with the 
crystallographic c axis is denoted by As a check on the accuracy, 
measurements in a fifth direction are desirable. 


Table I. Principal susceptibilities of 
Nd a (S0 4 ) 3 .8H a 0 per gram-ion* 


T° K 

Xi 

Xt 

X& 

VJr 

290 

0*00571 

0*00511 

0*00555 

18° 18' 

230 

0*00099 

0-00011 

0*00081 

18° 31' 

170 

0*00904 

0*00757 

0*00867 

21° 23' 

120 

0*01187 

0-00943 

0*01123 

23° 42' 

90 

001402 

0*01170 

0*01375 

27° 31' 

75 

0*01040 

0*01342 

0*01540 

30° 28' 

65 

0*01787 

0*01481 

0*01669 

34° 20' 

20 

0*04375 

0*02533 

0*03308 

93° 41' 

17 

0*04991 

0*02641 

0*03858 

94° 9' 

14 

0*05091 

0*02713 

0*04296 

94° 42' 


* The absolute values of the susceptibilities were obtained by calibrating the 
apparatus with a phial of MnS0 4 .4H,0 of the same volume as the orystal, using 
00*3 x 10“® at 288*7° K as the specific susceptibility of this standard substance and 
a correction of +0*00010 has been applied to the gram-ionic susceptibility to allow 
for the diamagnetism of the molecule. 
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Measurements were made over the temperature Tange 290 to 14° K. of 
the susceptibility of Nd a (S 0 4 ) s .8H 2 0 perpendicular to the following planes: 
( 100 ), (010), (001), (101) and (101). X\ > X% and V* were then calculated from 
the observed susceptibilities perpendicular to ( 100 ), ( 001 ) and (TOl), by 
means of Finke’s method (1910) for the temperatures given in column 1 of 
Table I. Column 4 gives the values of Xa read off from the experimental 
curve for the same temperatures. In addition the susceptibility perpen¬ 
dicular to (101) was calculated from Xi> Xs and & and compared with the 
experimentally observed value (Table II). The agreement is quite satis¬ 
factory as the principal susceptibilities here recorded are claimed to be 
accurate to about 1 %. 

Table II. Susceptibility perpendiculak to ( 101 ) 


T° K 

X calc* 

X obs. 

290 

000552 

0*00546 

230 

000672 

0*00669 

170 

000865 

0*00862 

120 

001131 

0*01137 

90 

0*01411 

0*01400 

75 

0*01603 

0*01588 

65 

0*01758 

0*01739 

20 

003572 

0*03565 

17 

0*03906 

0*03910 

14 

0*04296 

0*04292 


The reciprocals of the principal susceptibilities are plotted as a function 
of the absolute temperatures in fig. 1 . 


Discussion of results 

The detailed comparison of these experimental susceptibilities with 
the requirements of the crystalline field theory has been very kindly 
undertaken by Dr W. G. Penney. It will therefore suffice here to point 
out certain general features of the results. 

It will be seen from fig. 1 that the curves for 1/x against T are all parallel 
straight lines above 120° K. Below this temperature Xt begins to increase 
more rapidly with fall in temperature down to about 40° K below which 
the opposite behaviour sets in. An extrapolation of the curve of this 
susceptibility below 14° K suggests that it will become practically inde¬ 
pendent of the temperature in the liquid helium region, a behaviour similar 
to that of dysprosium ethyl sulphate as ascertained by de Haas, van den 
Handel and Gorter ( 1933 ). On the other hand Xi and x» conform to the law 
X(T + A) ■* constant down to about 80 and 80° K respectively, below whioh 
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the rate of increase of the susceptibility with decrease in temperature in¬ 
creases steadily as the temperature falls. 

It may also be noted that the ellipsoid, whose principal axes represent 
the principal susceptibilities of the crystal, rotates about the symmetry 
axis through a considerable angle as the temperature is lowered, thus at 
290° K is 18° 18' and at 14° K is 94° 42'. Further, the curve of i/r against 
T shows that the position of the ellipsoid is approximately stationary above 
200 and below 20° K, but changes rapidly in the intermediate region. 



Fici. 1. Tho temperature dependence of the principal ionic susceptibilities of 

Nd^SO^.SHjO. 


A calculation of the mean susceptibility (Xi + Xt + Xa)l& fr° m the present 
results shows thaty me&n at'293°K is 14-7 x 10~ 6 and that the straight portion 
of the 1 jx-T curve fits the law x( T + d) = constant with d = 46, a reasonable 
agreement with Selwood’s values 14-6 x 10~« and 45° K respectively. 

The anisotropy is about 11 % at 290° K and rises to 70% at 14° K. 
A comparison with the results of Krishnan and Mookherji ( 1938 ) shows that 
there is a considerable agreement between them and the present results as 
regards relative values. Thus Krishnan and Mookherji find 

Xi-Xn Xm-Xiv* 0 * 92 : 1 : 0 - 99 : 0 - 97 * 

* ^ x u , v and Xjy arc tho crystal susceptibilities perpendicular to the planes 
(100), (001), (101) and (101) respectively. 





Magnetic susceptibilities of neodymium sulphate octahydrate. 271 
at 30° C for the susceptibilities in the symmetry plane compared with 
Xi 1 Xn 1 Xm : Xiv = 0-92:1:0*98: 0*96 

at 30° C for the present measurements. There is, however, no such agree¬ 
ment between the respective values for y 3 , Krishnan and Mookherji finding 
y 3 to be the greatest susceptibility whereas it is here almost equal to the 
mean susceptibility. Furthermore, the absolute values of the suscepti- 
bilities given by the above-mentioned workers are very low, their mean 
susceptibility per g.-ion at 30° O being 0*00462 in place of 0*00521 
(Selwood) and 0*00525 (present results). The low value presumably indi¬ 
cates that the purity of Krishnan and Mookherji’s sample was not very 
high. 

Summary 

The principal magnetic susceptibilities of the crystals of neodymium 
sulphate octahydrate have been determined over the temperature range 
290-14° K. All three susceptibilities obey the law %(T + A) = constant above 
about 120 ° K, the three curves on the 1 /y // 7 graph being parallel straight 
lines. At low temperatures one of the principal susceptibilities tends to be¬ 
come independent of temperature while the oilier two increase more 
rapidly with decrease in temperature below 60° K than they do at higher 
temperatures. The magnetic ellipsoid rotates through a considerable angle 
as the temperature decreases from 290 to 14° K. At room temperature the 
anisotropy of the crystal (zly/y) ™ 11 % but this increases to 70 % at 14°K. 
The bearing of these results on the crystalline field theory is referred to in 
the paper by Penney and Kynch ( 1939 ). 
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[Plat© 3] 

The objects* of the present paper are ( 1 ) to study the fluorescence of some 
pure compounds of the transition element manganese, and ( 2 ) to in¬ 
vestigate the fluorescence of a wide variety of solids to which manganese 
has been added in small traces. The term “added ” implies heat treatments 
over a range of temperatures varying from 500 to 1300° C according to the 
nature of the solid. Luminescence in solids, it is now known, may arise 
from a variety of causes. As the subject is in a rather complicated state at 
the present time it seems necessary to give a brief introduction to some of 
the more important features. 

Broadly speaking two chief classes of luminescent solids are recognized. 
The more restricted of these is concerned with pure substances such as 
platinocyanides, the uranyl salts, and certain rare earth compounds. 
Most luminescent solids, however, owe their properties to the deliberate 
addition of some impurity. These impurities (or activators as they are 
commonly called) are frequently “metallio” in the following sense. A trace 
(say 1 in 10 s ) of Mn may be added to an oxide such aB MgO in the form of 
(say) chloride solution. The dried mixture is then subjected to heat treat¬ 
ment at, say, 1000-1200° C, as a result of which it is assumed that the 
manganese chloride becomes completely oxidized, and thus the only 
element effectively added to the oxide is manganese.* Deliberate metallic 
impurities of this nature may be detected in solids by the use of spectro¬ 
scopic tests or the use of sensitive organic reagents for metals. In some 
cases, however, luminescence is met with in solids containing no foreign 
metal atoms, and it is difficult to decide to what extent such luminescence 
is a property of an essentially perfect lattice or to what extent it is to be 
linked up with a “self” impurity. There are reasons which strongly suggest, 
for example, that the luminescence of “pure” zinc oxide (Ewles 1938 ; 

* An exception to this arises in the case of cadmium chloro-phosphate in which the 
chlorine however added is an essential component of the matrix. 

[ 272 ] 



The fluorescence of compounds containing manganese 273 

Randal] 1939 ) is a function of the loss of a certain amount of oxygen. 
Intermediate cases of this nature lie between the more sharply defined 
classes to which attention has already been drawn. They are also of interest 
because it is frequently possible to modify their luminescence by the 
addition of metallic impurities. Examples of “pure” solids, the lumin¬ 
escence of which may be modified by the addition of manganese will be 
discussed later. Some activators of luminescence in solids, such as chro¬ 
mium or samarium, can easily be recognized in the fluorescence emission 
on account of their sharp line spectra. Many of the more interesting 
luminescent solids are, however, characterized by diffuse emission spectra, 
and it is of considerable importance to determine to what degree the 
luminescence is a function of the added impurity, and to what extent the 
luminescence depends on the parent lattice. In this paper we deal from this 
point of view with manganese which is a specially suitable impurity, as it 
induces fluorescence in a wide variety of compounds; this may be seen 
from the list given in Table I, which is not exhaustive. It is of interest to 
note that four of these compounds, viz. zinc orthosilicate, zinc beryllium 
silicate, zinc mesodisilicate, and cadmium chloro-phosphate are amongst 
the technically most important fluorescent solids at the present time. 


Table I. Some fluorescent solids activated by manganese 


Sodium chloride 
Sodium sulphate 
Barium sulphate 
Strontium sulphate 
Cadmium sulphate 
Zin 0 sulphate 
Zinc oxide 
Zinc sulphide 
Zinc selenide 
Zinc borate 


Zinc orthosilicate 
Zinc beryllium silicate 
Zinc mesodisilicate 
Strontium oxide 
Beryllium oxide 
Aluminium oxide 
Thallous chloride 
Cadmium silicate 
Cadmium chloro-phosphate 
Cadmium borate 
Cadmium iodide 


Calcium oxido 
Calcium sulphide 
Calcium carbonate 
Calcium silicate 
Silver chloride 
Silver bromide 
Magnesium oxide 
Magnesium metasiiicate 
Magnesium sulphate 
Silica 


In attempting to discover the seat of luminescence in a number of these 
solids it was important to find out if any pure compounds of manganese 
itself were fluorescent. So far only the halides have proved to be so, but 
the evidence obtained from experiments with these alone has been of great 
help in the investigation of the more complex impurity cases. 


Experimental 

The fluorescence spectra have been studied for the most part at low 
temperatures between 90 and 20 ° K. It was known beforehand that the 
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spectra of a number of the compounds of Table I were essentially of the 
broad continuum type at room temperature (Randall 1937 ). Narrowing 
and resolution of such spectra makes correlation of features between 
various substances much more certain, and it is for this reason that fluor¬ 
escence was studied at low temperatures. The general technique has 
brought out a number of interesting new features, as well as a number of 
new fluorescent compounds, both of which it would have been impossible 
to observe at room temperatures. Plate 3 shows the type of spectra. The 
apparatus (fig. 1 ) was a simple form of double vacuum flask. The specimen 
may be immersed in the cooling liquid in the quartz tube DD , or it may be 
more convenient to dust the outside of this tube with the powdered speci¬ 
men. These methods gave identical emission spectra. The outer portion of 
the vacuum flask is also constructed of quartz or pyrex glass, and this 
allows a concentrated beam of ultra-violet radiation to be focused on the 
specimen. Some of the compounds under investigation were most con¬ 
veniently excited to luminescence by means of a very low pressure discharge 
between the tungsten-wire electrodes WW. Occasionally, luminescence 
was obtained by pressing the output electrode of a high-frequency device 
(such as a Tesla Coil) against the outer wall at some point near to DD. 
For extra low temperatures such as 20 ° K annulus BE was filled with 
liquid nitrogen and vessel A with liquid hydrogen. The lower part of the 
outer vessel could be removed at XX for the changing of specimens. 



Fig. 1. Double vacuum flask for investigation of fluorescence spectra 
at low temperatures. 


The spectra were photographed on a Hilger spectrograph for which both 
glass and quartz systems were available. For photo-excitation a 400 W 
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Osira lamp was mounted in a metal box, light-tight apart from a window 
of nickel oxide glass; in later experiments a 125 W mercury lamp of the 
same design totally enclosed in the same type of glass was used. A large 
quartz condenser was employed to focus the ultra-violet on to the specimen 
at DD (fig. 1 ), and another lens focused the emission spectrum on the 
spectrograph slit. 

It has sometimes been suggested that fluorescence spectra excited by 
low-pressure discharges are different from those excited by ultra-violet 
radiation. In an investigation covering a wide range of crystals it is not 
possible to use photo-excitation exclusively without going well below 
2000 A. Hence the simple discharge device already referred to in fig. 1 has 
been employed for those substances not fluorescing under radiations lying 
between A 2000 and A 4000. The two methods have, however, been checked 
on some of the substances (e.g. zinc orthosilicate) and no sensible differ¬ 
ences in the emission spectra have been found, apart from a tendency for 
bands in the blue to be rather more pronounced for some compounds 
when ultra-violet was employed. No attempt has been made to use elec¬ 
trons of constant velocity in the discharge excitation, for which an in¬ 
duction coil was normally used. The curves in which a number of the 
experimental results have been recorded were obtained by the use of a 
Hilger microphotometer converted to a semi-automatic form (Wilkins and 
Randall 1939 ). 

The fluorescence of pure ma?iganese compounds 

Fluorescence has so far been observed only for the manganous halides 
MnF a , MnCl 2 , MnCl 2 .4H 2 0, MnBr 2 , MnBr s ,4H 2 0 in the solid state, and 
the results for these compounds are given in Table II and figs. 2 (Plate 3), 
11, 12 , 13, 14 and 15. The sharp lines on the short wave-length side of 
figs, 12-14 are due to the incident Hg radiation. 

The most striking feature of the spectra of these solids is the dominating 
band in the red. In the case of the hydrated bromide, the band shows two 
peaks in this neighbourhood, but the mean position is only slightly dif¬ 
ferent from that of the other halides. The fluoride is the only stable halide 
of manganese in an unhydrated form. The chloride and bromide normally 
occur as hydrated salts, and the fluorescence of the more deliquescent 
bromide is considerably the stronger of the two at room temperature. 
The flame spectra of manganous chloride and bromide also show strong 
emission in the red (see fig. 15). Two further general points are of interest: 
the fluorescence of the anhydrous bromide increases strongly with decrease 
of temperature, there being at least a factor of ten between the intensities 

18-2 
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Fia, 12. Anhydrous man 
ganoua bromide, 
MnBr s , 90°K. 



Fig. 13. Anhydrous man 
ganous chloride, 
MnCl 8 , 90° K. 



Fig. 14. Manganous 
bromide, MnBr,.4H 8 0, 
90° K. 


Fig. 15. Manganous 
bromide. Flame 
spectrum. 
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at room temperature and 90° K. The second point refers to the fluoride; 
it has been necessary to use low-pressure discharges to excite this com¬ 
pound. For the other halides, Hg 3650 has been sufficient. The micro- 
photometer curves reproduced in figs. 11-14 show that apart from the 
hydrated bromide there is no marked resolution of the spectra at 90° K, 
although the bands are comparatively narrow when compared with those 
of a number of other pure compounds. This comparative lack of resolution 
is the more striking as it has been shown (Gielessen 1935 ) that compounds 
of chromium, manganese, cobalt and nickel all possess line absorption 
spectra at 90° K. The only compounds of Table II also examined by 
Gielessen are the hydrated chloride and bromide, for which line absorption 
in the range 2500-4150 A was found. 

Table II. Fluorescence of pure (solid) manganese compounds 

Tem- 



Mode of 

porature 


Peaks of fluorescence 

Substance 

excitation 

°K 


emission in A 

Manganous fluoride. 

Cathode 

90 

6285 

Moderately strong narrow 

MnF a 

rays 



band 

Manganous chloride. 

Hg 3650 

290 

6200 

Moderately strong narrow 

MnCl a 


90 

6360 

band 

Manganous chloride. 

Hg 3650 

290 

6250 

Band 

MnGl a . 4H a O 





Manganous bromide, 

Hg 3650 

290 

6250 

Band 

MnBr a 


90 

6327 

Strong narrow band 

Manganous bromide, 

Hg 3650 

290 

6225 

Strong 

MnBr a . 4H a O 


90 

5925) 

i Strong narrow bands morg- 


6350/ ing into one another 


The chief absorption levels for MnBr 2 .4H a O found by Gielessen are shown 
in fig. 16. The fluorescence spectrum of this solid at 90° K is a double band 
in the red with peaks at 5925 and 6350 A. Although the operation of the 
Franck-Condon principle leads us to expect that the emission levels will 
be somewhat different from the absorption levels, we may use the latter 
to gain an approximate idea of the former. Referring to fig. 16 we now see 
that the only transitions that could give rise to emission in the neighbour¬ 
hood of 6000 A are those between the uppermost level E 4 of the excited 
states (v** 24,015 cm." 1 ) and the two edges G x , G 2 , of the “ground” state 
at 39,310 and 40,320 cm." 1 . These two transitions are marked in the 
diagram, and Table III compares the observed emission spectrum with the 
values obtained from fig. 16. While the approximate agreement indicated 
should not be stressed it may be noted that there is also a rough coincidence 



* 278 


J. T. Randall 


between the frequency difference observed for absorption and emission 
(columns 3 and 7). No emission bands corresponding to transitions from 
p = 0 to E 4 (not shown), E 3 ->G (7600 A), and E 2 -*G (8800 A) have been 
found. The theory of Peierls ( 1932 ) leads one to expect only small prob¬ 
ability for emission in the infra-red, and this may account for these 
particular missing portions of the fluorescence spectrum. It is interesting 
to note that of all possible transitions, only those of intermediate energy 
are observed. 



Fig. 16. Chief absorption features of manganese bromide (MnBr 2 .4H 8 0), 
as measured by Gielessen, together with probable fluorescence transitions. 


Table III. Comparison of fluorescence emission and 
absorption FOR MnBr a .4H a O, 90° K 

Probable transition estimated 

Observed bands from absorption spectrum 





Electron 




Electron 

Transi¬ 

AM) 

v (crar 1 ) 

Av 

volts 

A (A) 

v (cm. -1 ) 

Av 

volts 

tion 

5925 

16,868 

1120 

208 

6160 

16,305 

1010 

2*00 

e 4 -g, 

6350 

16,748 

1-94 

6646 

15,295 

1*89 

e 4 ^g. 


Accurate measurements of the fluorescence of MnClg. 4H a O at 90° K 
have not been made, but the value of 16,000 cm .” 1 for the position of 
the emission band at room temperature compares reasonably well with the 
maximum absorption value of 15,683 cm .* 1 obtained from Gielessen’s 
values. 

Gielessen’s measurements also make clear why the fluorescence intensity 
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of the chloride (MnCl 2 .4H 8 0) is not markedly dependent on temperature, 
while the bromide (MnBr 2 .4H a O) intensity increases at least tenfold on 
cooling from 290 to 90° K. The absorption lines of the chloride at both of 
these temperatures range from 24,307 to 40,000 cm,” 1 . The absorption 
for the bromide at room temperature starts at 24,008 cm.” 1 and ends at 
24,814 cm.” 1 (presumably there is very feeble absorption near v~ 40,000 
cm.” 1 , otherwise the room temperature fluorescence should not exist at 
all). At 90° K, however, the short-range absorption is extended from 
24,814 to 40,320 cm." 1 . The lack of strong fluorescence at room tempera¬ 
ture for the bromide is therefore a result of very weak absorption near 
v = 40,000 cm." 1 . As soon as the absorption in this region is intensified by 
cooling the emission transition E 4 -*G also becomes much stronger, and 
strong fluorescence is observed. This further point suggests the substantial 
correctness of the correlation between Gielessen’s absorption measurements 
and the fluorescence figures of this paper. 

It should be emphasized that this suggested connexion between the 
absorption measurements and the fluorescence emission depends on the 
assumption that the narrow region marked G,G 2 in fig. 10 is in fact the 
ground state of manganese in MnBr 2 .4H 2 0. The discovery of any new 
absorption lines further in the ultra-violet would clearly necessitate 
reconsideration of this aspect of the problem. 

The nature of the surroundings of the manganese ion is important both 
for considerations of the manganese impurity phosphors and the pure 
fluorescent compounds. In the three pure anhydrous halides, MnF a , 
MnCl a , MnBr a , each manganese atom is surrounded by six halides as 
nearest neighbours. The fluoride has the rutile structure and the F ions 
are approximately at the corners of a regular octahedron. In the chloride 
and bromide the structure is a layer lattice type similar to cadmium 
chloride. The difference in the arrangement of the halide ions about the 
manganese does not affect, apparently, the position of the fluorescence 
emission bands to any large degree. While the chloride and bromide may be 
made to fluoresce by irradiation with Hg 3650, the fluoride requires 
cathode rays, or (presumably) very much shorter wave-length ultra¬ 
violet radiation. Whether this difference is due to the different nature or 
the different grouping of the co-ordinating negative ions is not clear. 

In discussing the fluorescence of pure manganese compounds it has been 
assumed so far that the effect is a property of the perfect lattice, and that 
every manganese atom is taking part in the emission process. It is possible, 
however, that the fluoresoenoe may arise from specially selected man¬ 
ganese atoms; that there may in fact be manganese impurity atoms within 
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the pure manganese compound. The nature of the structures concerned 
does not contradict a possibility of this kind, but it is not an easy theory 
to test. For the present it seems reasonable to conclude that the red 
fluorescence of pure manganese compounds is a property of all manganese 
atoms in the crystal. 

Two final problems in connexion with the pure manganese compounds 
may be considered together. These are concerned with the type of transition 
involved and the state of manganese in the crystal, i.e. whether it is 
effectively atomic or effectively a divalent ion. The manganese halides 
(and a large number of other manganous compounds) are slightly coloured 
and of a pinkish hue. Weak absorption of this nature is now generally 
associated with forbidden transitions in solids (see for example Gurney 
i939)> and there is no reason to assume that the manganous compounds 
are an exception. 

The question of the exact state of excitation of the manganese in its 
halides is a more difficult one. It seems most likely, from several points of 
view, that we are dealing with the divalent ion Mn ++ . The simple chemical 
evidence of the state of combination supports this view. Such evidence 
cannot of course be taken too literally on account of the tendency for 
outer electrons to be shared. The experiments on paramagnetic suscepti¬ 
bility (Krishnan and Banerjee 1938a, 6) are not in themselves conclusive 
since the appropriate J (— §) values exist for both the neutral atom and the 
divalent ion. The fluorescence of ruby is, however, relevant in this con¬ 
nexion. The well-known fluorescence effects obtained with this substance 
are due to the impurity chromium in the matrix crystal corundum. It now 
seems to be established (Deutchbein 1932a, 6; Thosar 1938) that the sharp¬ 
line fluorescence is compatible with the “forbidden” transitions a G~* 4 Fin 
the Cr iv spectrum. The characteristic of the chromium trebly ionized atom 
is 3 cP electrons; the configuration of Mn ni is 3 cF 4 s a . As one proceeds along 
the series of elements Sc, Ti, V, Cr, Mn, Fe, Co, Ni in an isoelectronic 
sequence the energy of the 3 d electrons decreases more rapidly with 
increasing atomic number than the energy of the higher quantum-number 
4 a electrons (Bowen 1936). Consequently for moderately high states of 
ionization such as Mn ++ or Cr+ + + the 3 d configuration is the stable one. The 
spectrum of trebly ionized chromium is well known, but that of Mn++ has 
not been directly observed. Cataldn and Antunes (1936) have, however, 
made an interesting study of the relations between the low terms of the 
elements of the iron series. From fig. 3 of their paper it would appear that 
the “forbidden” transition a G-* 4 F for Mn++ gives very closely the term 
value required to fit in with the fluorescence spectra of the solid halides. 
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The term value taken from their curve is approximately 15,925 cm.” 1 
(A 6280); the mean wave-length of the observed red fluorescence band for 
the halides is A 6249 at 90° K. These suggestions concerning the nature of 
the transition are put forward not so much as a final solution, but rather 
to indicate the difficulties that lie in the way of interpreting absorption 
or emission of ions in solids by means of comparison with known tran¬ 
sitions of the free ions. Such correlations can at best be no more than 
approximate, and it is important that the difficulties should be clearly 
recognized. In general we should regard the energy levels of ions in solids 
as characteristic of the whole solid rather than the free ion; in the case of 
manganese the matrix is of smaller importance than we should expect. 

To sum up: the evidence strongly suggests that the fluorescence of pure 
manganese compounds is characteristic of all the manganese atoms in the 
crystal, and that the transitions concerned in the fluorescence are of the 
forbidden type, lying within the divalent ion Mn++. 


Fluorescence of solids containing manganese impurity 

The fluorescence of more than twenty of the compounds mentioned in 
Table I has been observed at low temperatures. In view of the results 
given in the preceding part of the paper, one of the chief interests of the 
work has been to ascertain to what extent the fluorescence can be ascribed 
to the manganese. The results so far obtained on the fluorescence of solids 
containing manganese impurity suggest the following general classifica¬ 
tion: 

(a) Solids in w^hich the manganese impurity is entirely responsible for 
the fluorescence. In these cases the fluorescence spectrum approximates 
very closely to that of the pure manganous halides. 

(ft) Fluorescence is also due entirely to the manganese impurity, but the 
surrounding ions have an influence on the position of the spectrum dif¬ 
fering from that of class (a). 

(c) Fluorescence due both to the matrix lattice and to the incorporated 
manganese. 

(< d ) More complex cases also exist which are recognizable as examples of 
multiple impurities. The addition of manganese to “pure ” zinc oxide gives 
rise to the characteristic red manganese band, although both the pure and 
the activated compounds are extremely sensitive to heat treatment, as 
shown by the variability of the other features of the spectrum. Experi¬ 
ments on this and other somewhat similar examples are not yet com¬ 
plete. 
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Class (a). Manganese impurity entirely responsible for fluorescence. 

Results on some compounds of magnesium, zinc and cadmium con¬ 
taining manganese impurity are summarized in Table IV and figs. 3 and 4, 
Plate 3. and figs. 17-22. The chief feature of the fluorescence spectra of all 
thqpe compounds is the strong red band so characteristic of the pure com¬ 
pounds of manganese. Apart from zinc sulphide, there is no evidence to 
show that any of these substances fluoresce at all in the pure state. Com¬ 
parison of the microphotometer curves for the impurity compounds in 
figs. 17-22 with those of the pure compounds in figs. 31-14, leaves no doubt 
that the spectra of the former are also due to manganese atoms. The 
symbol (6) after the wave-length values of Table IV, column 6, denotes 
“band”, and the corresponding symbol (l) denotes “line”. The lines 

Table IV. Fluorescence of compounds containing 

MANGANESE IMPURITY (CLASS (a)) 

Temperature 
of heat 



Quantity of 
Mn impurity 

treatment 

during 

Temperature 
of observa¬ 



expressed in 

preparation 

tion of 

Details of fluorescence 


atomic 

of phosphor 

fluorescence 

emission (wave¬ 

Compound 

proportions 

(°K) 

(°K) 

lengths in A) 

Magnesium oxide, 

MgO 

1 in 10* 

1220 

90 

5300 (b) 

5700 (6) 

Magnesium metasilicate, 
MgSiOg 

1 in 10 3 

1500 

90 

4460 (6) mod. 

5250 (6) mod. 

6120 (1) wk. 

6165 (/) wk. 

6325 (!) wk. 

6380 (6) mod. 

6410 (6) v. str. 
6436 (l) str. 

6490 ( l) mod. 

6840 ( l) wk. 

6940 (1) wk. 

Magnesium sulphate, 

MgS0 4 

1 in 10 8 

800 

90 

0920 (6) str. 

6300 ( b) str. 

Zinc pyrophosphate 

1 in 10 s 

1200 

90 

6300 (6) str. 

Zinc sulphide 

1 in 10 4 

1400 

20 

6940 (6) str. 

6300 (6) str. 

Cadmium borate 

Cd*B a O* 

1 in 10 3 

1100 

90 

6260 (b) 

Cadmium sulphate 

CdS0 4 

1 in 10 3 

800 

90 

0970 (6) 

6280(6) 
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Fig. 17. Cadmium sulphate 
(CdS0 4 ) + 1 in 10* Mn, 
90° K. 



Fig. 18. Magnesium oxide 
(MgO) + 1 in 10 3 Mn, 90° K. 



Fig. 19. Zinc sulphide+1 
in 10« Mn, 90° K. 


J|-_J, . 





Fig. 20. Zinc pyrophos¬ 
phate+1 in 10 3 Mu, 90° K. 


_ ' \ _ 


Fig. 21. Magnesium meta- 
silicate -f 1 in 10 3 Mn, 
90° K. 




Fig. 22. Cadmium borate 
+1 in 10® Mn, 90° K. 
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recorded in all luminescence spectra are broader than those observed in line 
spectra of free atoms, but the term remains a convenient description. 
Bracketing together of a number of lines and a band indicates that the 
lines are superposed on the continuous background of the band. Bands 
bracketed together are insufficiently resolved to be regarded as independent. 
The lines observed for substances discussed in this section have intensities 
very closely similar to that of the band background. For this reason the 
lines do not show up on the microphotometer curves, but can be seen on 
the plates by the naked eye. 

It seems likely that details of structure differ according to the tempera¬ 
ture of heat treatment, and the exact amount of manganese impurity may 
also be a contributory cause. Thus magnesium metasilicate heated to 
1300° K instead of the 1500° K of Table IV shows a band at A 6340 with 
lines superposed at A 6203, 6150, 6280. The rather weak and very diffuse 
bands in the green and blue are in the same positions in both cases. For 
magnesium silicate it seems more likely that one is dealing with different 
crystalline forms (four are known), as the variation of manganese content 
does not affect the structure of the red band when the temperature of 
formation remains at 1300° K. The results given in Table IV for MgO differ 
from those of Ewles ( 1938 ), but as the percentage of manganese employed 
is not stated, further comparison will not be made at this stage. The 
difference is probably one of treatment and quantity of impurity, and it 
has not been possible to examine all compounds in such detail. The 
remaining compounds of Table IV show no strong resolution features at 
low temperatures. The band in the blue reported by several workers (e.g. 
Rothschild 1937 ) for “pure” zinc sulphide appears to be completely 
suppressed by the incorporation of 1 in 10 4 atoms of Mn. 

Class (6). 

Compounds given in Table V are so far as is known at present not 
luminescent when pure. The addition of manganese gives rise to the spectra 
of column 6 , and fig. 5, Plate 3, and figs. 23-27. Sodium ohloride, calcium 
carbonate, cadmium silicate, all have a distinct maximum in the neigh¬ 
bourhood of 6000 A, but the general emission spectrum is more complex 
than for the substances already discussed. The red band appears to be 
missing from the spectra of Si0 2 (Mn) and BeO(Mn). Zinc borate, Zn a B 8 0 6 , 
gives a complex spectrum of broadened lines between the limits of A 5286 
and A 6100 (fig. 5, Plate 3, and fig. 24). The wave-number differences 
between the lines are grouped about a value approximately 150 cm."* 1 , with 
extremes at 103 and 215. These values do not appear to be inconsistent with 
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Scale in 10* A 


37 38 39 40 45 50 60 TO 80 90100 

rm 1 11 ittt ' i i n i m iinmr i rri 1 iTi r rmn i inniTniiiin rm 


Fig. 23, Sodium chloride 
*f 1 in 10® Mn, 

90° K. 




Fig. 26. Calcium sulphate 
*f 1 in 10 s Mn, 90° K. 


Fig. 26. Calcium car¬ 
bonate (mineral) from 
Brewster County, 
Texas. Manganese 
content unknown. 
Room tem¬ 
perature. 




Fig. 27. Cadmium silicate 
(CdSi a O # ) 4*1 in 10* Mn, 
90° K. 
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vibration frequencies of the matrix lattice. For fused ZnCl a , for example, 
Raman lines with values lying between 15 ± 5 and 285 cmr 1 have been ob¬ 
served (Salstroin and Harris *935)- In all substances given in Table V the 
effect of the matrix lattice on the fluorescence spectrum is more pronounced 
than for the pure manganous compounds and class (a) of the impurity sub¬ 
stances. 


Table V. Fluorescence oe compounds containing 

MANGANESE IMPURITY (CLASS (5)) 
Temperature of observation 90° K 


Compound 
Zinc borato, 

ZiijiBgOj 


Sodium chloride 


Temperature 
Quant ity of of heat 

manganese treatment Type of 
impurity (° K) excitation 

I in 10® 1120 C.R. 

(cathode rays) 


1 in 10® 1020 C.R. 


Details of fluorescence emission 


r~ ----\ 


A (A) 

v (cm.” 1 ) 

Av 

6286 wk. 

18920 

106 

176 

120 

103 

118 

215 

178 

175 

186 

122 

151 
147 
147 
142 
168 

152 
122 

6316 str. 

18816 

6366 str. 

18639 

5400 wk. 

18619 

6430 mod. 

18416 

5465 mod. 

18298 

5630 mod. 

18083 

5685 mod. 

17905 

6640 wk. 

17730 

6700 wk. 

17644 

6740 wk. 

17422 

5700 wk. 

17271 

6840 wk. 

17124 

6890 wk. 

16977 

5940 wk. 

16836 

6000 wk. 

16667 

6056 wk. 

16515 

6100 wk. 

16393 


6000 ( 6 ) asymmetric band, pos¬ 
sibly doublet near 
6000 A. Bond steep on 
long wave-length edge 


Calcium carbonate 

Mineral 
source, 
quantity of 
Mn unknown 

? 

u.v. 

4200 ( 6 ) 

5900 ( 6 ) 

Calcium sulphate. 

1 in 10 ® 

750 

C.R. 

4975(6) * 

CaS0 4 

Cadmium silicate, 
CdSi a 0 6 

1 in 10 ® 

1350 

U.V. 

4350 ( 6 ) 

5200 (?) ( 6 ), 5925 ( 6 ) 

Beryllium oxide, 

1 in 10 * 

1400 

C.R. 

4180 ( 6 ) 

BeO 

Silica, SiOj 

1 in 10 * 

1400 

C.R. 

4450 (f) ( 6 ), 5600 (5) 
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Class (c). Fluorescence due to matrix lattice and. manganese impurity . 

A number of cases of a more complex nature have been observed. In 
these it has been possible to show that the matrix lattice fluoresces when 
pure beyond all reasonable doubt. One of the most interesting of these 
substances is zinc orthosilicate Zn 2 Si0 4 (willemite). The microphotometer 
curves of figs. 28-32 show clearly the effect of introducing manganese in 
amounts ranging from 1 in 10 s to 1 in 2 x 10 a , there being a negligible effect 
on the appearance of the fluorescence spectrum when the amount is of 

Table VI. The fluorescence of pure and manganese- 

ACTIVATED ZINC ORTHOSILIOATE 
Temperature of heat treatment 1500° K 

Temperature 
(° K) at which 


Proportion 

Typo of 

fluorescence 

Details of 

of Mn 

excitation 

observed 

fluorescence emission 

None 

C.R. 

90 

3950 ( b) f 5325 (b) 

1 in 10* 

C.R. 

90 

4075 (6), 5260 ( b ) 

1 in 10 4 

C.R. 

90 

5155 ( l ) f 5200 (6) 

1 in I0 3 

C.R. 

90 

5155 (I), 5240 (b) 

1 in 2 x 10 a 

U.V. 

90 

4366 (6), 5155 (l) t 5220 (5), 
6100 (b) 9 

1 in 2 x 10* 

U.V. 

290 

5215 

1 in 2 x 10* 

u.v. 

20 

4400 (6), 5035 (sharp edge), 
6070 weak line, 6100 weak 
line, 5155 strong line, 
5180 (/), 6250 centre of 
bond, 6100 (6) 


the order of 1 in 10 6 . The next curve (fig. 30), however, shows a very marked 
change. Here the amount of manganese has increased to 1 in 10 4 , and the 
spectrum at 90° K has narrowed most noticeably. This spectrum is essen¬ 
tially the same as that obtained for higher values of Mn content up to 
1 in 2 x 10®, which is approximately the proportion used in all technical 
applications of this compound. The cooling to 20° K brings out a number 
of broad lines. The most prominent of these lines (5155 A) also appears in 
the spectra at 90° K, provided the amount of manganese is 1 in 10 4 or 
more. The structure apparent in the low-temperature fluorescence spec¬ 
trum of willemite is therefore a feature of the manganese addition and not 
of the pure compound. To what extent these lines are to be associated with 
the Mn ion is doubtful at present on account of the rough coincidence in 













position of the chief maximum of the pure silicate spectruifi witfiUhat of 
the activated speoimen. The possibility that the lines are due to a “dis¬ 
tortion ” effect of the Mn on the matrix lattice must not be neglected. 
Great care was taken to ensure the exclusion of all impurities, particularly 
manganese, from the specimen of fig. 28. This material was prepared hi a 
new closed crucible, as it was found that crucibles formerly used for other 
manganese-containing specimens gave fluorescence spectra of a type inter¬ 
mediate between those of figs. 29 and 30 for proportions of 1 in 10 6 and 
1 in 10 4 of manganese respectively. The pure specimen failed to give any 
reaction with the formaldoxime test.* The band in the blue, noted in 
Table VI, is a more prominent feature with ultra-violet excitation than with 
cathode rays. Further experiments on the pure silicate (fluorescent at 
low temperatures only) are now being carried out. 

Zinc beryllium silicate (ZnBeSi0 4 ). Experiments have been confined to 
the solid solution of willemite and phenacite of this particular composition, 
with the following results at 90° K (see also figs. 36, 37): 

(а) Pure ZnBeSi0 4 . Bands at A 4400, 5320, and 6100. 

( б ) ZnBe8i0 4 + 1*75 in 10 2 Mn. Bands at A4300, 5360, and 5300. 

The purity of specimen (a) is not so certain as was the case for the corre¬ 
sponding zinc orthosilioate, although the amount of manganese was cer¬ 
tainly less than 1 in 2*5 x 10 6 . Even allowing that the weak band for the 
“pure” specimen at 6100 is due to Mn the addition of measurable amounts 
increases enormously the intensity in the region of 6000 A. The bands at 
(roughly) 4350 and 5300 appear to be the same ones present for Zn a Si0 4 , 
pure and impure. The zinc beryllium compound is different in that the 
main effect of Mn is to increase the recognizable red band intensity, 
whereas in zinc orthosilicate, Mn emphasized but narrowed the existing 
green band. Luminescence of the pure compound is, in each case, apparent 
at low temperatures only. 

Cadmium iodide (Kutzelnigg 1937 ; Randall 1939 ) is a curious instance 
of a substance in which the relative functions of the matrix lattice and the 
impurity may be affected by temperature. The pure iodide and the com¬ 
pound with one or more per cent of manganese each give a broad asym¬ 
metric band at 90° K, and there is no sensible difference between them. 
At room temperature the pure substance does not fluoresce, but the 
activated material gives a narrow red band completely in accord with a 
compound of class (a). 

* All silicates were prepared by heating together constituent oxides, the silica 
being formed by the reaction between redistilled silicon tetrachloride and redistilled 
water. 


VolCLXX. A. 
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Scale in 10* A 


Fig. 33. Pure cadmium 
iodide, 90° K. 


Fig. 34. Cadmium iodide 
4- 1 in 10* Mn, 90° K. 



Fig. 35. Cadmium iodide 
+1 in 10* Mn, room 
temperature. 



Fig. 36. Pure zinc beryl¬ 
lium silicate, 90° K. 


Fig. 37. Zinc beryllium 
silicate +1*75 in 10* Mn, 
90° K. 



Fio.38. Zinc mesodisilicate 
+1 in 10* Mn, 90° K. 
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(d) More complex cases. 

Brief reference only to these will be made, as the investigations ore not 
yet oomplete, 

(i) Calcium oxide , The fluorescence of pure and activated calcium oxide 
has recently been investigated by Ewles ( 1938 ) who found a series of sharp 
lines in the near ultra-violet. The addition of manganese (1 in 10 6 or 1 in 
10 4 ) does not suppress these lines, but a red band at 5965 A comes up 
strongly. Superposed on this band are lines at 5685, 5755, 5840, 5903 and 
5980 A. Manganese can in this case give rise to its own characteristic 
fluorescence without sensibly disturbing the fluorescence of CaO itself. 
The fluorescence of the pure CaO specimens showed greater complication 
than found by Ewles, but the reasons for this are not yet understood. 
Calcium oxide is incapable of taking up much more than about 1 in 10 3 
parts of Mn without strong discoloration. 

(ii) Aluminium oxide, Corundum when activated by chromium (say 
1 part in 10 3 ) gives the well-known ruby spectrum (Mendenhall and Wood 
1915 ; Thosar 1938 ; Deutchbein 1932 a, 5). If manganese alone is added to 
A1 8 0 8 weak maxima are observed at A 6240, 5100, 4275. If manganese and 
chromium are added to corundum and the subsequent mixture heated to 
1400° K, the “manganese 55 bands persist without any sign of the chromium 
doublet, although the relative intensity of the blue bands is greater. If, 
however, a specimen containing chromium is heated so as to show this 
chromium doublet and then reheated with the addition of manganese, the 
doublet remains, though slightly shifted and blurred, and a strong band 
now appears at A 5260, with a very weak diffuse band at A 4350. 

The relation of manganese to the matrix lattice 

Many of the experimental results obtained point to a need for further 
information with regard to the positions occupied by the manganese 
impurity atoms. Such information can only be obtained by detailed X-ray 
examination of the pure and manganese-activated solids. The amount of 
manganese it is possible to use (up to 1 in 10 a in many cases) clearly 
indicates the possibilities in this direction, and there should be no difficulty 
in testing for substitutional solid solutions in many cases. While it is 
hoped to have results of this kind in the near future, one point may be 
usefully put forward at the present stage: the relation of the manganese 
ion to such of the structures as are known. In the first place the large 
number of valencies assumed by manganese make it extremely easy for 
the appropriate Mn ions to take up positions in a variety of solids. There 
appears to be a tendency in class (a) for the metal ion of the matrix to be 
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almost the same size as that of the Mn + + ion. In these instances it is pre¬ 
sumably easy for the manganese to occupy some of the Mg or Zn positions, 
and the same may apply (as in salts of calcium) when the matrix ion is 
somewhat bigger than the divalent manganese. In compounds such as 
BeO and Si0 2 the manganese, unless effectively highly ionized, will be 
very much bigger than Be or Si ions. In these cases the volume of individual 
interstitial holes may bo extremely important. Cases where the matrix 
lattice is itself fluorescent are clearly much more complicated and cannot 
at present be usefully discussed from this point of view. 

I am deeply indebted to Professor M. L. E. Oliphant, F.R.S., for his 
generous provision of facilities for this work, and for much stimulating 
discussion. I am also indebted to the Warren Research Fund Committee 
of the Royal Society for the provision of apparatus and assistance, and to 
Messrs M. H. F. Wilkins and H. C. Cole for valuable help in the preparation 
of the paper. 


Summary 

The fluorescence of a large number of compounds containing manganese 
has been investigated at low temperatures. In the pure manganese halides 
it is concluded that the red fluorescence is a property of all manganese 
atoms in the crystals, and the transitions are of the forbidden type ( 2 G ~* 4 F) 
characteristic of the divalent ion Mn ++ . Solids containing only manganeso 
as impurity fall into four classes. In the first two of these, the manganese 
impurity is entirely responsible for the fluorescence. In the third type the 
matrix lattice also contributes directly to the emission spectrum. In the 
fourth class other complex cases of multiple impurities have been in¬ 
vestigated. 
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On sums of positive integral &th powers 

By H. Davenport 


(Communicated by L. J . M or dell, F.R.8 .— 

Received 16 December 1938) 

Introduction 

Let k he an integer greater than 2 . We consider the problem of constructing 
as many (different) numbers as possible that are sums of s positive integral 
A*th powers. One construction has been given by Hardy and Littlewood 
( 1925 ) in their work on Waring s Problem. It consists of taking all numbers 
of the form 

m k + m ', 0 < m' < (m + 1 ) k — m k , 

where m f runs through numbers that are representable as the sum of * — 1 
kth powers. Let N (k \n) denote the number of integers less than n that are 
representable as the sum of s positive integral kth powers. It is easily proved 
that N£ k) (n) > n 2lk ~ 6 (for any t: > 0 ) for all large n, and by the above con¬ 
struction, Hardy and Littlewood proved that 

( 1 ) 

when, —H(-r 

In this paper I give an account of a new method,* which leads to more 
precise inequalities for N ik \n). Some consequences for Waring’s Problem 
have already been announced in a note in the C.R. Acad . Set., Perns. 

* I am informed by Dr Erdos that he has also obtained results which are an 
improvement on those of Hardy and Littlewood, though they do not appear to be as 
precise as those given in this paper. 
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Admissible exponents 


a real numbers A 1( A 2 ,A g , satisfying Aj > A 2 > ... > A, > 0 , will be called 
admissible exponents (for &th powers) if the number of solutions of 

a:f+...+z* = y%+. (2) 

in integers x Xi ..., y v ..., y 8 subject to 

P A i < x x , y x < 2 P A i, P A * < x B> y 6 < 2 F A «» (3) 

is 0(P A i+-+ A *+ fc ) as P~>oo, for any e>0,* 

For s « 2 , any two positive numbers are admissible exponents, since then 
the equation ( 2 ) has only 0(P 6 ) solutions in y v y 2 for given x v ar 2 * 

Theorem 1. If A lf A fl are admissible exponents , then 

N {k) (n) > n*~ e 9 ( 4 ) 


where 


a «s 


w x 


> 


for any e > 0, /or all sufficiently large n. 

Proof. The result is almost obvious, but a formal proof can easily be given, 
using Cauchy’s inequality. Let r(m) denote the number of representations 
of an integer m as 


where x lt satisfy (3). By the definition of admissible exponents, 
£r 2 (m) = 0(P A i+- +A * +e ) - 0(P r +‘) 

m 


as P —► co, where <r is an abbreviation for A x +... + A g . By Cauchy’s inequality, 

(Sr(w))*s( 

K»n)>0 

Obviously 2 r ( m ) > (1 —e)P° 

m 


for large P. Henoe 2 1 > cP* - *, 

m 

r(m)>0 

* The Hardy-Littlewood construction can be expressed in the form: 


l (i-j). (»-|).( i_ s) • ( i_ i) 


i\-* 


are admissible exponents* 
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where c is independent of P. Choose P to satisfy 

(2P a i)* + ... + (2P a *)*“». 

so that s(2P A i) fc n, We have 

N (k) (n) 2 £ \>e,P"-‘>n«-‘i 

m 

r(m)>0 


€ 

for all large n, for any > y-r. This proves the theorem. 

Aj fC 

The principal theorem 

Theorem 2. Suppose that A v are admissible exponents , and that 
1 — 1/A: < < 1. Then 1, A x , ..., A # are admissible exponents , provided that there 
exists an integer l satisfying 

l£Zg&-2, (5) 

Wi-(t-i)4- w 

(2'-l)(tA 1 -(t-l)) + aS*+l (a-A, + ... + A,). (7) 

Proof. For brevity, we write 

$= ^-(fc-1). (8) 

By hypothesis, 6 > 0 . 

We have to prove that the number of solutions of 

*$ + *? + •••+*? = yo + .Vi + ...+yf, (9) 

subject to 

P < * 0 > < 2P, P A > < *!, y x < 2P A », ..., P A * < y, < 2P A «, (10) 

is 0(P 1+<r+e ). 

The number of solutions of (9), (10) with ar 0 = y 0 is 0(P 1+ff+e ), sinoe there 

are O(P) choices for x 0 , and A x .A, are admissible exponents. Hence we 

need consider only solutions with x 0 >y 0 . Writing y 0 =x, x 0 = x + t, (9) 
becomes 

J ( (**) + *f+ ...+**: = yf + ...+yf, (11) 

where A t (f(x)) <= f(x+t)~f(x). Since the left-hand side of (11) is greater 
than tkP k ~ l , and the right-hand side is less than s(2P A i)*, we have 
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For any t satisfying (12), let r(t, m) denote the number of representations 
of an integer m by the left-hand side of (11), subject to (10) and to P < x < 2P. 
Let r(m) denote (as before) the number of representations of m by the right- 
hand side of (11), subject to (10). The number of solutions of (11) is at most 

22 r(m) r(t, m) g ( 2 £ r*(m)f (22 r\t, «))* 

t m \ t m J \tm } 

= 0({P*^}* M\), 

where M 1 denotes the number of solutions of 

4(*o)+*i + ...+** = d t (y$)+y$+ ■■■+y^ 

in all the variables, subject to (10), (12). Hence, in order to prove the 
theorem, it suffices to prove that 

M l - (13) 

For 1 £ h S l, let M k denote the number of solutions of 

A.«»,.+ •••+*? = 4«,.«a_ 1 fao)+yi + -"+2/£ ( ]4 ) 

in all the variables, subject to (10), (12), and to 

0 <n 1 <P t 0 <u h „ 1 <P. (15) 

We apply to this equation the argument we have already applied to (9). 
The number of solutions of (14), subject to (10), (12), (15), with x 0 — y 0 > is 

0(pa+(A~D+l+«r+«) > 

since t,u v ... y u h „ v x 0 are arbitrary, and Aj, X 6 are admissible exponents. 
In the solutions with x 0 > j/ 0 , write y 0 = x> x 0 « x + u h , and then (14) becomes 

\ .«*(**) + + ... + af = yl + ... + y* ( 16 ) 

and u h satisfies 0 <%<P. For any satisfying (12), (15) and 

0 < u h < P y denote by r(t, u v ..., u h , m) the number of representations of an 
integer m by the left-hand side of (16), subject to (10) and to P<x<2P. 
The number of solutions of (16) under consideration is at most 

S m) 

i,Wi.. W 

2 2» ,s (wi)]*( 2 2 r*(t, %.tt»,m))* 

- 0({P 4 + A +'+*}* JfjUi). 

M h « 0(P i+ »+«+‘) + 0(PM+>'+<'-*>Mt +1 ). 


Hence 


(17) 
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We now obtain an upper bound for M t , the number of solutions of 

A,u h .+ + — + *» = + ^ + ( 18 ) 

in all the variables, subject to ( 10 ), ( 12 ), (15) [with A=*i]. The number with 
is 

Q^pt-Hl-D+l+v+ey 

Given any x v y v with t/J+ ... — ... — rrf + O, (18) allows 

only of 0(P € ) possibilities for all of t , u v — as factors of this 

number. Since l^k — 2 , /I, m-iO®*) is of degree at least 2 in x , hence 

« w , x 0 — y 0 determine and ?/ 0 with only 0(1) possibilities. Thus 
the number of solutions of (18) with x 0 + y 0 is 

O(P^). 

Hence M t = 0(2 , * +/ + <r+e ) + 0(P 2,r+e ). 

By (6), (7), (8), WS1, (2*— l)fl + <riJZ+ 1, 

hence £ + / + <r£ - ( 2 '- l)S+cr + J + 1 , 2 (r< -(tf-l^ + er + J+l. 

Let oL{h) ^ ~-{2 h -~\)8+(T + h+l (1 <h£l). 

By ( 6 ), ( 8 ), S + h + (r£ot(h). 

Also J(£+A + o r ) + Jae(A-f 1 ) * <x(h). 

Since J/,= 0(P a(,)u ), it follows by induction from (17) that = 0(P a(ft)+fi ) 
for 1 < h < L This proves (13), and so the theorem is established. 


Three km powers 

Theorem 3. 1, A, A are admissible exponents for kth powers , where 

~i forZ£k£<$, 

A = « 

T a 8 - 

Consequently NjP(n) > n a ~‘ 

for all large n, where 

k~ Wc~+2) f or3 ^ k ^ 6 > 

3_3_ 

.1 2 fc a 


(19) 


a » 


/or & £ 6. 
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Proof. Since A, A are admissible exponents, it follows from Theorem 2 
that 1, A, A are admissible exponents, provided there exists an integer l 
satisfying 1 g l g k - 2 and 


fcA-(fc-l)^, 


( 20 ) 


(2'- 1) (k\ — (k-1 )) + 2A< l + 1. 
For 3 < & < 6, we choose i — 1. (20) and (21) become 


,*+1 

r X- + 2' 


■(*■ 


/r4- 1 


( 21 ) 


The second of these holds with the sign of equality, and the first reduces to 
k^2. 

For k> 6, we choose 1 — 2. (20) and (21) become 




The first of these holds with the sign of equality, and the second is true for 
any positive k. 

The second part of the theorem follows from the first by Theorem 1, 

1 + 2A 
since a «* —^—. 


Four fourth powers 

Theorem 4. 1, }§, {$§> Hi are admissible exponents for fourth powers. 
Consequently, for all large n, 

N*f>(n) > n a ~‘, where a = | + ^. 

Proof. By Theorem 3,1, $, f are admissible exponents for fourth powers. 
Hence so are A, f A, $ A. We take l = 2 in Theorem 2, and have only to verify 

that, for A = H> 

4A — 3 £ 

3(4A-3) + (l+* + $)AS3. 
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The first holds with equality, and the second reduces to ff < A* whioh is 
true, since 143 < 144. 

The second part of the theorem follows from the first by Theorem 1, 
since 

i(l + lf+ Ht + ii i) - t + A* 

Five fourth powers 

Theorem 5. I, Jf, Jf, 11 %> Ji H $ are admissible exponents for 

fourth powers. Consequently , for all large n, 

N$\n) > n a ~*, 

where a = i+yfs- 

Proof. By Theorem 4, A, A, ff |A, || |A are admissible exponents for 
fourth powers. We take 1 — 2 in Theorem 2, and have only to verify that, 
for A=*ff, 

4A-35J, 

3(4A-3) + (l+H + *li + HS)Ag3. 

The first is trivial, and the second holds with the sign of equality. 

The second part of the theorem follows from the first by Theorem 1, since 

Jd+H+Jftf+Mm+ifHD-i+TlTr- 


Summary 

A method is given for obtaining a lower bound for the number of integers 
less than n that are sums of s positive integral kth powers. The results are 
more precise than those given by the classical method of Hardy and Little- 
wood. Detailed results are given for cubes and fourth powers. These have 
important applications to Waring’s Problem. 

Reference 

Hardy and Littlewood 1925 Math, Z. 23, 1-37. 


Vot CLXX. A. (3 April 1939) 
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On the polymerization of vinyl acetate 
By A. C. Ctjthbektson, G. Gee and E. K. Biseal, F.R.S. 
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The rate of thermal polymerization of vinyl acetate has been examined 
by Starkweather and Taylor ( 1930 ) and by Breitenbach and Raff ( 1936 ). 
Whilst the former obtained consistent unimolecular velocity constants 
except in toluene solutions where the “ constants ” showed a progressive fall, 
the latter found that their results were not reproducible and believed that 
the reaction might be heterogeneous. Observations by Cuthbertson, Gee 
and Rideal ( 1937 ) led to the conclusion that both the velocity and extent of 
polymerization was associated with the presence of an aldehyde peroxide, 
since freshly prepared material, when aldehyde free, did not polymerize 
even when maintained at 100 ° C for 24 hr. In contact with air and moisture 
however, together with traces of alkali from the glass, slow hydrolysis 
occurs and subsequently the aldehyde formed, detected with SchifFs 
reagent, combines with oxygen to form a peroxide catalyst, detected by 
ammonium thiocyanate and ferrous ammonium sulphate (Kharasch and 
Mayo 1933 ). Preliminary experiments by Wood ( 1935 ) and Campbell ( 1937 ) 
with packed vessels containing glass wool and glass chips revealed, apart 
from the effects of alkali on the hydrolysis, no evidence of a surface poly¬ 
merization. In this communication an account is given of an attempt to 
establish the mechanism of the kinetics of the polymerization in the liquid 
phase. In order to mask the effects of possible traces of foreign catalysts in 
the monomer it was considered preferable to study the rate of the reaction 
catalysed by the addition of reasonable quantities of benzoyl peroxide. This 
procedure has the further advantage of enabling the rate of the initiation 
process to be controlled. 


Experimental 

The vinyl acetate was fractionated in air until a portion of the distillate 
gave only a barely perceptible pink coloration with SchifFs reagent on 
standing 5 min. This material showed practically no tendency to polymerize 
up to a temperature of 100° C over a period of 24 hr. 

The reaction was followed by observing the contraction of 5c.c. samples 
sealed in vacuo in well-cleaned dilatometers constructed from short lengths 
of burette tubing, Starkweather and Taylor ( 1930 ) having shown th© 

[ 300 ] 
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volume contraction to be directly proportional to the extent of polymeriza¬ 
tion. The meniscus became distorted when the reaction was nearly complete, 
rendering the late readings inaccurate. Measurements were carried out with 
pure vinyl acetate at 60, 80 and 100 ° C and in toluene solutions (40 and 
17 %) at 80° C over a wide range of catalyst concentrations. The toluene 
used was free from sulphur-containing bodies, some of these being effective 
inhibitors (Blaikie 1928 ). The 100 ° C results, for which we are indebted to 
Mr S. Campbell ( 1937 ), are set out in detail in Table I and indicate the order 
of experimental accuracy; the remaining results are summarized in the 
curves of figs. 1-3. 

Table I. Polymerization of vinyl acetate catalysed 

BY BENZOYL PEROXIDE AT 100° C 


% Polymerization 

Experiment ... , 1 * 


Tune in 

Catalyst cone. 

J 

K 

L 

M 

min. 

in mol./l. 

.. 82*6 x 10~ 8 

20*7 x 10~ fl 

6*9 x 10“« 

2*3 x 10“* 

9*5 


2-5 

— 

— 

— 

14 


8 

— 

— 

— 

15 


13 

— 

— 

— 

18 


15 

— 

— 

— 

22 


20 

1*5 

0*5 

— 

26 


26 

— 

— 

— 

28 


27*5 

4 

— 

— 

32 


32*5 

6*5 

1*5 

— 

37 


35-5 

7 

3 

— 

43 


39 

9 

4 

— 

48 


41 

11*5 

4*5 

— 

55 


45 

13 

— 

— 

61 


45-5 

14*5 

5 

— 

67 


47 

15*5 

6 

— 

75 


49 

18 

7 

2*5 

85 


52 

19-5 

8 

3 

95 


52-5 

21 

10*5 

4 

105 


54 

22 

, — 

— 

125 


57 

24*5 

'll 

5 

181 


68*5 

26 

13*5 

7 

232 


— 

— 

15*5 

10*5 

402 


60 

32*5 

18 

13 


It will be noted that in all oases a period of induction is observed, and that 
in a number of oases with small catalyst concentrations the reaction comes 
to an end before polymerization is complete (cf. esp. Table I). It appears 
that the catalyst decomposes during the reaction, and it is in fact well 
known (e.g. Wieland, Sohapiro and Metzger 1934 ) that diacyl peroxides 


20-2 
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decompose at temperatures above 60-70° C with the liberation of CO*. 
Attempts were made to follow the rate of the decomposition in a solution 
containing 0-07 % benzoyl peroxide dissolved in a mixture of 60% vinyl 
acetate -f 40 % toluene, but the high viscosity rendered it impossible to 
extract samples after the early stages. In another experiment at 100° C 
benzoyl peroxide was dissolved in pure toluene, and the disappearance of 
the catalyst followed colorimetrically with starch-iodine solutions contain¬ 
ing enough alcohol to make the peroxide soluble. The half-life for a 0*4 % 
solution was about 30 min. Inspection of figs. 2 and 3 and Table I shows that 
the reaction rate begins to fall off at about the same time whatever may be 
the catalyst concentration, indicating that the decomposition is at least 
approximately of the first order. The decomposition constant calculated 
from the above figure is 0-023 min. -1 . We shall see later that this constant 
can also be deduced from the kinetic experiments. 



Fio. 1. Undiluted vinyl acetate at 60° C 


Experiment 

A 

B 

C 

D 

E 


Catalyst concentration mol./l. 
2*05 x 10“* 

4*1 x 10“® 

8*2 x 10" 4 
1*64 x 10 - * 

3*3 x 
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Fig. 2. Undiluted vinyl acetate at 80 u C 


Experiment 

P 

G 

H 

I 


Catalyst concentration mol./l. 

7*6 x 10~* 

4-2 x 10" 4 
1*5 x 10~ 4 
1*0 x 10-* 


Temperature control 

One of the principal experimental difficulties is concerned with the control 
of temperature. The polymerization process is strongly exothermic, the 
estimated value of the heat of reaction being some 22,000 cal./mol. (Flory 
*937)- When the reaction is proceeding rapidly the low thermal conductivity 
and high viscosity of the polymerizing mass prevent the adequate dispersal 
of this heat, and under extreme cases the contents of the dilatomoter may 
boil. While naturally no kinetic results have been recorded for such cases, 
the fact that the oatalyst decomposes fairly rapidly makes it impossible to 
work with pure vinyl acetate under conditions such that this temperature 
rise is entirely avoided, and it therefore becomes necessary to estimate its 
magnitude and apply a suitable correction. The temperature rise was 
measured throughout the course of a typical experiment carried out at 
70° C with 8*3 x 10” 4 mol./l. of benzoyl peroxide, the results being shown in 
fig. 4. The temperature rise at the point corresponding to the maximum rate 
was 4° C. 




■o polymerization % polymerization 



Time in minutes % 

Fig, 36. J7 % vinyl acetate in toluene at 80° C 
Experiment Catalyst concentration mol./I. 

VI & III 4-2 x 10- 3 

VII & IV 8-3 x 10~ 4 

VIII & V 1*65 x 10~ 4 



Fig. 4. Temperature rise-Time curve. 
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Molecular weight of polymers 

In order to interpret the kinetic results it is very desirable to know the 
mean chain lengths of the polymers formed under different conditions. 
According to Staudinger ( 1932 ) the specific viscosity of a dilute solution of a 
long-chain compound is directly proportional to the length of the chain 
(within a given homologous series), i.e, 

V ( J - K rn M = 86 K„J>, 

where C is the polymer concentration as mol. of monomer per litre. M is the 
molecular weight and V the mean chain length of the polymer. For polyvinyl 
acetate in benzene Staudinger gives K m = 2-6 x 10~*. 

Viscosities were determined for benzene solutions containing 0-0325 mol./I. 
(calculated as monomer) by means of an Ostwald viscometer having a 
volume of 7 c.c. and a flow time of 37 sec. for benzene at 25° C. These figures 
were shown to be in good relative agreement with those obtained with a 
Couette viscometer at a rate of shear of 1-9 radians/sec. The specific vis¬ 
cosities and calculated chain lengths of the polymers produced at 60° C are 
given in Table II. 

Table II 


Sample 

Catalyst concentration 
(mol./l.) 

V„ 

V 

A . 

2*02 x I0-* 

0*27 

370 

B 

4*1 x 10~ 8 

0*56 

770 

C 

8*2 Xl0 4 

0*78 

1070 

D 

1*64 x 

1*19 

1630 

E 

3*3 xlO- 6 

M3 

1560 


(Note that E contained about 10 % of monomer when the reaction stopped: this 
was removed by gentle heating in an oven.) 

No strictly comparable measurements were possible for the 80° products. 
The samples containing high catalyst concentrations were not completely 
soluble: they showed swelling followed by slow but incomplete dispersion. 
On the other hand, the polymer formed in the slowest reaction dissolved 
readily, after removing unreaoted monomer. These results are summarized 
in Table III. 

The polymer was precipitated from the 40 % toluene solution by the 
addition of water and subsequently dried: it was readily soluble in benzene. 
Polymerization proceeded to such a small extent in the 17 % solutions that 
the specific visoosity was calculated from the times of flow of the original 
and partly polymerized solutions in eaoh case. The concentration of polymer 
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was computed from the observed extent of reaction and the value of K m 
taken to be the same as for a benzene solution. The estimated chain lengths 
are set out in Table IV. 



Table 111 **■ 


Sample 

Catalyst oonountration 
(mol./l.) 

Solubility 

V 

F 

7-6 x 10-* 

Small residue 

> 1340 

G 

4-2 x 1() - 4 

Small residue 

>1270 

H 

1-6 x 10~* 

Large residue 

? 

I 

M x 10 -* 

Soluble 

1175 


(Note that H was left in the thermostat much longer than I : this probably accounts 
for the marked discrepancy.) 



Table IV 


Catalyst concentration 

V 

V 

(mol./l.) 

40 % solution 

17 % solution 

4*2 x 10~ a 

49 

35 

8*3 x 10“ 4 

58 

45 

1*65 x 10- 4 

73 

40 


Discussion 



The period of induction has sometimes been considered as typical of 
polymerization processes in general (Dostal and Mark 1935, 1936; Dostal 
1935; Gee and Rideal 1935), but recent work (Schulz and Husemann 1936; 
Breitenbach and Rudorfer 1937; Suess, Pilch and Rudorfer 1937) has shown 
that styrene, when carefully purified, shows no induction period on thermal 
polymerization. An induction period may be considered to arise from either 
of two distinct sources: 

(a) If the growing polymer has a long lifetime, the number of “active” * 
polymers present in the system will continue to increase for some time after 
the start of the reaction and will more than counterbalance the decrease in 
the monomer concentration, so that the overall rate—which is proportional 
to the product of these two factors—will increase. Kinetic analyses have 
been made (Dostal and Mark 1935, 1936; Dostal 1935; Gee and Rideal 1935; 
Gee 1936; Flory 1937) of the consequences of this assumption, but it seems 
unlikely that the induction periods observed in the present experiments are 
to be thus explained. In order to account for the long chain lengths obtained, 
it is necessary to ascribe high reactivity to the growing polymer, and this is 
inconsistent with a long lifetime. 

(b) The pVocess of chain initiation may consist of two conseoufcive reactions 
of comparable speed and slow compared with the subsequent propagation* 
The mechanism of initiation of polymer chains by catalysts has been dis- 
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cussed (Gee and Rideal 1936 ) and evidence advanced to support the view 
that the first stage involved is the formation of a complex between the mono¬ 
mer and the catalyst. It is observed in the above experiments that—at 
least for the smaller catalyst concentrations—one molecule of catalyst is 
capable of producing many molecules of polymer, so that it is improbable that 
the catalyst is incorporated in the final polymer. If two consecutive slow 
reactions are involved in initiation, it is clear that the initial complex is not 
to be regarded as a chain centre, and it is simplest to assume that the first 
chain centre arises from the decomposition of the complex. 

We shall adopt this view of the cause of the induction period, and two 
modifications will be considered, according as the decomposition of the 
complex occurs (a) by reaction with a molecule of monomer, or ( 6 ) spon¬ 
taneously. The complete initiation process is therefore written 

k 

M+C^MC, ( 1 ) 

Kt 

k 

(a) MC + mXp^ + C, 

k 

(b) MC -4.P 1 + C', 

where M, C, and MG represent molecules of monomer, catalyst and com¬ 
plex respectively, and P r is an active ohain centre (polymer if r > 1 ) contain¬ 
ing r monomeric units. Propagation of the chain now proceeds by addition 
of successive molecules of monomer to the active polymer: 

' k 

P r + M.XP r+ (3) 

Two termination mechanisms are considered, according as (a) two active 
polymers react with mutual deactivation, or ( 6 ) a collision between growing 
polymer and monomer may lead to termination instead of growth. We may 
note the further possibility ( 6 ') that the latter reaction may result only in 
“transfer” of the energy, without appreciable loss, from the growing 
polymer to the monomer (Flory 1937 ). These reactions may be represented: 

(а) P T +P $ - »Mr + M $ (or 

k( r 

(б) P r +M— r -+M r +M, 

k 

(b')P r +M—XM r +P v ' 
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where M r is a molecule of inactive polymer containing r units. In (a) the 
velocity constant is divided into two “reactivities” k mr and k tm representa¬ 
tive of the two active polymers and defined so that their product gives the 
velocity constant for the reaction of these two polymers. 


Kinetic analysis 

The complete set of reactions to be analysed is defined by equations (1), 
( 2 a) or ( 26 ), (3) and (4a) or ( 46 ). We need not at first consider ( 46 '), since it 
will clearly not affect the overall reaction rate, but—if faster than the 
termination process—will control the chain length of the product. We shall 
consider in detail only one of the four possible systems and write down the 
final results for the others. The one selected is as follows: 


K: 


M + C ^ MC, 

(1) 

k 

MC r4 ->Pj + 0, 

(26) 

k,,r 

P r +M PrM> 

(3) 

b k 

n mr n m» 

P r + P,- +M r +M„. 

(4a) 


We denote molecular equivalents by enclosing the appropriate symbol in 
round brackets, and indicate values at the start of the reaction by a sub- 
eript 0 . On the assumption that the mean lifetime of all active centres is 
short compared with the half-life of the reaction we may obtain their con¬ 
centrations by use of the appropriate stationary state equation : 


We thus obtain 


kpr(Jr) ~ 

n 


d{P r ) 

dt 


» 0. 


Ka(mc) (Mr 




(Jo+jNsV 

K px r*»l 



In order to simplify this equation we make the assumption that the ratio 
^mrl^pr i® independent of r and denote it by 8 , when the above equation 
becomes 


Kr(Pr) 
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Summing from r — 1 to oo, we obtain 

<5 ! { r r |*M P r)) a {(^) + ^ Y M P r) j = Ka(MC){M). 

For long chains it is easity shown that the second term in the second bracket 
is negligible, so that 

Further, - —~ = (M) ^ M P r)> 

... -^jr = k ^(MC)HM). (5) 


We have now to evaluate (MC), and from (1) and (26) we obtain 

-f-- - k A m {(c) 0 - (MC)} - (k e2 + k cl ) (MC). (6) 


In the later stages of the reaction we should expect to find (MC) approaching 
an equilibrium value, when d(MC)/dt - 0. With this substitution (5) be¬ 
comes 

_W) = W / KiM c) o m 

dt S /i ( , 2 + k c i + h r i(M) 

For the earlier stages of the reaction we have to eliminate (MC) between (5) 
and (0), which may be done by rearranging (5) in the form 


(MC) = 


S i - 


d(M)y 

dt' 


k«(MY 


( 8 ) 


differentiating with respect to t and equating with (6). The final result is 

d(M) d*(M) I' (d(M)\ a k n + k ci + k n (M) 
dt dt 1 (M)\dT) + . 2 V dt j 

= -^ 4( c)«W (9) 


This equation is clearly intractable but may be employed to calculate the 
maximum rate by putting d i (M)jdt i = 0. It is found in practice that a 
further simplification may be made, since with the constants experimentally 
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assigned the term in {d(M)/dt} s is negligible. We thus obtain for the maximum 
rate 

_ (^)max / ^Ol^c4( c )o /in\ 

l dt j ma * S aJ k C 2 + k c ± + k cl {M) m &x 


which is of the same form as equation (7) derived for the later stages of the 
reaction. 

Within the present limits of experimental accuracy we need not retain the 
term in ( M ) under the square-root sign in equations (7) and (10) and both 
have been employed in the form 


where 


--JP m k(M)'( c)i 
]{ —1. I 

d \ k ci + k ci 


( 11 ) 


The chain length of the product has only been evaluated on the assump¬ 
tion that d(MC)/dt = 0. The value thus obtained is probably not seriously in 
error and should in any case be of service in predicting the effect of changing 
the catalyst concentration. Two average chain lengths may be defined 
(Lansing and Kraemer 1935), a number average (v n ) and a weight average 
(t'w): 

r-x . 

Sr(Jf r ) 

V n = r-oii > 

S (K) 

r-2 

r-00 f ( 12 > 

2 r*(M r ) 
v = £=*_ 

S r(M r ) 

r-2 ' 

Of these the former is given by measurements of chemical or colligative 
properties, while the latter is given by viscosity measurements. 
v„ is readily obtaiued as it is clearly given by 


Overa l l rate o f polymerization 
n Rate of initiation 

= £ KM) 

k* V (c)o 

This gives only the “instantaneous” value, whereas the measured value is 
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the average chain length (P„) of products produoed from the start of the 
reaction. It is easily shown that 


r— oo 


s 

r -2 


m 


nm. 


d(M) 




whence V n m- X — (*)*}• (13) 

v w can only be obtained by first evaluating {M,) as a function or r and then 
summing according to (12), The analysis is somewhat lengthy and need not 
be detailed here; the final result is 


„ IWirWl 

* k c J(c) 0 \(M) 0 -(M)j- 


( 14 ) 


We may summarize the main results, together with those obtained by 
similar methods from the other mechanisms, in the form of a table showing 
the dependence of the maximum rate and the chain length on (c) 0 and (rate 
only) ( M). 

Table V 


Initial 

mechanism 

2o 

26 


Termination mechanism 


r 

4 a 

Max ratooc(Af)*(c)j 
vx(c)„-‘ 

Max rate oc (Af )1 (c)J 
vcc(c)^ 


46 

Max ratecc(A/) f (ck 
v independent of (c). 

Max 'rate oc (M) (c), 
v independent of (c)„ 


Before considering their application to the experimental results two 
other points may be noted: 

(1) The decomposition of the catalyst found experimentally has been 
neglected in the above treatment. The evidence shows that the decomposi¬ 
tion is at least approximately of the first order, and a correction has been 
applied by replacing (c) 0 in the above equations by (c) 0 e - **', where k f is the 
decomposition constant. This substitution is only strictly valid if either 
(a) the fraotion of catalyst bound in the form MC is always small or (6) the 
bound catalyst decomposes at the same rate as the free. 

( 2 ) If the transfer reaction is fast compared with termination it will 
control the .chain length. It is easily shown that if the ratio k fr /k pr is assumed 
independent of r and denoted by ji, then the chain length of the produot is 
given by (Sohulz 1935; Gee 1936) 


2F« 


2 


( 15 ) 
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Application to experiment 


For comparison of the above equations with the experimental data it is 
necessary to estimate from the latter (a) the co-ordinates of the maximum 
and (6) the rate of decomposition of the catalyst. The former have been 

obtained from plots of the gradient curve The value of 


is readily obtained in this way, but estimation of (JkOma* is of 

max 

necessity only approximate. It should be pointed out that the departure 
from isothermal conditions discussed above would tend to prolong the 
period of acceleration and thereby decrease (M ) max , so that there will be a 
consistent error in these values. 

Measurement of the temj>erature rise (fig. 4 ) shows this to be so large that 
a correction is clearly necessary. This has been done by supposing the 
temperature rise at the point of maximum velocity to be proportional to the 
observed maximum rate. The temperature rise at this point in the above 
experiment was approximately 4 °, and by interpolating the kinetic data at 
00, 80 and 100° C, the maximum rate was estimated to be 5-6 x 10~' 4 m./l./ 
sec. From these figures the temperature rise in each experiment is calculable. 
An estimate of the energy of activation from the slowest experiments— 
which are nearly isothermal—give a value of 17*2 k.cal./mol., from which the 
calculated velocity constants can be corrected. 

The catalyst decomposition constant has been estimated from those 
experiments in which decomposition proceeded so far as to prevent the 
complete polymerization of the vinyl acetate. For the later stages of such a 
reaction we may write in general 





We shall see later that n t = since (if) is changing only slowly the value 
given to is unimportant, and a value of f has actually been employed. 
Taking logs and rearranging we find 

j_W| 

l0g TW - ) = ' (1«) 

from which k, is readily obtained graphically. This method has been applied 
to experiments at 80 and 100° C, with the following results: 
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Table VI 




(a) 80° C (tgluene solution) 


Exp. 

IV 

V 

VI 

Mean 

10 3 

2*4 

2-5 

2*5 

2*5 


(6) 

100° C (pure liquid) 


Exp. 

I 

II 

III 

Mean 

100 (min -1 ) 

2-2 

3-2 

1*6 

2*3 


Since experiments with pure vinyl acetate at 80° C went to completion (or 
nearly so), this method is not applicable and it has therefore been assumed 
that the value for toluene solutions is applicable also to the pure liquid. 
This assumption is supported by the agreement between the 100° C values 
deduced for vinyl acetate and pure toluene. The first results to be con¬ 
sidered are those for the polymerization of pure vinyl acetate at 60° C, which 
cover the widest range of catalyst concentration and are not complicated by 
appreciable decomposition of the catalyst, since even the slowest goes 
practically to completion. A cursory inspection shows that the maximum 
rate is much more nearly proportional to (c)J then to (c) 0 . From equation (11) 

v /max _ is 

IW" ’ 

and in Table VII we see that K calculated in this way is very satisfactorily 
constant, apart from Exp. “A” which is too fast. The table also gives the 
estimated temperature rise at the point of maximum rate and the constants 
corrected for it as described above. It will be observed that “A” now falls 
into line with the others. 


Table VII. Polymerization of pure vinyl acetate at 60 ° C 


Exp. 

A 


B 

C 


D 

E 

(ck mol./L 

2 05 x 10~ a 

4*1 

x 10* 

- 3 8*2 x 10~ 4 

1*64 

: X 10” 4 

3*3x10-* 

(M) ««xxnol./l. 

7*5 

7*9 


8*3 

8*6 


9*0 

- {—^ •} m./l./soe. 

1 1 max 

2*05 x 10~ 3 

5*5 

x 10- 

- 4 2*5 xlO- 4 

1*3 

x 10“ 4 

4*6 x 10"* 

10*K 

7*0 

3*9 


3*6 

4*0 


3*7 

^ max (0) 

14 

4 


2 

1 


0-fl 

10 4 i£ (corrected) 

24 

2*9 


3*1 

3 7 


3*5 


A mean — 

3*1 x 

10~ 4 

l./mol./see. 





Referring to Table V we see that these results eliminate the termination 
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mechanism (46).* In view of the difficulty of estimating (Jfcf) max it is clear that 
they do not yet enable us to distinguish between (2 a) and (2 6) for the initia¬ 
tion mechanism. It is true that at no stage do the reactions seem to reach an 
order as high as two, which would support ( 26 ), and further evidenoe in 
favour of this view may be obtained from the following considerations. 
Equation (8) gives an expression for the concentration of the complex MC 
in terms of measured quantities; a similar expression for mechanism (2a) 
takes the form 



100 200 300 400 

Time in minutes 


Fig. 5. Concentration of complex MC, 

In fig. 5 these two expressions for (MC) are plotted as functions of (M) from 
the data of a typical experiment (“ B ” at 60 ° C). Now we have regarded MG 
as a complex whose concentration is tending towards an equilibrium value, 
so that it is clear that equation (8)—based on mechanism ( 26 )—is, judged 
by this test, the more plausible. We therefore take the mechanism whose 
kinetics have been discussed in detail above to give the best representation of 
the 60 ° C kinetic data, and have now to enquire whether it is equally 

* The only way to avoid this conclusion is to suppose the true catalyst to be a 
* ‘ half-molecule ” of benzoyl peroxide, formed from the latter by dissociation and thus 
having a concentration proportional to the square root of that of the peroxide. On 
this view it would be impossible to explain why the chain lengths of the products 
obtained at 60° C should decrease at the highest catalyst concentrations. 
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satisfactory for the other cases. The remaining results have been treated in a 
similar way in and Tables VIII-X the relevant data are listed: 


Table VIII. Polymerization of pure vinyl acetate at 80° C 


Exp. 

F 

C* 

H 

I 

(c) 0 mol./I. 

7*6 x 10“ 4 

4-2 x JO” 1 

1*5 x 10“ 4 

M x 10”* 

( M )max mol./l. 

6-8 

7*0 

*(7-9) 

8*2 

- (*£>} mrf./l.,*.. 

1 * >mn. 

1*8 x 10 3 

11 x 10” 3 

4*2 x 10~ 4 

31 x 10~ 4 

^max (min.) 

60 

80 

120 

140 

rd(Af)| 





.. \ dt ) max 

~ «(e)J 

4*0 x I0-* 

3*3 x 10 _a 

l*8xKH 

1*5 x 10~ 3 

A A 1 max 

13 

7 

3 

2 

10*K (corrected) 

1*6 

2*0 

1*5 

1*3 


k t =s 2 5 x 10~ 3 min.~ l . 

It mean = 1*6 x 10 3 l./mol./sec. 

* This value interpolated froin F, O and I because the velocity curve in H was 
too flat for the maximum to be located. 


Table IX. Polymerization of vinyl acetate in 




TOLU KN E 

SOLUTION 

AT 80" 0 



Exp. 

TIT 

IV 

V 

VI 

VII 

VIII 

(M) 0 in mol./l 

3*84 

3*84 

3*84 

1*62 

1*62 

1*62 

(c) 0 in mol./l. 

4*2 x 10 3 

8*3 x 10 4 

1*65 x 10~ 4 4*2 x 10** 3 

8*3 x 10" 4 

1 *65 x 10” 4 

(Af) m axmol./l. 3-5 

3*6 

36 

1-5 

1*58 

1*59 


1-1 x 10 * 

5*3 x J0 _fr 

22x 10 » 

1-8 x 10' 6 

7*7 x 10~ fl 

1*9 x 10"* 

dt J m ax 







mol./l./sec. 

• 





*max (min.) 

62 

120 

400 

126 

110 

400 

K 

2*8x 10~ 4 

3*1 x J0~ 4 

41 x 10-* 

1-8 x 10~* 

1*6 x 10~ 4 

1*2 x 10~ 4 


k, = 2-5 x J0“* min. •-». 

A' m ean = 2-4 x 10"* l./mol./sec. 


Table X. Polymerization of pure vinyl acetate at 100° C 


Exp. 

J 

K 

L 

M 

(c)q mol./l. 

8*3 x 10“ 6 

2*1 x 10 5 

6*9 x 10- 6 

2*3 x 10-« 

( At )max mol./l. 

8*6 

9*1 

9*4 

9*6 

-{ * 

2*4 x 10- 8 

6*5 x 10“ 4 

2*1 x It)" 4 

1*4 x 10~ 4 

*max(m in.) 

15 

26 

40 

70 

K 

1*2 x 10"* 

7*0 x 10“ a 

4*4 x 10~ 3 

7*0 x 10“ a 


17 

4*6 

1*5 

1 

10 *K (corrected) 

4*1 

5*4 

4*0 

6*6 


hi = 2*3 x 10' 

'* min.” 1 . 




X mean =s 5*0 x 10“ 3 l./mol./sec. 



Vol. CLXX. A. 


it 
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Inspection of Tables VIII--X shows that the constants calculated in 
accordance with the theory proposed are very satisfactory. In both Tables 
VIII and X the fastest runs give values of K which are too high, but which 
fall into line when corrected for the temperature rise. The square root law 
for the catalyst is thus confirmed. The mean values of K at 60 , 80 and 100 ° 0 
when plotted logarithmically against the reciprocal of the absolute tempera¬ 
ture do not give a straight line. The energy calculated from the 60 and 100° C 
results is 17 * 4 if cal./mol., while the 80 ° C result is, by comparison, rather 
high. K is too complicated a 4 ‘constant’’ for this value to be interpreted, 

and the non-linearity of the log K ~ ^ plot is not surprising. The k t values are 

not strictly comparable, since they refer to different solvents and are not 
very precise. The calculated energy for the decomposition of benzoyl 
peroxide is approximately 29 K cal./mo 1 . 

Comparison of Tables VIII and IX shows that in toluene solution the 
value of K is reduced by a factor of about 7 : there is also evidence that K is 
lower in the more dilute solution. Two alternative explanations of these 
facts may be offered: 

(1) In diluting the vinyl acetate with toluene we are making a change of 
solvent, and the specific velocity constants may be affected in an unpredict¬ 
able manner. Against this view it is to be noted that during the course of a 
polymerization in solution the solvent is changing progressively towards 
pure toluene, and one might anticipate a gradual decrease in the velocity 
constants which would be shown up in the anomalous course of the reaotion: 
there is no evidence of this behaviour. 

(2) A definite reaction may occur between solvent and polymerizate. The 
simplest suggestion is that solvent molecules may deactivate the growing 
polymer, but it is easily shown that in this case the rate should become 
proportional to the first power of the catalyst concentration. The fact that it 
remains proportional to the square root shows that the reaction which de¬ 
stroys the reactive centres involves two such centres. A modified proposal is 
to regard the reaction between active polymer and solvent as a transfer of 
energy to the latter. The activated solvent molecule may then either transfer 
its energy to a monomer—starting a new chain—or react with a similar 
active molecule with loss of reactivity. The complete scheme may be repre¬ 
sented thus: 

^ct fCp r JCf a 

Af + C ^ MC , P r + M-^P r+v M + 8 '~>P X + S t 

hit 

kf r k H 

MG-+P 1 + C, ' P r +S-*M r +S'> s f + 8 '-+S u or S + S, 
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where 8 and 8' are normal and activated solvent molecules and it is sup¬ 
posed that the normal termination process is overshadowed by the new one. 
An analysis of the above system has been made, based on two assumptions: 

(1) That transfer is of sufficiently frequent occurrence for the number of 
chains started in this way to exceed considerably the number initiated 
catalytically. 

d(MC) 

(2) That ' —1/ ~ 0. This, as already noted, will only hold strictly in the 

(it 

later stages of tire reaction, and is not even approximately true in the very 
early stages. 

Writing // for we find 


k 


- d(M) 
dt 




Denoting the composite constant of this equation by K' and allowing for 
decomposition the constant can be calculated from the co-ordinates of the 
maximum by the equation 

K , s l dt 

WLxCV 

The weight average chain length is given by 


-W 


(19) 


- _ 

MS) 


( 20 ) 


In Table VIII, values of K' and (S)/{M) 0 1 ’„. are calculated for all the ex 
periments in toluene solution. 


Table XI 


Exp. 

III 

IV 

V 

VI 

VII 

VIII 


3-84 

3-84 

3*84 

1*02 

1-02 

1-02 

10 4 (<j) 0 (mol./l.) 

42 

8-3 

1-65 

42 

8*3 

1*65 

10‘A'(l./mol./sec.) 

4*3 

4*7 

6*1 

8*0 

7*5 

5*6 


69 

82 

103 

160 

205 

180 


It is to be observed that K‘ is more constant than K in Table IX, though 
not very convincingly so. The constancy of (S)I(M) 0 V u is probably as good 
as could be expected from the rather approximate chain lengths obtained 
for these particular products. In the absence of more precise data it is clear 
that the validity of this explanation of the inhibitory effect of toluene cannot 
be finally determined. 


31-3 
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The chain lengths of the polymers from pure vinyl acetate polymerized at 
60° C are summarized in Table II. According to equation (14) the chain 
length should be inversely proportional to the square root of the catalyst 
concentration: there ie some evidence that this law may be obeyed at high 
catalyst concentrations, but for the lower concentrations the mean chain 
length becomes a constant. This change in the form of the v~ (c) curve 
suggests a corresponding change in the mechanism of the reaction controlling 
the chain length. Since we have found no evidence of this in the kinetics it 
would appear that the reaction involved is one which affects the chain length 
only, i.e. is a '‘transfer” reaction. Reference to equation (15) shows that if 
transfer of energy from the growing polymer to the monomer the chain 
length will be constant. Now it is clear that the relative probability of 
transfer to termination by mutual interaction of chain centres will increase 
as the catalyst concentration—and consequently the number chain 
centres—is decreased. We can therefore understand the observed chain 
lengths if we suppose that transfer is negligible at the highest concentrations 
but becomes the controlling factor when the amount of catalyst is sufficiently 
diminished. 

The 80° C results reveal a new phenomenon: only the product made with 
the lowest catalyst concentration was completely soluble, while the vis¬ 
cosity molecular weights of the soluble portions of the other polymers were 
certainly higher. We note also that F (Table III) gave a higher chain length 
than C (Table II) made with the same catalyst concentration at a lower 
temperature. These results are only explicable on the hypothesis that the 
products made at 80° C are branched. If this is so the Staudinger method of 
determining molecular weights breaks down, even though branching may 
not have been sufficient to render the polymer insoluble. Under these cir¬ 
cumstances Schulz and Husemann ( 1936 ) consider that it is still permissible 
to employ the Staudinger method by employing suitable adjusted “con¬ 
stants , but the ultimate reference in such a case is to the osmotic or similar 
method employed in determining the variation of the Staudinger constant. 
No data on these lines being available for vinyl acetate polymers, we cannot 
a PP J y procedure, and it is clear, by analogy with Schulz and Husemann’s 
data for polystyrene, that the molecular weights calculated above will be 
too high if branching has occurred. It is generally observed that branching 
increases with rise of temperature (Schulz and Husemann 1936, 1937), so 
that the difference between the 60 and 80° C products is understandable, but 
we have yet to explain why one of the 80° C products should have been 
readily soluble, showing no sign of branching. Now this experiment differed 
from the others in that the monomer was not completely polymerized, thus 
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leading to the suggestion that branching occurs largely in the very late 
stages of polymerization. Various branching mechanisms have been sug¬ 
gested (Flory 1937; Breitenbach 1938), but the only one which seems 
probable in the case of a mono-olefine such as vinyl acetate is a reaction 
between a growing polymer and a “dead” one, analogous to the normal 
propagation reaction, to yield a growing, but branched polymer: 

h 

M r 4 - Pq —> 

Addition of this reaction to the system already studied complicates the 
kinetic analysis, which can now only be carried to a simple conclusion by 
supposing k b and k pr to be independent of r. If we make this assumption and 
define a “branching coefficient” k b jk p — 6 the extent of branching in the 
“stationary” reaction (where d(MC)/dt * 0) is readily evaluated. The 
extent of branching is defined as 

(B) = (Yif (Mr) if (P.)dt, 

J 0 r-2 


and may be shown to be given by 


(B) = 28 J(k cl (c) 0 (M) 0 ) 


1-2*LM \(WJ 


2 1 



( 21 ) 


where the other symbols have the same significance as before and decom¬ 
position of the catalyst is neglected. The number average chain length is 
given by 


v n * 






( 22 ) 


In fig. (5 plots are given of (B) and T> n as functions of (M)j(M ) 0 , calculated 
from the above equations, putting 6 * 1 , 0 * 25 , and 0 * 05 . 6*1 represents a 
reaction in which branching is as probable as propagation; 6 * 0*05 is 
certainly a more likely value. We note first that branching is essentially a 
phenomenon of the last stages of polymerization, so that the solubility of the 
incompletely polymerized sample finds ready explanation. The effect on v n 
appears relatively small (although the limit as (M)-+ 0 is F n ->oo for any 
non-zero value of 6), but it must be pointed out that the weight average v w 
will be much more seriously affected by the presence of a small amount of 
very high polymer (Kern 1935). Furthermore, branched polymers will, as 
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already stated, produce an even larger effect in the “Staudinger ” moleoular 
weight. This concept of branching thus renders the 80 ° C results explicable, 
but at the same time must of necessity throw doubt on the 00° C data and on 
the interpretation given to them.* It is impossible at present to say whether 
branching has occurred seriously at 60 ° C, but it appears unlikely that the 
chain length found for E (Table II), which did not polymerize completely, 
can be seriously in error. Combining this value with the one found for I at 



1-0 075 05 0 25 0 


(M)/(M) o 

Fig. 0. Chain Branching. 
Curve b 


IB) 

K 


A 

A' 

JO 

B 

TV 

0*25 

e 

C' 

0-05 


jy 

0-00 


80 ° C gives an energy of approximately 3 K cal./mol. The significance of this 
figure is of course doubtful but if both are true chain lengths and both 
controlled by transfer, we have, from equation ( 15 ), 

^transfer ^propagation ^ cal./mol. 

* It is to be noted that this concept also throws some doubt on the significance of 
the experimentally found constant molecular weight during the progress of a poly¬ 
merization reaction (Schulz and Husemann 1936, 1937). 
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Summary 

It is shown that both acetaldehyde prepared in air and benzoyl peroxide 
are effective catalysts for the polymerization of vinyl acetate. The course of 
polymerization has been followed by dilatometric measurements, both for 
pure acetate with benzoyl peroxide as catalyst and in toluene solution. The 
rise of temperature in the dilatometer during reactions is found to be 
appreciable for strongly catalysed reactions. The chain lengths of the 
various polymers have been computed from viscosity data. At high temper¬ 
atures there is evidence that chain branching occurs, particularly in the 
later stages of the reaction. During the reaction, catalyst decomposition 
takes place as an independent side reaction. The reaction is characterized by 
an induction period and the reaction kinetics are shown to be consistent with 
the view that a complex formed from catalyst and monomer breaks down to 
give a reaction centre. Termination involves the interaction of two growing 
reaction chains. In addition to propagation on collision with a monomeric 
molecule, a growing polymer may terminate its life by initiation of a new 
reaction centre on collision with a monomer. Toluene, when used as solvent, 
is shown to be a participant in the transfer mechanism. The energy of activa¬ 
tion for the decomposition of the catalyst is found to be m. 29 kg. eal./g.mol. 
and for the process of polymerization 17-2 kg. cal./g.mol. 
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Dissociation, recombination and attachment 
processes in the upper atmosphere 
II. The rate of recombination 

By D. R. Bates, M.So., R. A. Buckingham, Ph.D., 

H. 8 . W. Massey, Ph.D., and J. J. Unwin, M.Sc. 

Queen's University , Belfast 

(Communicated by E. V. Appleton , F.R.S.—Received 8 October 1958) 

1. Introduction 

The ionized regions of the upper atmosphere include, not only neutral 
atoms and molecules, electrons and positive ions, but also negative ions. 
Of these, electrons are alone effective in producing reflexion of wireless 
waves; so that an electron attached to a neutral molecule to form a negative 
ion is as effectively removed from active participation in these phenomena 
as one recombined with a positive ion to form a neutral molecule. The decay 
of electron density at night has been attributed by some authors to recom¬ 
bination with positive ions and by others to attachment by neutral mole¬ 
cules. The first process is in agreement with the observed law of decay 
and has the additional advantage of making it easily possible to understand 
the formation of layers of concentrated ionization; on the other hand, the 
chance of attachment to a molecule per impact would have to be extremely 
small for the attachment rate to be negligible, since the number of collisions 
per second with neutral atoms is very much greater than with positive ions. 
In a previous paper by one of us (Massey 1937 ) it has been shown how these 
two conflicting views may be reconciled by taking account of the existenoe 
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of detachment processes, first suggested by Martyn and Pulley ( 1936 ), 
which go on at all times and lead to ejection of electrons from the negative 
ions. Numerical estimates reveal that the rates of both attachment and 
detachment are great compared with that of recombination, so an equi¬ 
librium ratio between the densities of electrons and negati ve ions is main¬ 
tained while both may vary due to recombination with positive ions. The 
effective process of reduction of electron density is thus recombination 
with positive ions, but the effective recombination coefficient will depend 
not only on the rate of electron recombination btit also on that of the negative 
ions and on the electron-negative-ion ratio A. Since it was shown in the 
previous paper (Massey 1937 ) that the rate at which equilibrium is set up 
between electrons and negative ions, due to a balance between attachment 
and detachment processes, is very great compared with the rate of any 
recombination process, we may, in deriving the effective recombination 
coefficient, treat A as constant.* If then n fi , n ~, are the densities of 
electrons, negative ions and positive ions respectively, we have 



n t + nr = »+, 

( 1 ) 


n- = A n e , 

( 2 ) 

so 

< I+A >T-isr- 

(3) 

But 

(for** 

-jj- - - ct e n e n + — a-i n~n + , 

(4) 


where ol c is the coefficient of recombination of electrons and positive ions 
and a { that for electron transfer from negative to positive ions with or 
without association of the ions. Hence 


=-(«* + Aognf, (5) 

and the effective recombination coefficient for electrons is not a r but 
a e *f Aaq. Since it is probable that A is much greater than unity, at least for 
the E region, we must expect that recombination of negati ve and positive 
ions plays an important part in determining the rate of electron decay. 

In this paper we consider the theoretical evaluation of a c , the term arising 
from direct electron recombination. It is probable that the only process 
contributing appreciably to a e is that of direct capture into a discrete 
quantum state with emission of radiation , so we deal exhaustively with this 

* Wo may even, as in (21), take account of a slow change of A with time due? 
to changing conditions in the ionosphere. 
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process by quantal methods. We find that it occurs in the upper air at a rate 
quite insufficient to account for the observed rate of diminution of electron 
density. This forces us to suppose that the process responsible for the 
observed rate is one involving negative and positive ions. Calculation of 
a { would then enable a determination of the electron-negative-ion ratio to 
be made, and we hope to return to this matter in a later paper. 

It is possible to derive from our calculations the cross-section for con¬ 
tinuous absorption of radiation by oxygen atoms which may be useful in 
discussing the formation of ionized layers by solar radiation and in 
astrophysics. 


2. Calculation of rate of radiative recombination of 

ELECTRONS WITH IJPBER ATMOSPHERIC 1 POSITIVE IONS 

The positive ions likely to be present in the upper air are ()+, O^, N+, N^\ 
These are sufficiently similar for it to be justifiable to assume that the 
recombination coefficients will be of the same order of magnitude. In 
what follows, therefore, we take atomic oxygen as typical and deal with it 
exclusively, since we have the most detailed knowledge of its properties 
from the calculations of Hartree and Black ( 1933 ) by the self consistent 
field method. 

The process we consider is the radiative one 

0 + + e 0 + hv t ( 0 ) 

in which the resulting oxygen atom may be in its ground ( 2 p) state or in 
any one of its discrete excited states. We have here a transition of an electron 
from a continuous to a discrete state of the oxygen atom and the usual 
quantal theory may be applied. According to this theory the effective 
cross-section for recombination of an electron of energy \mv % into the nth 
state in the field of a positive ion, involving radiation of a quantum of 
frequency r, is given by 



64ttW 

3 hvc s 1 M 1 ’ 

(7) 

where 

M = JV„r^?dT, 

( 8 ) 


being the wave function of the bound state normalized as usual, and 
r/r K that for the initial state normalized to have the asymptotic form of 
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a modified plane wave of unit amplitude and the corresponding scattered 
wave. The total cross-section for recombination will thus be 

Qe - 

and the recombination coefficient for electrons of velocity v } 


a - vQ e . 


For all excited states the wave functions \jr n may be taken as those of the 
hydrogen atom since the effective nuclear charge for alt excited states is 
unity. The ground state wave function and that for the initial state can only 
be obtained in numerical form. For this reason we consider the calculation 
of the coefficient of ground state recombination separately from that for 
recombination to excited states. 

2*1. Calculation of iff The wave function \jr$ for the ground state of 
the oxygen atom has been given by Hartree and Black (1933). If we consider 
the initial wave function expanded in a series of zonal harmonics we have: 

ft, = 21 + 1 ) ^ K (r) P t ( cos 0 ). ( 9 ) 

It is, moreover, clear that, since the ground state is a 2 p state which combines 
only with an 8 or d state, we need only determine and ijrf These may be 
taken as satisfying the Schrodinger equation 

+ {2(e + v) - (rtf*) = 0, (10) 

where e is the kinetic energy of the incident electron and v the potential 
energy of the interaction between an electron and an oxygen atom, both in 
atomic units. For v the unmodified potential energy of the ionic field given 
by Hartree and Black (1933) has been taken. This neglects the polarization 
of the ion by the electron, but it is unlikely that this omission will appre¬ 
ciably modify the results. Having obtained v in this way the equations (10) 
were integrated mechanically with a model differential analyser, a descrip¬ 
tion of which has been published elsewhere (Massey, Wylie, Buckingham 
and Sullivan 1938). A check on the performance of the machine was made 
by a numerical integration for e — 0. 

The normalization of the functions presented some difficulty. For small e 
the integration must be carried out to very large values of r before the 
asymptotic form is approached with sufficient accuracy. An alternative 
method is to carry the integration out to a point where v has attained its 
asymptotic form 1/r. Then if the solution at this point fits continuously 
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to aL + bM, where L, M are the solutions of the equations (10) with v = 1/r 
which have the asymptotio forms 

cos (V(2e) r + J^e ) log r sin (v (2e) r + ^7) lo 8 r VC 8 ®)) - 0 1 ) 

respectively, the normalizing factor is \*j( 2 e) (a 2 4- 6 2 )}~*. The functions L , M , 
and their first derivatives may be obtained by direct calculation at a suitable 
point by using the series expansions 

L * \(aa-fiH), M » *(aO+/?//), 

a + ifi = A-'-' i»« HI + 1 + »A) e*<^, A = -,; 1 - , 

P( 2 e) 

( *)<*• \ 4 l 

G " (2771)1 [' + **i' + 4a iS r , + 

H = (Sly] 1 6 « + 26, r + 46, r* +... 1 + \g log 2 r, 

m(m + 2/ + 1) a m = - « m _ x - 2 , w > 1 (® j = 0) 

m(w - 2/ - 1) Z> m = - - -4_ 6 m _ a , 1 < m < 2/ (6..= 0) 

= - 6 «-i-4X* 6 m - S -^( 2 »»-2/-l)a m _ w _ l , m>2Z+l 
w(2/ + 1)! />2j +1 = — ^(1) — fr( 2 l + 2)4- ip(i\ — Z) — logiA 

_ i; ( n ^-,„m-/)(2 Z+l)! _L.. 

+ 1 ~ra) w! 2^4- 1 — m y 

^(2) =^{ lo gC(z)}, 

given by Hartreo (1928) and Hargreaves (1929). The normalization for the 
limiting case of vanishingly small e has been discussed by Hargreaves 
(1929). In this limit the asymptotic expansion has no meaning, but the two 
independent solutions corresponding to L and M are 

I-'o “ (" r )**4rfi(\/(^ r ))> Jf 0 = (2r)*Taf+i(V(8r)), (12) 

respectively. If the solution of (10) for e = 0 fits smoothly to 

a x L^b x M^ 

then the correct normalizing factor is 

Lt[ irVtWW+ *!)-*]■ 

*,—►0 


( 13 ) 
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The functions r\^ K for e « 5 x 10~* ( 0-13 eV) are illustrated in fig. 1 
together with r*tfr 0 , where is the ground-state wave function. Having 
determined these functions the evaluation of may be completed by 
numerical integration. 



Fra. 1. Illustrating wave functions of electrons in the field of an oxygen ion. 


A , 2r*0" o , whore is the ground 2 p wave function (normalized in atomic units); 


B f Zr\j/ K for l- 

C t 2 r\lr K for t; = 0'06, 1 = 




both normalized. 


In the above treatment we have regarded the problem as involving one 
electron only whereas six are really ooneemed. A partial correction for 
this omission may be made for this by multiplying the cross-section calcu¬ 
lated as above by a factor 

J^*(O+)0(O)rfrj 8 ) (14) 

where 0(0+) is the wave function for the five electrons of 0+ which do not 
take part directly in the transition and 0(0) that for the same electrons in 
the oxygen atom, these functions being obtained again from the self- 
consistent field calculations of Hartree and Black (1933). For, in the self- 
consistent field approximation the complete wave function is the product 
of wave functions for each separate electron and the integral over the 
co-ordinates of the electron directly involved in the transition, involved 
in (8), is independent of that over the other electronic co-ordinates. The 
numerical value of the factor ( 14 ) is found to be 0 - 927 .f 

f Further, as the ground state of 0+ is a quartet, any electron recombining to 
the p shell must have a spin antiparallel to the electron already present in the 
p -orbit into which the electron is captured. This introduces a factor J or, as there 
are three available p states, f. 
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The final results are given in Table II. For small values of e the cross- 
section ($ behaves like er l and the corresponding recombination coefficient 
may be written for such values of e as 5 * 1 x 10 14 crn. 3 sec." 1 , where V is 
the electron energy in electron-volts. 

2*2. Recombination to excited states. At first sight the evaluation of the 
total recombination coefficient seems an impossible task for it is clearly 
out of the question to carry out the same procedure for excited states as 
for the ground state until sufficiently rapid convergence of the series of 
partial cross-sections occurs. This is particularly true of the cases in which 
we are interested, where the electrons have very small energies, for conver¬ 
gence only becomes at all rapid when the quantum number n of the excited 
state considerably exceeds e * after which the partial cross-sections fall 
off as w 3 (Weasel 1930). We must suppose that, appreciable electric fields 
being absent, electrons in the upper air come to thermal equilibrium with 
the neutral molecules so their average energy is probably rarely in excess 
of 0*1 eV, i.e. for e“* = 12. Thus quantum states with total quantum 
number up to 20 at least w ould have to be taken into account and as separate 
consideration would have to be given to the sub-states with different azi¬ 
muthal quantum numbers the labour involved would be prohibitive. 
Fortunately, however, we may make use of the fact that an excited state 
wave function of any ion differs very little from the corresponding function 
for atomic hydrogen. At the same time, the continuous wave function \j/ K 
may also be taken as a normalized hydrogen function without serious error. 
For, provided e is small, the phase shift produced by the inner field of the 
ion will be small, so that in the region where an excited state wave function 
is large, the wave function tJr K will differ inappreciably from the corresponding 
function for atomic hydrogen. The error made by taking i/r K as for hydrogen 
will, for a given e, decrease with increase of azimuthal quantum number, 
as any phase shift due to the inner field will also decrease under these 
conditions. Since the substates which are most important for a given 
total quantum number n are those with azimuthal quantum number nearly 
equal to n, we can be sure that, for the small e values in which we are 
interested, involving contributions from quite large values of n, no appre¬ 
ciable error will be made by taking both f K and \j/ n as the corresponding 
atomic hydrogen functions, i.e. supposing that the sum over all excited 
states will be very nearly the same as for recombination to the corresponding 
states of a bare proton, We therefore consider the problem of evaluating 
the sum in this case. 

The advantages of relating the problem to the corresponding one for 
atomic hydrogen* are not only that we can use analytical expressions for 
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the wave funotions, but that by working in parabolic instead of polar 
co-ordinates it is possible to perform the summation over all substates with 
a given total quantum number without great labour. By using these co¬ 
ordinates, Oppenheimer (1929) found that for the cross-section for recom¬ 
bination to a state of total quantum number n, 


where 






32«. 2 A 10 *~”- 2 
(iT* + Ai)* .to 


(*+ 1) ( 71-8 — 



— iA .,2 + 8 — n, 2 , 


— 4 inX \ 2 
(w-tA)*/ ’ 


16 

<8 - A i £ (n-s-l)F 


(» a + A*)* 


H-ih, 


. — 4 mA \ 


/ 2 inA \ .,/ ... , , — 4iraA \ 2 


S HA v 

A — — - cosech 7T/\ exp {77 A — 4A arctan w./A}, 


A = (2e)~‘ = 2 ne^/hv. (15) 

A derivation of this formula is given in the Appendix as Oppenheimer merely 
wrote down the result from the results of calculations on transitions between 
two continuous states, and his original formula contains one or two mis¬ 
prints. 

The hypergeometrio functions which appear in (15) are polynomials of 
degree up to n — 1 but may be calculated rapidly by making use of the 
recurrence relation, 

( c-b)F(a,b - 1 ,c,z) = 6(1 —z)F(a,b + l,c,z) 

+ {(a-b)(l -z) + (c-b-a)} F(a,b,c,z), (1«) 

starting from 6 = 0. This possibility of rapid calculation of the successive 
terms of the sums which appear in (15) makes it possible to carry out 
numerical calculations even for excited states with n — 40. For this reason 
Oppenheiraer’s formula is much more convenient to use than the alter¬ 
native formulae of Morse and Stueckelberg (1930) and of Weasel (1930), 
derived by using wave functions in polar co-ordinates. However, if one is 
interested in the variation of oross-seotion with azimuthal quantum number 
they must be used. In the present investigation we have made use of 
Weasel’s formula only to show that the largest contributions for a given n 
comes from azimuthal quantum numbers nearly equal to n. 

Table I summarizes the results we have obtained for the values of cross- 
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sections for recombination to various states of a hydrogen atom for different 
electron energies. There are a number of features of interest in this table. 


Table I. Cross-sections for recombination to various states of 

A HYDROGEN ATOM 


Electron 

°- 29 (s=") 

013 (s"“) 

0M »(s- 

\ 

/ 1 \ 

energy 

eV 

196) 

°'°\2e ~ 400 ) 

Total 


Cross-section in 10 ~ ai cm , 8 



quantum 






t . ■ 




* 1 1 ^ 

number n 

1=0 1=1 1 = 2 

/ = 0 1 = 1 l- 2 

1 =0 1 =1 

1 — 2 

1=0 1=1 1=2 

1 

8*10 

16*63 

32*80 


66*95 

2 

1*20 3 04 

2-45 6-48 

4*80 12-90 


9-81 26*71 

3 

0-402 1*15 1*15 

0-826 2-46 2-62 

1-62 4-95 

5*47 

3-30 10-11 11*47 

1 

8-10 

16-63 

32*80 


66*95 

2 

4*24 

8-93 

17*70 


36*52 

3 

2-70 

5*91 

12*04 


24*88 

4 

1-88 

4-24 

8*84 


18*59 

5 

1*36 

3-20 

6*89 


14*85 

6 

0-99 

2*49 

6*51 


12*25 

7 

0-73 

2-00 

4-52 


10*31 

8 

n= 14, 0*150 

1-62 

3*81 


8*75 

9 


1-31 

3-23 


7*55 

10 


1*04 

2*74 


6*50 

11 


n as 20, 0-215 

2-33 


5*72 

12 



2*00 


5-05 

13 



1-72 


4*52 

14 



1*47 


4*03 

15 



n = 28, 0-302 

3*62 

16 





3*25 

17 





2*91 

18 





2*62 

19 





2 35 

20 





2*09 

03 

£Q n 

i 





n = 40, 0*432 

23*0 

53-7 

119 


272 

00 

£Q* 

10*6 

28*1 

68*4 


168 


S 


Values given for different azimuthal quantum numbers l for n = 1,2,3 are 
sufficient to show that the value of / ™ n — 1 gives the major contribution 
for a given n. The next point concerns the variation with energy. For the 
deepest Btates the cross-section varies very nearly as e^ 1 , i.e. inversely as 
the electron energy, but for higher excited states the variation is more 
rapid. As more and more of these states become important as the energy 
decreases it is clear that the total recombination cross-section increases 
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more rapidly than e^ 1 as e -> 0. This is brought out clearly by reference to 
the last two rows of Table I giving the total recombination cross-section 


for hydrogen ^ j and the sum of the cross-sections for recombination 


to each excited state of oxygen 


§4 


Nevertheless, for purposes of 


extrapolation and interpolation a graph of e £ Q * against e gives quite good 

3 

results and this was used to obtain values for e~ y =» 1800 and 50 given in 
Table II. 

Finally, the variation of Q% with n is of interest. The slowness of conver¬ 
gence for small e is apparent and we notice that the contribution from excited 
states is between 3 and 4 times that from the ground state of hydrogen for 
the energy range considered. We should expect that, in recombination 
spectra due to capture of slow electrons, transitions from highly excited 
quantum states should be quite strong and in this connexion it is to be 
remarked that Pasclien (1924) did obtain lines corresponding to such 
transitions by observing recombination spectra. 


Table II. Radiative recombination coefficients for oxygen 


a in 10“ 1# cm. 3 /soc. 

A . 


A* 

V(&> 

Temperature 
(° K) 

Contribution 
from ground 
state 

Contribution 
from oxoi tod 
states 

Total 

5 

8000 

0*069 

0-189 

0*258 

7 

4080 

0-097 

0-331 

0-428 

10 

2000 

0-138 

0-614 

1*752 

14 

1020 

(H 93 

1-07 

1-26 

20 

500 

0-277 

1-84 

2 * J2 

30 

222 

0-415 

313 

3*54 


It is unfortunate that there is very little experimental material with 
which to compare our calculated values. However, Mohler (1933) measured 
the cross-section for recombination of 0*3 eV electrons to the 6p state of 
caesium and found a value of 1-7 x 10“ 21 cm, 2 which does'not differ very 
greatly from our calculated values. It is not quite certain which state of 
hydrogen we should use for comparison, since the 6 p state of caesium will 
differ considerably from 6 p of hydrogen. We can at least say that there is 
no evidence of any failure of the theory from these measurements. 

2-3. Total radiative recombination coefficient to oxygen ions . We are now 


VoLCLXX. A. 


%% 
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in a position to calculate the total recombination coefficient a for electrons 
and oxygen ions which will be given by 

a = ( 17 ) 

00 

where the calculation of has been described in §2*1 and £ Qe i* 1 §2*2. 

3 

Electrons in the upper air will have a Maxwellian distribution of velocities 
and to compare with observation we should calculate the mean recombina¬ 
tion coefficient for the temperature concerned. Since ct is approximately 
proportional to v 1 the mean value at a temperature T will be that for 

y irkT 

- 2 ^' . In Table 11 we give the calculated recombination 
coefficients at various temperatures obtained in this way. 


3. Comparison with observation and general discussion 

The best available values for the effective recombination coefficients 
(Appleton 1937; Best, Farmer and Rateliffe 1938) (a c + Aa* of equation ( 5 )) 
in the ionosphere are the daytime values of 1*2 x 10 H cm. 3 /sec. in the E 
region and 0*8 x 10 10 cm. 8 /sec. in the F region. They differ somewhat from 
the night time values of 4 x 10~ 9 and 3x 10 “ 10 cm. 8 /sec. respectively but 
these are less certain. In any case, comparison with the calculated values 
of Table II shows that the radiative recombination process we have con¬ 
sidered is entirely inadequate to account for the observed recombination 
in either region. The discrepancies, involving factors of 1000 and 20 for the 
two legions respectively, are far beyond any error due to approximations 
in the theory (neglect of polarization, etc.) and the meagre experimental 
evidence cited in §2*2 supports this. We must therefore look to some other 
process to provide the required rate of recombination. This may either be 
another process involving electrons, to be included in ol c , or may arise from 
the negative ions and be included in a*. Before discussing these two possi¬ 
bilities in separate detail we must take account of the existence of strong 
evidence that the recombination coefficients are independent of pressure 
(Appleton and Naismith 1935; Best and Rateliffe 1938). This restricts us 
to two-body collision processes and makes it necessary to show why three- 
body effects are unimportant, even in E region. 

If we are restricted to two-body processes it is difficult to think of any 
reaction involving electrons only which is likely to occur at a sufficient rate. 
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The only reactions not involving radiation which lead to recombination of 
electrons are those of the type 


0 ^+e-* 0'4-0", (18) 

in which the energy released by the capture is taken up by the nuclear 
motion and leads to dissociation of the molecule. As such a process depends 
on coupling between electronic and nuclear motion it is very unlikely that 
its efficiency is greater than 10~ 3 per collision. This would give a contribution 
toa e of roughly 5 x 10 12 ctn. 3 /sec. Even alio wing for a much greater efficiency 
it is clearly out of the question to obtain the value of 2x 10~ 8 cm. d /see. 
for the E region and still very improbable for F. This leads us to consider 
the possible contribution from the terra a,- due to negative ions. Radiative 
recombination of ions is a very slow process and may be ruled out at once, 
so we must consider some such reaction as 

(>+ + 0- + 0' + 0" > (19) 

where the excess electron leaks across to the positive ion and two excited 
atoms result. For high efficiency it is necessary that the change in kinetic 
energy of relative motion of the two ions should be as small as possible. 
With the accepted values of the energy levels of O and O 4 and taking 
2*2 eV as the electron affinity of 0 (Lozier 1934) we find that if the excited 
atoms resulting are in l D and *S° states with excitation energies of 1*90 
and 9*48 eV respectively, the change in the kinetic energy is 0*10 eV. As 
we do not know the election affinity of O to this order of accuracy the 
resonance may be even closer. It is therefore possible, though by no means 
certain, that the reaction (19) has an efficiency of the order unity or even 
greater in the sense that the effective cross-section may be greater than 
gas-kinetic (Mott and Massey 1933). With an efficiency of unity this would 
give a contribution to oc { of about 2 x l()“ u cm. 8 /see. This would suggest 
that the negative-ion-electron ratio A must be between 100 and 1000 in 
E region and of order 10 in F. Such values are not at all unlikely for it has 
long been supposed that relatively large numbers of negative ions must 
exist in E region in order to explain the variations of terrestrial magnetism 
(Chapman 1931; Appleton 1937), and in a previous paper by one of us 
(Massey 1937) a value of order 100 for A in the E region was obtained from 
purely theoretical arguments. A smaller value of A in the F region may be 
due to a relatively large percentage of inert gas such as nitrogen at these 
levels or to temperature ionization contributing to the electron detachment 
rate, or both. 
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To understand the absence of three-body effects we need only refer to 
the recent measurements by Sayers (1938) of the recombination coefficient 
of ions in air at pressures down to 100 mm. Hg, At this pressure he finds 
that the coefficient is proportional to the pressure and of a magnitude 
0’8 x 10 6 cm. 3 /sec., which is of the order to be expected on J. J. Thomson’s 
theory (1924). At a pressure of 10~ 3 mm. Hg, which is the highest likely for 
the E region, this would give less than 10 -11 om. 3 /sec., i.e. less than that 
which might bo expected from process (19). A similar situation will prevail 
in F region in which the pressure is known from observed collision frequen¬ 
cies to be about of that in E . 

One point which we have not yet examined concerns the effect of a slow 
change of A with time on the effective recombination coefficient. Such a 
change might arise from photo-ionization of negative ions by sunlight. It is 
easy to estimate that the rate of detachment in this way will be of the same 
order as the rate of ionization of molecules by sunlight. For both processes 
have roughly the same probability cross-section (J0~ 17 cm. 2 ) and although 
the number of neutral molecules is greatly in excess of the number of 
negative ions (about 10 8 times) the flux of quanta with frequencies capable 
of effecting the detachment process (>5*3xl0 14 sec.” 1 ) in sunlight is 
about the same amount in excess of those with the much greater frequency 
(>3‘3xl0 16 sec.* 1 ) necessary to ionize the neutral molecules, assuming 
as one must in lieu of detailed information that the sun is radiating as 
a black body over this frequency region. This rate is comparable with the 
observed recombination rate (since equilibrium between ion production 
and recombination is reached shortly before midday) so is quite insufficient 
to affect our picture of dynamical equilibrium between electrons and 
negative ions. Instead it will merely appear in a slow change of A with time. 
Equation (3) is then replaced by 


giving, in place of (5) 


* 1 -i. dA 

(1 + A) * + "*¥ 


dn+ 

~dt’ 


dn e 

~dt 




( 20 ) 

( 21 ) 


It is unlikely that the additional term is important except near 


sunrise and sunset at which times it will respectively reduce and increase 
the effective recombination coefficient. We hope to return to this matter 
in greater detail after the detailed evaluation of various collision rates 
involving negative ions has been carried out. 
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Before concluding this discussion it is necessary to draw attention to 
a discrepancy which is still outstanding. Although we have been able to 
present a plausible description of recombination processes in the upper air 
it is easy to see that results of experiments on recombination of ions in 
discharge tubes (Kenty 1928; Mohler 1937) do not fit into this description. 
Values for a of 2 x I0~ 10 cm. 3 /soc. practically the same for the elements 
(A, Os, Hg) investigated and independent of pressure over the range 
( 30 - 800 /*) employed were found. Since the presence of negative ions in 
appreciable quantities in these experiments is precluded (particularly with 
a rare gas such as argon) it would seem that electron recombination alone is 
involved. On the other hand there seems to be no two-body process of 
electrons which does not involve either radiation or the presence of mole¬ 
cules, The theoretical considerations of this paper seem to preclude the 
former and in argon at least it is difficult to see how molecular ions can be 
present in sufficient quantity, even supposing that recombination by 
process ( 18 ) could occur with the high efficiency observed. Further, the 
agreement of theory and experiment at least in order of magnitude for the 
rate of recombination to the 0 p state of caesium (see § 2*2) supports the 
expectation that the theory of the radiative process is not appreciably 
in error. In view of this unsatisfactory position it is very desirable that 
further experiments on the recombination of electrons and positive ions 
be carried out. 


4. Continuous absorption coefficient of atomic oxygen 


A knowledge of the continuous absorption coefficients for atomic oxygen 
is important in a theory of the formation of the ionized layers by photo- 
ionization. It is easy to derive this coefficient from our calculations for 
recombination to the ground state of the atom by Milne's formula (1924) 
relating emission and absorption coefficients. If Q c} Q n are the emission 
and absorption cross-sections respectively then 


rrt 2jj2f»2 

Wa 2 hh > 2 


where v is the velocity of the ejected electron^ and v the frequency of the 
quantum. In fig. 2, Q fV obtained in this way, is illustrated as a function 
of the wave number of the incident radiation. Too much reliance should 


f Allowance must also be made for weighting factors. In place of the factor J 
introduced for the recombination case we have for absorption a factor 4 as all four 
p electrons of the neutral atom are treated on the same basis. 
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not be placed on the exact form of this curve but it is probably fairly 
correct and the order of magnitude should be quite reliable. 



Wave number of radiation in 10 6 cm. -1 
Fiu. 2. Continuous absorption coefficient of atomic oxygon. 

We wish to exxiress our thanks to Professor E. V. Appleton, E.R.S., 
Mr J. A. Ratcliffe and Mr J. Sayers for the interesting discussions from which 
we have greatly benefited. 


Appendix 

Evaluation of integrals occurring in calculation 
of recombination coefficients 

The squared matrix elements | M | 2 of formula ( 7 ) may be written 




J/.| 2 + |ii4| 2 , 


where 

"■■J 

\^*Z^„dT, 

(1) 



\^t(x + iy) \}> K dr. 



It is convenient to work in parabolic co-ordinates 

§ = r + rj — r — z, (p = arctany/ar. 
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In atomic units we then have (Condon and Morse 1929; Sommerfeld 1931) 


fn 


njlwg! 


(£v) im exp(twi0 - ~ (g+ 11) 


l 


where 


w m+a ((nj + m)! (ti 2 +w)!j 

x F(-n v 1, £ln)F( — n 2 > l,v/ n )> = n, 

\js K = |f , (l + iA)| exp |{ttA + »*(£-1 /)} F(iA, 1, %), (2) 

k » 27 rmm 0 jh « *, 


We consider the evaluation of that of Af„ being essentially similar. 
From (1) and (2) we see that m = 0 and then 


it 




( 3 ) 


4 1 ' 1 n 

where /=f I (g®-J 7 ®)exp^(tA:(g-^)--(g + j/)) F(iA, l,iky) 

Jo Jo *\ n I 

xF(- w„ 1, g/w) F{~n 3 , 1, r//n)d£di}. 

We may write this in terms of single integrals in the form 

1 ~ J i K l —K 3 J t , ( 4 ) 

where ./, = J* exp^tfe-~jg| F(-n„ l,g/»)dg, 

<4 = |* o £ 2 ex p ~ |~ j g| JP( — »i, 1, g/«) dg, 

= f exp- | - {ik + r/j F(i\, 1, iky) F( - n z , 1 ,r/ln)dij, 

K 2 = i)* exp ^ | - ^ik + ~jvj T(iX, 1, ifo?) - %,1, y/n) dij. 

The evaluation of Jj and J 3 is straightforward, for, substituting the series 
expansion for the confluent hypergeometric function and integrating term 
by term gives 


T 2 n „ , tnk -1 

J, ~ -—7=— ■u~ n i, where u = -—r-r, 
1 1 -tifcn 1 + ink 

T J' J l 

• 4 -- 4 g£l 

a -8 


(«) 


» a 


(tnA — 1 ) 8 


w --(n,-®{w J (n 1 — 1) - 2n 1 (n 1 + I) w -1 + (« t + 1) (», + 2)tt - *}. 

( 6 ) 



338 


D. R. Bates and others . 


Following the same procedure for both hypergeometrio functions in K lt 
we find 

K * ~ ^i+tn*ll + «»ife) t\(n 3 -i)\ F \ ’ ’ '1 + inkJ 

Since F(a,/J,y,x) = {\~x)- a F^a,,y-fi,y,— jj, 

" \1 + +*>d-/ A '\i+tnfc/ \ mk-\J 

Making nm of the integral formula 

l\a)T\e-a)F(a,b,c,z) = I\c) -w) c ~ a ~ l (1 -wz)"dw, ( 7 ) 


we firKi 


where 


r 1 ( 2 4 wn 7 

A-, -Ajj VX - —>-“{ r+ *’• 


Summing the binomial series under the integral sign gives 

4 wink 


i + (i - ini)*| du 


C l .Jink — 1Y" B ( 

(ftS+i) 1 

2?i . \ 

- f (’ A> — ’(T^ini)V’ 


(8) 


by further application of ( 7 ). 

The evaluation of jfiT a may be reduced to that of integrals of the form K v 
by making use of the formula (Epstein 1926) 

J p<y+r')£ £*+*-1 F( - m, a, - 2y£) F( - m\ a , - 2y'£) d£ 

= u~ l (y + /)-* + m + m') - (m - »»')]* 

+ [ (s + in. + m') u + (m — in') m' 1 ]} 
x J F( — m, 8 , - 2 y£)F(-m',a, -2y'£)d£ 
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This may be obtained from the differentia] equation 

( r . + r(^±£) + fc | !I*j 3f , 0 


dm IdM 

dt 


satisfied by F( — m, s, — 2y£), together with the relation 

xF(ql } ft, x) = -(/?- a) F(a, ft - 1, x) + (/? - 2a) F{ a, fi f x) + a /'(a, /? + l y x). 

1 


Taking 5=1, y = , y' 


m = ti 2 » w' = — iA 


corresponds to our ease and gives after a little reduction 

+ [(1 - iA + ?ig) w + (w 8 + *A) u- 1 ^ uF^iA, ~n 2 ,1 , ^ 

- 2 w g ^»A, - » 8 +1,1, ( ~ (°) 

From (3), (4), (5), (6), (8), (9) the required formula for M z is obtained. 


Summary 

On the basis of the theory developed in a previous paper the effective 
recombination coefficient for electrons iri the E and F regions is given by 
a e + Aa,, where a,, is the actual recombination coefficient for electrons, 
a { that for ions and A the negative ion-electron ratio which, apart from small 
daily variations, remains constant. In this paper the contribution to a e 
arising from radiative recombination is evaluated by quantal methods, 
account being taken of the fact that an electron may recombine into any 
excited state of the positive ion. It is found that this process is entirely 
inadequate to account for the observed recombination in both E and F 
regions. Other possibilities are discussed and reasons are given for supposing 
that two-body recombination of negative and positive ions, exemplified by 

0 + + 0 --* 0 ' + 0 ", 

is the most likely source of the observed recombination. At the same time 
the ratio A must be between 100 and 1000 for E region and between 10 and 
50 for F. Such values for E have also been suggested from terrestrial mag¬ 
netic variations. Lower values for F may be due to temperature ionization 
of negative ions or to inert constituents at F layer heights. 

The continuous absorption coefficient of atomic oxygen is also calculated. 
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Introduction 

Ah was first shown by de Haas and van Alphen (1932), the susceptibility 
of bismuth single crystals at low temperatures depends in a peculiar 
periodic fashion on the magnetic field, and later this effect was studied in 
greater detail by Shoenberg and Zaki Uddin (1936), especially as regards the 
influence of temperature and impurities. The general features of the effect 
were found to agree qualitatively with Peierls’ theory (Peierls 1933), but 
since this theory was for a cubic; lattice it could take no account of the 
directional features of the effect, and no detailed comparison could be made 
between the theory and the experiments. Since then, however, the theory 
has been developed by taking into account the actual crystal symmetry of 
bismuth (Blackman 1938; Landau 1938), and Landau has shown that the 
theory assumes a relatively simple analytical form at low field strengths, 
thus making desirable measurements at fields rather lower than those used 
in the previous experiments. 

With the ordinary Faraday method, it is not easy to make accurate 
susceptibility measurements at field strengths below about 4000 gauss, and 
this indeed was roughly the lowest field used in the previous work, but an 
even more serious disadvantage of this method is that it necessarily involves 
the crystal being in an inhomogeneous field, with the result that the mea¬ 
sured susceptibility is always an average over an appreciable range of fields. 
Thus if* the susceptibility varies rapidly with field—as is particularly the 
case at low fields—the measured susceptibility-field curve is a greatly 
“smoothed-out” version of the true curve. To avoid these difficulties, we 
have adopted a different method in the present investigation, namely the 
measurement of the couple acting on a crystal suspended in a uniform 
magnetic field; this has the disadvantage that it gives only differences of 
susceptibilities, but for purposes of comparison with theory this is not 
serious, and is outweighed by the great ease of measurement of a couple, 
and by the fact that no inhomogeneity of field is required, 

t 341 ] 



342 


D. Shoenberg 

Using this method, we have studied the de Haas-van Alphen effect down 
to about 1500 gauss, along a variety of directions in the crystal at tem¬ 
peratures from 2*1 to 20° K (mostly at 4 * 2 ° K, however), and a detailed 
comparison with Landau's theory has been made, from which we have been 
able to deduce approximate values of the effective masses, the chemical 
potential, and the number of the electrons responsible for the de Haas-van 
Alphen effect iu bismuth. 


Experimental technique 


(a) Measurement of the couple 


The specimen was suspended from the Bhort beryllium bronze wire w by 



means of a long quartz rod r/, which carried also a mirror 
m and damping vanes v dipping in oil. Any couple acting 
on the specimen slightly twisted the wire, thus rotating 
the mirror and causing a displacement of the image of an 
illuminated slit, as produced by the lens / and observed 
by a travelling microscope. The whole susjHansion hung 
inside a glass tube filled with helium gas at low pressure, 
the lower part of this tube being surrounded by liquid 
hydrogen or helium in a Dewar vessel d v itself surrounded 
by a second Dewar vessel d 2 containing liquid air; the 
specimen was maintained at the temperature of the 
surrounding bath by conduction through the gas in the 
tube. The whole suspension could be easily removed— 
for the purposes of changing the specimen or its position 
—by undoing the brass-glass joint at j, which was made 
vacuum-tight with plasticine. 

The actual measurement of the couple w r as carried out 
by measuring the displacement of the travelling micro¬ 
scope necessary to bring back the image of the slit on to 
the cross-wires. The “zero 1 ’ reading of the microscope, 
i.e. the position w hen there was no couple acting, proved 
to be very constant, but to allow for any slight changes 
which did occur, zero readings w'ere taken several times 
during each series of measurements, and interpolated 
values used for the intervening measurements. 

The calibration of the instrument was made by measur¬ 
ing the couple acting on a bismuth crystal of known mass 


Fio. 1 
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at room temperature, assuming the difference of principal susceptibilities 
to be 0*43 x 10“ 5 per e.c, (Focke 1930), and the calibration showed that 
a couple of 1 dyne-cm. caused a displacement of 0*00 cm., while the 
accuracy of measurement of this displacement—limited by slight vibra¬ 
tions, slight changes of the zero, and the breadth of the image—was 
about 0*002 cm. By using a thinner wire there should be no difficulty 
in increasing this sensitivity at least ten times, but we did not do this 
since it would have given deflexions for the largest couples too large 
to be measured by the travelling microscope (which had a range of only 
5 cm.), and it was convenient to carry out all the measurements with a 
single suspension. In practice the smallest couples to be measured were of 
order | dyne-cm. and the largest of order 50 dyne-cm., so that except for 
the lowest fields a fairly high accuracy was obtained . 

(b) The magnetic field 

The field was provided by an air-cooled electromagnet with a pole-piece 
gap of 5 cm., and the highest field that could conveniently be obtained was 
9500 gauss, for a current of 30 amp. The magnet was calibrated by measuring 
the couple on a bismuth crystal at room temperature for various currents; 
since the susceptibilities are constant at room temperature this couple is 
proportional to the square of the field, and hence, knowing the field for the 
largest current from an ordinary calibration with search coil and fluxmeter, 
all the fields for lower currents were determined. The calibration of the 
lower field strengths was checked also by the search coil and fluxmeter. 
The magnet was mounted on a turn-table provided with a scale of angles, 
and the apparatus was mounted on a support independent of the magnet, 
so that the angle between the field and any fixed direction in the specimen 
could be varied by rotating the magnet. In determining this angle from the 
scale on the magnet, a small correction was necessary for the slight turning 
of the specimen itself under the influence of the couple acting on it; this 
correction was, however, never greater than 1°, and could usually be 
neglected. 

(e) The crystal 

The crystal* was grown by Kapitza’s method of cooling a molten piece of 
bismuth from one end on a copper plate with a temperature gradient; the 
material used was Hilger H.S. bismuth no, 10 , 283 , which the previous work 
had shown to be very pure, and the mass of the crystal was 0 T 41 g. By means 


* Measurements were made also with crystals grown by other methods, which 
showed that the method of growing the crystal did not affect the results obtained. 
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axis* of 
suspension 


of a seed crystal the crystal axes were oriented in a definite way relative to 
a small rectangular quartz plate, to which the crystal was attached with 
Durofix after the seed had been removed at a narrow 
constriction. This orientation was such that the trigonal 
(z) axis was normal to the plate, while the binary 
(x) axis was parallel to one edge of the plate. The 
whole plate was then stuck with Durofix to the quartz 
rod of the suspension, and we could thus set either 
the x or the y axis (or any intermediate direction in the 
xy plane) in the plane of rotation of the magnet, while 
the z axis was always in this plane (see fig. 2). 






Fig. 2 


Experimental results 


The couple C per unit volume acting on a body with magnetization 1 in 
a magnetic field H is given by \IH] per unit volume, and with the crystal 
suspended as described above, this reduces to 


C = ( i i sin 2 0 - £ cos 2 e) // 2 cos <j> sin 6 , (1) 

\h 3 H., H v } 


where H v // 2 , i/ 3 and l v / 2 , / 3 are the components of // and I along the 
x } y y z axes respectively, HU° — <j) is the angle between H and the z axis, and 
ft is the angle between the x axis and the plane of rotation of H (i.e. 

//j = H cos 0 cos 0 , H 2 = H sin ft cos <j)> // 3 = H sin 0 ); 

this geometry is illustrated by the sketch of fig. 2. All our experiments were 
made with ft ~ 0 or 00°, so that 


C 

H 2 cos <f) sin <j> 


w. 

E z U x 


or 


k 

e 3 


h 

H,’ 


respectively. 


( 2 ) 


As a preliminary check on the working of the apparatus, measurements 
were made at room and liquid-air temperatures, when as we know from 
the previous work, the differences on the right-hand side of (2) are constants 
equal to each other and to the difference of the principal susceptibilities of 
bismuth. Thus at constant H, the angle <j) was varied and C/H* cos<f> sin^J 
was plotted against H cos 0 (the component of H in the xy plane); a very 
good constancy was obtained, and we confirmed also that the ratio of this 
constant value at liquid-air temperature to that at room temperature was 
very close to the ratio of the susceptibility differences at these temperatures 
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as given by the previous work* The positions of the magnet for which 0 = 0 
and 90 ° were determined from the magnetic measurements, as the positions 
for which there was no couple, and we verified that these positions were 
accurately 90 ° apart. 

At liquid hydrogen and helium temperatures—when the susceptibility 
is no longer independent of the field—we found that the couple was always 
zero for 0 = 90 °, but for 0 = 0 the couple was zero only in the case 0 = 0 
(i.e. the x axis parallel to the field). If the crystal was hung so that 6 differed 
from 0, even very slightly, the couple varied in a periodic fashion with field 
for 0 = 0, becoming successively positive and negative and increasing in 
magnitude as H was increased. As can be seen from eqn. (1), the couple for 
0 = 0 is just 

C' = J 3 //, 

and so the fact that it does not vanish means that there is a non-vanishing 
component of magnetization along the trigonal axis even when the field is 
perpendicular to the trigonal axis, and the observed periodic variation is 
due to the field dependence of this component. It can easily be seen from 
considerations of crystal symmetry that no such component can occur for 
the particular case of the field along the x axis, and this indeed is what was 
found experimentally. A very slight error in the setting of the crystal 
however, such as to make 0 = 3 ° say, is sufficient to produce a large effect; 
the reason for this will become apparent when we consider the theory. 



Fro. 3. 0=90°, 0 = 0, 4*2° K (two independent settings). 

In fig. 3 we show the variation of CjH 2 (=i 3 /// a ) with H, for the case 
0 = 0, 6 - 90 °, and in this case also, the detailed form of the curves is very 
sensitive to slight changes in 6 . This is illustrated by the differences between 
the two curves shown, which wore for two independent series of measure¬ 
ments in between which the crystal was removed from the suspension and 
reset; the difference in 6 oould hardly have been greater than 2°. 
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The main measurements at low temperatures were of the field variation 
of the couple for different values of (f> and for 6 either 0 or 90 °; these results 
may be most simply represented as curves of C /H i cos <f> sin <f> against H. 
Since, as we shall see later, the theory is not able to describe all the details 
of the curves, but only their general features, we present all the reliable 
experimental curves to enable comparison with any future theoretical 



developments. To study the temperature variation of the de Haas-van 
Alphen effect, we made measurements (mostly for one particular value of 
<f>, about 10°) at different temperatures: 2-1, 4 - 2 , 14 and 20“ K; these are 
shown in figs. 4 and 5 for 0 = 0 and 90 ° respectively. The effect of varying <f> 
was studied systematically only at. 4 - 2 ° K, and the results are shown in 
figs. 6 and 7 , which are for 0 = 0 and 90 ° respectively. We should point out 
that in the case 0 = 0 , positive and negative values of <j> are entirely equi¬ 
valent, while in the case 0 = 90 u they are not; this is in agreement with the 
requirements of crystal symmetry, and is also taken account of by the 
detailed theory, as can be seen from the formulae given below. 

Finally, we should draw attention to one feature of many of the curves 
which is due purely to experimental errors and should not be considered as 
significant. This is that at low fields the susceptibility difference sometimes 
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aipj^ars to become not constant, but either to increase or decrease slowly 
with field. Rough estimates show that errors in the determination of the 
field and of the deflexion (particularly if the zero varies slightly) are quite 
adequate to account for any such apparent systematic trend in the suscepti¬ 
bility difference, and also for the scattering of the experimental points at 
low fields. 


Preliminary discussion of the curves 

All the curves consist of a periodic variation about a constant value, 
which represents the susceptibility difference at low fields, and is, within 
our experimental errors, the same for all cases, and independent of tem¬ 
perature between 2 and 20° K. If we disregard such “distorted” curves as 
a, b, k and v> it can be seen that roughly the curves for different orientations 
at the same temperature differ only as regards the scales of the ordinates 
and abscissae, and that by suitable changes of these scales they can all be 
brought into approximate coincidence. As regards the curves for the same 
orientation at different temperatures these evidently have the same “scale 
of periodicity 1 *, i.e. the maxima and minima occur at the same field strengths, 
but they cannot be brought into coincidence by a mere change of scale of 
the ordinates, since the amplitude of the periodic variation depends more 
strongly on temperature at low than at high fields. In other words, the 
curves can be represented analytically by the product of a periodic junction, 
approximately of the form si n(a/H ~8), and a function yf(Hja , T), which 
represents the envelope curve of the periodic variation; a and y depend on 
the orientation of the crystal, but are independent of temperature. We shall 
see below that this general statement is in excellent agreement with the 
theory, and it is now necessary to compare the empirical values of a, y 
and S and their dependence on orientation, and also the form of the function 
/, with the theoretical predictions. 


Statement of the theoretical predictions 

The essential advance of the new theories is in taking account of the 
anisotropy caused by the actual structure of the bismuth lattice, and this 
introduces four parameters m v m a , m 3 and m 4 * (they should strictly speaking 
be written as tensor components m lv m 22 , m 33 and m 23 ), which have the 
dimensions of masses and replace the single “effective” electronic mass of 

* Blackman uses parameters a, which are related to these m*s by the equation 
m^/a « m, where m 0 is the ordinary electronic mass. 
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Peierls’ original theory; they may be thought of roughly as the effective 
electronic masses in different directions in the crystal. Just as before, the 
theory also involves the parameter 2? 0 , the chemical potential of the electrons 
(the energy of the highest occupied state), and it turns out that a marked 
field dependence of susceptibility can be expected at low temperatures, if 
some of the effective masses and E 0 are abnormally low. In Blackman’s 
work the results are given in implicit form, i.e. both the susceptibility and 
the field are given as complicated functions of the above parameters, and 
the susceptibility field curves are then deduced by graphical computation 
choosing particular values of the parameters which give the best agreement 
with the previous experimental data. Landau showed that for sufficiently 
low fields and temperatures (fortunately just covering the range of the 
present experiments) Blackman’s results can be reduced to give an explicit 
formula for the susceptibility as a function of field;* we shall therefore refer 
only to Landau’s formulae in the comparison with the present experiments, 
and then finally compare our final estimates of the parameters with Black¬ 
man’s estimates. 

The explicit formulae for the susceptibility givet in the case 0 * 0 


h _ h 

H t 


where 


(m-i ~ H) + _ Ws (tan <j> - cot 0)J f(P z H) 

+ £-1—•— -m s + ,4 3 (tan <j> - cot (3) 

P x =» A cos + m 3 tan 2 0)*, ) 

/? 2 * A cos <f> -l- m 3 tan 2 $ — ^/3m 4 tan <j> j , | ^ 

y? 3 = A cos ^ (~ + m 3 tan 2 <f> 4- tan , J 


* We should emphasize that the advance of those formulae on. Blackman’s results 
is a matter entirely of mathematics, no new physical assumptions being required in 
the derivation. The method of derivation is described in the appendix. 

t The formulae are valid for E 0 $>kT&ftH/'Zn 1 . If and E 0 $>kT t but no¬ 

thing is known of the relative sizes of ftH and kT (8) is replaced by 


f(fiH) = A 


n*/k \* 1 / fiH y 

J\EJ + 'Qr\2Tr i kf) 


sm 




/2npK 0 

l \ m ~ { 

*Jp sinh 2n*pk TjJSH J 


(8o) 


of which (8) is a special case. Similarly it is easy to deduce a suitable approximation 
for very low temperatures (kT Landau’s general formula (8a) is derived 
in the appendix (eqn. (All)). 



350 


D. Shoenberg 


while for 6— 90° 

Jj-jj ” i m z ~ m 3 + w 4 (tan <j> - cot 

■*3 ■‘2 


*4* Wo tyIa >, j i /I 

-f 2| —- -g* (fan <p - cot <j>) 

mm. 

(5) 

where = A cos <j> (ra 2 -f m 3 tan 2 <j> + 2m 4 tan 0) *, 

\ 

, 


U 

= Aco60p Wl ^-- + m 3 tan 2 tan 0 j ,1 

| 

(6) 

A is a constant given by 







(7) 

and/is the function 




{im - 4o ( 1 ) -M&t) 

/2nE 0 

\ PH 

-!)]■ 

(8) 

while A is a constant given by 




V2e^ 0 

2 tt 4 c 2 ^ 'yjk [m^m^ m 3 — mj)]* ’ 



(9) 


It will be seen that in agreement with experiment, / consists of a constant 
term added to a periodic term ; it is convenient to postpone discussion of 
the constant term until later (p. 358), and for the present we discuss only 
the periodic variation. 

An important feature of the periodic term of/ is that it becomes negligible 
for sufficiently small values of fiHjZn^kT (for values less than about 0-1), 
i.e. for sufficiently low fields or high temperatures. Thus roughly speaking 
only the term which is a function of the highest /? need be considered in 
eqns. (3) and (5), if* we limit ourselves to sufficiently low fields; this is of 
course not always true, for it takes no account of the coefficients of the f*& in 
these equations, but we shall use it as a preliminary guide to the inter¬ 
pretation of the experimental curves, and then consider the exceptions after 
we know the relative values of the m ’s (i.e. of the coefficients, see p. 353). 

Evaluation of the theoretical parameters 

By a comparison of the experimental with the theoretical curves it is 
possible to deduce the values of all the parameters entering into the theo¬ 
retical formulae. First, by considering the scale of the periodicity of the 
experimental curves, we can obtain values of the parameter J3/S 0f and from 
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its variation with orientation (i.e. with 6 and <j>) the ratios m 3 /m a and m 4 /m a 
and the value of A*J(m 2 )/E 0 can be deduced. Next, by considering the 
envelopes of the experimental curves, the absolute value of can be deter¬ 
mined for each curve, and hence the value of A From the absolute 
value of the breadth of the envelope curve for some given field strength, the 
parameter Am t (see eqn. (9)) can be found. It will be convenient to introduce 
the following notation for the various quantities thus determined from 
analysis of the experimental curves: 

P » Am 2 , (10) 

Q = h<J(m 2 )l2n% ( 11 ) 

R “ A yj{m 2 )/2E 0 . (12) 

From the values of P, Q , R, mjm 2 and w 4 /ra 3 and the definitions of A and A 
(eqns. (7) and (9)), we shall finally determine the values of and all the m' s. 

This procedure will now be discussed in detail, and it will be possible to 
see how far the theoretical formulae fit the experiments. Later (p. 359), it 
is shown how the theory explains some features of various experimental 
curves which are not used in the evaluation of the parameters, and also how 
the theory explains the great sensitivity of the results to small errors in the 
Betting of the crystal. 

(a) The phase and scale of the periodicity 

We have already pointed out that the periodic variation is in most cases 
as —sin(a /H — S) (we put in a minus sign to facilitate comparison with 
eqn. ( 8 )), taken with a steadily varying amplitude. This periodic term should 
vanish whenever ajH — 8 « rn (r is an integer), and so if we plot the reci¬ 
procals of the fields at which the susceptibility difference has the constant 
value characteristic of very low fields, e.g. the fields at which fig. 5h meets 
the dotted horizontal line, against a suitable series of integers 0 , 1 , 2 , etc., 
we should obtain a straight line whose slope gives nja, i.e. /?/2 E 0 according 
to the theory, and whose intercept on the axis of abscissae gives — 8/tt. 
As can be seen from fig. 8, this procedure does indeed yield quite good 
straight lines, but the phase S comes out to be - n (with a possible error of 
order 25 %) instead of tt/ 4, the theoretical value;* it may be noticed that £ 

* In assigning the values of r we have taken into account the results of de Haas and 
van Alphen ( 193 a) at high fields, which suggest that the point A of fig. 5 corresponds 
to ra 6. In any case it is clear that A must correspond to an odd value of r, since the 
slope of the curve is negative at A , and —sin 1 jx has a negative slope for l/x~nr, 
only if r is odd. We have of course taken into account the signs of the coefficients in 
the theoretical formulae in this comparison with the theory. 
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is approximately the same for all the curves. This discrepancy of phase 
must be attributed to some inadequacy of the theory; roughly speaking it 
is as if the experimental curve agreed within the limits of experimental 
error with the theoretical curve turned upside down. 



The slopes of the straight lines of fig. 8 give the values of/ff/2i? 0 for different 
orientations, and in Table I we give the values of B, where 

B - /? 2 /4/£g cos 2 <f> (13) 

for the various cases (only curves in which there is no serious distortion of 
the envelope have been considered). Prom these results we can now ex¬ 
amine how far the theory predicts the dependence of B on the orientation, 
and also estimate the relative values of the w’s. From eqns. (4) and (0) it 
can be seen that if wij < wt 2 the largest value of B (i.e. the largest ft) will in 
general be proportional to 


for 0 * 0, and to 


m 1 + 3m a 
4 


+ wi 3 tan 2 <j> ± % /3 m 4 tan <j) 


(m 2 + m 3 tan 2 <f> + 2m 4 tan 0) 


for 0*90° (it can easily be seen that the assumption leads to a 

contradiction). Thus by plotting B against tan$4 and extrapolating to 
0 = 0 we obtain the ratio i(» 1 + 8m l ):m l = 0-70 ±0-02, which shows that 
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mj/ma must be very small, probably less than 0* 10. Since we cannot estimate 
accurately, and m x occurs only in the combination i(wH + 3m 8 ) in 
most cases, we shall simply neglect it in these calculations—later on we 
shall be able to estimate m 1 by a different method. 


Table I 




B = 

eos*0 





Curve 

Um<f> 

Obs. x 10® 

Calc, x 10® 



0 = 0° 


m 

1*72 

1*96 

1*96 

n 

3-68 

3*02 

2*94 

o 

5*66 

4*37 

4*16 

P 

7*92 

6-62 

6*00 



0—90° 


<1 

-8*99 

7*70 

7*81 

r 

-5*50 

4*72 

4*79 

8 

-3*66 

3*59 

3*54 

t 

-1*72 

2*56 

2*49 

u 

-0*98 

2*25 

2*16 

h 

0*18 

1*71 

1*71 

X 

0*36 

1*60 

1*64 

y 

0*99 

1*44 

1*45 


We are thus left with only the two ratios m 3 /m 2 and mjm 2 to determine, 
and find that the best agreement is obtained by taking 

w 3 /m 2 = 0*020 and m 4 /ra 2 = -0*100, (14) 

while the value of for 6 = 90°, = 0°, i.e. A <J(m 2 )j2E Q is given by 

B = yj(m 2 )l2E 0 ~ 4-2 x (15) 

As can be seen from Table I, the values of B calculated, using these estimates, 
agree fairly well with the experimental values, showing that the theory 
does fairly correctly predict the dependence of the scale of periodicity on 
the crystal orientation.* We estimate that mjm 2 is within 25%, m 4 /m a 
within 10 % and B within 5 % of the true values. 

* If the figures for 0 = 0 and 0=90° are analysed separately, we obtain for the 
former case m s /m t = 0*020 and = —0*088, and for the latter w s /m f = 0-017, 

m i jm t * —0*105. The discrepancy is however not greater than could be caused by 
errors in the estimates of B and in the measurement of the angle <f> (particularly when 
<f> is close to n/2). 
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(b) Shape of the envelope and temperature dependence 

The next step in the comparison of the curves with theory is to compare 
the shape of their envelopes with the theoretically predicted shape; from 
this comparison we can deduce absolute values of the /Ts, and at the same 
time see how accurately the theory describes the temperature variation of 
the effect. From eqn. (8) we have that if F(H) is the envelope of the theo¬ 
retical curve 

2n*kT 

log F +1 log H — log T ~ F constant. (16) 

Thus, if we plot the left-hand side of (16) against TjH , we should obtain a 
straight line (the same for all temperatures), wiiose slope is — 
Carrying out this procedure for the curves g , h, i,j, in which as can be shown 
from the values of the mass ratios, only the term with the largest ft need 
be considered, owing to the small size of the coefficient of the other term in 
eqn. (5), we obtain the graphs shown in fig. ft. We see first of all that the 



theory does not predict correctly the temperature variation, since the points 
for different temperatures do not lie on a single line; the discrepancy is as 
if the amplitude of the periodic field dependence did not fall off fast enough 
with increase of temperature, and this suggested that perhaps the tem¬ 
perature of the specimen was higher than that of the surrounding bath—if 
in all cases it was about 1°K higher than assumed, the discrepancy would 
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be greatly reduced. To investigate this suggestion, we made a special 
experiment, in which, instead of the bismuth crystal, a thin lead foil (Hilger, 
H.S., no. 8334) was suspended in identical conditions; from measurement of 
the couple acting on tins specimen we could deduce the critical field for 
destroying superconductivity, and hence the temperature of the specimen 
itself. The critical field came out as 530 ± 15 gauss, when the temperature of 
the bath was 4-2° K, and so the temperature of the specimen must have been 
less than 4*4° K, and we see that the discrepancy described above cannot 
be attributed to an error in the temperature measurement. 

From fig. 9 we see also that except for high values of HjT i the graphs are 
not quite linear, while detailed considerations which take into account the 
range of validity of the theoretical formulae suggest that they should be 
practically linear over the whole experimental range. We plotted also similar 
graphs for some of the other curves where we had reason to believe that there 
was only a single (i concerned, and found that whenever the ratio jUI/T was 
small, i.e. whenever the periodicity became marked only at relatively high 
fields, the graphs were fairly good straight lines (all these graphs were, 
however, only for a single temperature—4*2° K, so that the question of the 
temperature variation was not studied), so it seems that the function/ 
has the theoretically predicted form (as regards its field dependence) for 
sufficiently low values of ( 3UjT . For each such graph we determined the 
slope (when the graph was not exactly linear, we took the slope for low values 
of H/T ), and hence obtained estimates of the value of /?/2 t t 2 Ic. Knowing 
the relative values of the /Ts from the previous considerations of the scale 
of the periodicity, we reduced these estimates to values of f}[l 2 n 2 k for 
0«=9O°, ^4 = 0 , i.e. to values of A<J(m 2 )/ 2 n 2 k = Q (see eqn. ( 11 )). These esti¬ 
mates of Q from the various curves chosen for analysis are shown in Table II, 
and it will be seen that although they are all of the same order of magnitude, 
the largest and smallest differ by a factor of about 2 * Finally we should 
mention that the fl% and hence Q , can also be estimated from the tem¬ 
perature variation alone; thus if, instead of taking the slopes of the separate 
graphs of fig. 9, we join together points corresponding to the same fields but 
different temperatures, we obtain a series of lines (two of these are shown in 
fig. 9 by the broken lines) whose slopes should also give - 2 n 2 k //?. As is 
evident from fig. 9, this gives a lower slope and hence a higher value of Q 
(about 50 % higher than the highest estimate quoted in Table II). In view 

* Another but less accurate method of estimating Q which gives quite similar 
results is to estimate the field strength at which the periodicity ceases (by extra¬ 
polating the envelope curve to low fields), and comparing this with the theoretical 
value of flH/2n*JcT at which the periodicity should become inappreciable. 
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of the discrepancies between theory and experiment it is difficult to say 
which of the estimates of Q has the most significance and we shall provi¬ 
sionally take for each curve the particular Q value indicated by the analysis 
of that curve taken alone; this is in fact the only method which allows us to 
proceed to the next step of the calculation—the determination of the 
constant A of eqn. (8) from our experimental curves. 




Table II 




Curve 

Px 10 s * 

Q x 10 4 f 

(m a /m 0 ) 

(%K) 

x 10 4 

x 10 4 

E 0 lk°K. 

0 

1-58 

4*7 

9*3 

23 

2 

107 

d 

1*81 

7*2 

2*2 

41 

19 

173 

e 

2*45 

7*9 

2*7 

27 

10 

190 

9 

1*32 

4*3 

9*0 

28 

3 

104 

h 

1*65 

01 

3*4 

36 

11 

147 

i 

2*37 

7*1 

4*0 

24 

6 

171 

r 

1*00 

5*2 

2*5 

71 

28 

125 

w 

1*79 

4*3 

16*9 

16 

1 

104 

X 

1*78 

5*8 

5*0 

28 

6 

140 

Mean 

1*75 

5*8 

4*9 

29 

6 

140 


* 

See eqn. (10). 

t 

See eqn. 

(11). 



(c) Absolute, values of the breadth of the envelope curve 

In order to determine the value of the constant A (see eqn. (9)), we have 
to compare the absolute amplitudes of the various curves with those pre¬ 
dicted theoretically. This we have done by taking for each curve the value 
of Q indicated by Table II, and for a number of field strengths comparing 
the breadth of the theoretical envelope curve (for the appropriate value of 
H) with the breadth of the experimental envelope. In this calculation the 
slight modifications of the theoretical formulae for higher fields have been 
taken into account. In this way we obtained for each curve a series of values 
of A y multiplied by the appropriate coefficient in eqns. (3) or (5), which were 
roughly constant (except when the graphs analogous to fig. 9 were not linear), 
and we arbitrarily took the arithmetic mean of each such series as the value 
obtained from the curve concerned. The values obtained in this way were 
then reduced to values of Am 2 = P (see eqn. (10)), with the help of the mass 
ratios (eqn. 14), and we thus found the values of P shown in Table II. As 
in the case of Q , the P values show a considerable variation—again by a 
factor of about 2; this lack of constancy is rather greater than can be 
attributed to errors in the determination, and shows that the theory does 
not predict the variation of amplitude with orientation quite correctly. 
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(d) Evaluation of the masses of E 0 

Although the theory does not fit in detail with the experimental data it is 
evident that it does give a good qualitative account and so the values of 
P, Q and R determined by fitting the theory as well as possible to the 
experimental data are probably at least of the right order of magnitude. 
From them and the mass ratios (eqn, 14) we can easily determine the funda^ 
mental parameters entering into the theory, i.e. E 0 and the m’s. Thus 
combining eqns. (7), (0), (10), (11), (12), (14) and (15), we have 


EJJc = n*Q/R = 9-7 QjR = 2-4 x 10 6 Q° K, 


m 2 

m 0 

m i 

m 0 


h*c* 


^0- 


2e 2 k*m { 

‘ £e 4 

2n i cH^m n I P 2 P 2 ,S’ 


P*R 2 _ 

Q* " 

Q 2 


P 2 IP P' i 

1-02 x 10 6 -j— = 1-8 x I0~ s 


I- 


Q 4 

5 - 4*61 x 10~ 17 


Q 2 




Q*' 

0 2 

= 2*6 x 10~ e -~. 


(17) 


where 


8 = — — (—\ = 0*01 (see eqn. (14)), 
m 2 \m 2 f 


(18) 


and m 0 is the ordinary electronic mass. The values of E 0 /k f m v and m % 
obtained from eqn. (17) are collected together in Table II, and it will be 
seen that only a rough idea of the order of magnitude of the masses can be 
obtained; this is of course because the estimates of the masses involve 
squares and even fourth powers of the experimental quantities P and Q . 
The estimates of m 1 /m 2 show an even greater variation, since they involve 
Q 6 and P 4 , but we may notice that this ratio is certainly small, in agreement 
with the considerations of p. 352 from the scale of the periodicity, which 
suggested that m l jm 2 < 0*10;* to obtain some sort of mean values of the 
fundamental parameters we arbitrarily take for P and Q the arithmetic 
means of the values in Table II and apply eqn. (17). We thus obtain 


EJk 


140° K, 


m 2 /m 0 » 4*9, — fix 10“ 4 ,'| 

m B /m 2 = 0*02, mjm 2 — —0*100, J 


(19) 


Taking into account the spread of the values in Table II, we estimate that 
EJk is probably within 30 % of the true value, nt x and m 2 may be wrong by 
a factor of about 3, while as we have already said, mjm 2 is probably within 
10 % and m 8 /w a within 25 % of the true values. 


* If we had taken the higher value of Q suggested by the temperature variation 
alone (see p. 355) we should obtain m 1 /m i ~10“*, in better agreement with Blackman’s 
estimate. 




358 


D. Shoenberg 

From these figures we can at once obtain the number of “free” electrons 
per atom producing the de Haas-van Alphen effect. This is given by 

_ (22?o)* VW»% m 3 - «*!)} v 

n ~ n*b? . N’ 


where V is the atomic volume and N is Avogadro’s number, and substi¬ 
tuting numerical values we find 

n = l*7x 10" 6 electrons per atom. (20) 


For many theoretical calculations it is important to know the electronic 
masses referred to the principal axes of the mass tensor ellipsoid: these are 


m, * m v m 2 = 


m 2 4 - in, 


,+ yiw 




and so we find the values 


rn x = 0*003m 0 , m 2 « 5-0m 0 , m z = 0*048m 0 . (21) 

We may at this point compare our estimates with those of Blackman; this 
comparison is rather complicated by the fact that Blackman has assumed 
= 0, whereas our considerations of the scale of periodicity show that this 
assumption is inadmissible;* From the details of Blackman's paper it can 
be seen that this will not affect his estimate of the ratio but will 

alter the absolute values of the masses and m 3 /m 2 in a complicated way. He 
finds m 2 = m 0 , m 1 jm t = 01, m z /m 2 = 10~ 3 and EJk = 220° K. The discrepancies 
between these values and our own estimates are rather larger than our 
estimated possible errors, probably because of the scantiness of the previous 
data used by Blackman; the two sets of values do not, however, differ 
seriously as regards order of magnitude. 


The constant susceptibility at low fields 

We shall now return to the question of the constant term in eqn. (8), i.e. 
compare the theoretical value of the field independent susceptibilities with 

* Actually m 4 can bo found only from measurements, such as the present ones, in 
which 0 differs from 0 or 90°. 
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the experimental values. Thus, according to the theory, the principal 
susceptibilities at low temperatures and very low fields are given by 


*i 


h A^ + mJir* (k\l _ 

H, ~ 2 .2 Ur 3 



— Am 9 


n* 

2 



( 22 ) 


and substitution of the numerical values (note that Am 2 ~P, tabulated in 
Table II) gives 

Kl = — 0*18 x 10~ 6 , /c 3 = -“0*007 x 10~ 6 . 


We estimate that these may be wrong by about 40 %, but it is clear that in 
any case they are less than the experimental values k x ~ —1*8 x 10“ 6 , 
/c 3 =ss —1*2 x 10" 5 , while their ratio 25:1 is very much greater than the 
experimental ratio 1*5:1. 

A similar discrepancy is obtained, also using Blackman’s estimates, and 
Blackman infers that the constant susceptibility is largely due to other free 
electrons which do not produce any marked de Haas-van Alphen effect in 
themselves. It is possible that the discrepancies between theory and ex¬ 
periment as regards the details of the de Haas-van Alphen effect, are con¬ 
nected with some interaction between these other “free” electrons and 
those reponsible for the field dependence. 


Further evidence for the theoretical formulae 

(a) Discussion of some particular curves 

From the values of the mass ratios we can immediately obtain the relative 
values of the coefficients of the/’s in eqns. (3) and (5), and so discuss the 
curves in which more than one term of eqns. (3) or (5) has to be taken into 
account (the “ distorted ' 9 curves), or in which, owing to the particular values 
of the coefficients, the significant term is not the one with the highest ft. 

If we add together two periodic functions of comparable periods and 
amplitudes, we can expect to obtain a distorted curve, and in particular if 
the periods and amplitudes are only slightly different, “interference” 
effects will be produced. This is in very good agreement with the experi¬ 
mental results, as can be seen for instance in the curves a, 6 , k , l , m, v , y in 
each of which two comparable /?’s are concerned, and the coefficients of the 
corresponding/^ are also comparable. For the case 0, <j> * 19*7° (curved), 
fttlftz- 1*18, while the ratio of the corresponding coefficients in eqn. (3) is 
0*55, and as can be seen a characteristic interference curve is obtained. 
For tj> *9-7° (curve d) the ft values are very nearly equal, but the 
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coefficient of the term in the smaller /? is about five times larger than that 
in the larger /?, and the scale of the periodicity does indeed correspond to 
the smaller and not the larger ft. Another and even more striking example of 
a case where it is the smaller ft which is relevant, is for 0 = 90°, 0 = — 6-25° 
(curve w ); here the larger ft is about twice the smaller one, but the coefficient 
of the corresponding term in eqn. (5) is only about (H)6 of that of the term 
in the smaller ft —the result of this is to double the scale of the periodicity as 
compared with curve h (0 = 90°, 0 = 9-9°), in which the ft ’s are much the 
same, but the larger coefficient corresponds to the larger /?. 

Although the theory always predicts accurately in which cases distortions 
can be expected, it does not predict the details of the distortions correctly; 
thus if by graphical construction we plot the curves predicted by eqns. (3) 
or (5), the distortions appear at the field strengths observed experimentally, 
but are either too exaggerated or not marked enough as compared with the 
experimental curves. 


(6) Influence of slight errors in crystal setting 

It is convenient at this point to discuss the effects produced by small 
errors in the setting of the crystal, and to show how they can account 
for the features mentioned on p. 345. There are two possible errors in 
setting, which if they are small enough can be treated independently. 
First, there may be an error in the setting of 0, and it can be shown that the 
most important effect of this is for 0 = 0; thus in the case 0 = 0, the last two 
terms of eqn, (3) are equal but of opposite sign so that there is no couple, 
but if 0 = £, ft% and y? 3 become slightly different and so we have a couple 
varying as the difference of two periodic terms of equal amplitudes but 
slightly different periods. This means that there will be a couple whose field 
variation will be determined by the differential coefficient of the function/, 
and this was verified in a special experiment in which 0 was deliberately 
made 5°. The sensitivity of the curve for 0 = 90°, 0 = 0 to slight errors in 0 
can also be explained in a similar way, the last term of eqn. (5) breaking up 
into two terms which are functions of slightly different fT s. Errors in 0 
affect also the values of the coefficients in eqns. (3) and (5), but this influence 
is not in general of importance. The second type of error is in the perpen¬ 
dicularity of the trigonal axis to the axis of rotation of the magnet; if there 
is an error £ in this perpendicularity, it is easy to show that it modifies the 
ft 1 s as follows. For the case 0 = 0, the /?’s are modified as if m 4 were changed 
to m 4 + ££m 2> and m 3 , to m 3 4* £m 4 , and since both m 2 /m 4 and mjm z are large, 
even quite small values of £ are sufficient to modify the mass ratios deduced 
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from the scale of periodicity of the curves for# « 0 .* For 8 =* 90°, ontheother 
hand, the error £ has no appreciable effect on the first term of eqn. (5), and 
since this is usually the predominant term, the mass ratios deduced from 
the curves for 0 = 90° should be independent of any possible error £; for this 
reason in the estimates (eqn. (14)), of the mass ratios we have given more 
weight to the estimates deduced from the 0 = 90° curves. 

(c) Bearing of the results on the previous experiments 

In the earlier experiments (Shoenberg and Zaki Uddin 1936 ) the suscepti¬ 
bilities IJHi, / 2 /// 2 and / 3 /// 3 were separately investigated with the field 
respectively along the x , y and z axes and we shall briefly point out how the 
theory and the present estimates explain some features of the earlier 
results. 

According to the theory we have (neglecting m x ) 

hl H i = -fw 2 /(A(fm a )*tf), 

IJH 2 = -- m 2 f(Xm\H) - hn t f{\Xtn\,H), - (23) 

IJH 3 = ~Zm z f(Xm\H). 

The small value of m 3 /m a immediately explains why no field dependence was 
found for / 3 /// 3 , for it is evident from eqn. (23) that such a dependence will 
become marked only at fields about 6 times higher than in the case of 
I x jH x (since (4m 3 /3m 2 )* ~£), and moreover, when such a field dependence 
does occur, its amplitude should be only about 4 % of that for I x /H x . In 
other words to obtain the curve for IJH S from that for I X !H X the scale of 
abscissae must be expanded by a factor of about 6 and the scale of ordinates 
contracted about 25 times, and this means that the effect can be observed 
only at fields rather greater than used in the previous experiments, or else 
at very much lower temperature (~ K) for the range of fields used, and 
that in any case the effect will not be marked. 

Equations (23) also explain why “distortions” appear in the / 2 /# a curve 
(Shoenberg and Zaki Uddin 1936 ) but not in the I x jH x curve, for it will be 
seen that the expression for the latter oontains only a single / term, while 
the former contains 2 terms with comparable /fs. 

* Probably the error £ is responsible for t he irreprodueibility of the 0=0 curves if 
the crystal is removed and reset. Thus in another series of measurements (not repro¬ 
duced here) B values were obtained for 0 = 0 rather different from those in Table I, 
and the discrepancy could be roughly explained by assuming an error £~ 3° in this 
other series. An error £, however, is not able to account for the discrepancy men¬ 
tioned in the footnote on p. 355, since the assumption of such an error would make 
the discrepancy only worse. 
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Summary 

The investigation of the field dependence of the susceptibility of bismuth 
(de Haas-van Alphen effect) has been extended down to lower fields (1500 
gauss) at helium and hydrogen temperatures, by measuring the couple on 
a bismuth crystal in uniform magnetic fields. The results are compared with 
Landau's theory, with which they are in good qualitative agreement. 

Detailed examination shows, however, that there are discrepancies as 
regards (a) the phase of the periodic variation, (6) as regards the details of 
the envelope curve of the periodic variation and the dependence of its 
amplitude on the crystal orientation, and (c) the temperature variation of 
the effect, which was not as rapid as predicted by the theory. From the 
comparison, we obtained the following estimates of the fundamental 
parameters of the electronic structure: for the “ effective ” electronic masses, 

m 2 = 4*9m 0 , m 1 jm 2 — 6 x 10~ 4 , w 3 /m 2 — 0-02, and mjm 2 = — 0*10 

(m 0 is the ordinary electronic mass), and for the degeneracy temperature; 
E 0 jk = 140° K. From these data the number of electrons responsible for the 
effect is deduced as 1*7 x I0~ 6 per atom. These results are compared with 
Blackman's estimates, with which they are in rough agreement as regards 
order of magnitude, and their bearing on the previous experimental results 
is also discussed. 
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Appendix* 

The following is a brief aooount of the derivation of Landau’s formula. 
To obtain the formula for the isotropic case, we start from eqns. (17)and(18) 
of Blackman ( 1938 ), which in our notationf become: 

F f« Z(E,H)e-<x-*WTdE NE 0 /A „ 

V~ J_« (l+c^-W) + y • ' A1 > 

Z(E, H) = Z(E-(l + *)/?#)*. (A 2 ) 

We assume E 0 constant, in accordance with Blackman’s method (p. 12 ) 
(for the weak fields of our experiments the condition N =* const, gives 
practically the same result as E 0 « const.). Introducing the abbreviations 

. E _ kT _ (2m)* _ 

(M ~ G ’ pH ~ U ' 3 nW~*’ 

and integrating by parts, we have 

. *)*$=$)*, 

where <j>{e) - Z (e -1 - £)*, 

• i 

the summation being over all positive integers l which make the radicand 
positive, and where 

g(x) — 1/(1 +e*). (A 6 ) 

Using Poisson’s summation formula, we have 

0(e) = £ (— 1 ) p f* (e— x) 1 e z ” ipx dx. (A 7) 

p—-00 Jo 

The term in p « 0 can be immediately evaluated; for j> + 0 , integrating 
twice by parts, the integral can be expressed in terms of Fresnel’s integrals 
for the argument 2 npe. It can be seen, however, from (A 4) that the value 
of $ need be known only in the neighbourhood of e - e 0 , since the derivative 
of g((e — € 0 )/d) is appreciable only there, provided E 0 pkT. Since e 0 is a large 

* My best thanks are due to Professor R. Peierls for putting this appendix in 
a form suitable for publication. 

t For the isotropic case, mj = m, = = m, and m 4 ~0, so the defined in eqns. 

(4) and (6) of the text all become equal to /?= eh/tnc . 


(A3) 

(A 4) 
(A 5) 


VoLCLXX. A. 


«4 
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number, provided E 0 > fiH, the Fresnel integrals may be replaced by their 
values for infinite argument. This transforms (A 7) into 




p=~\ 


Hn\l2 pi 


(AS) 


Inserting this into (A 4), we notice that the first two terms of (A 8) vary very 
slowly in the range for which dg((e — e 0 )jd)jde is appreciable, and we may 
therefore use their values at e 0 . The last term, however, varies rapidly. 
Hence 

14-M 


where $ stands for “the real part of”. 

The integral in (A 9) can be evaluated, and gives 





2n*p0 
sinh ‘In^pO' 


(A 10) 


So, substituting for a, e 0 , and 6 from (A 3), and omitting the term which does 
not depend on H, we have 



gg{ A (^M|) + jE( 


3 l 


cos (2? rp€ 0 — j 


4^/2 p* &mh2n 2 pd 


d)| 

W V 


I Id / J?\ 

and hence the susceptibility, ~ ~HdH\v) ’ * S 8* ven 

• (' 2Tr P E o 7r \ 

/ , mikTE 0 (fiH)t « , „„ Sm \ pH 4) 

H~ 12nW *h*B*~" ~i K ’ <Jptmh(toApkTlfiH) 

= mA’f(fiH), (All) 

where/is the function defined by eqn. (8a) of the text, and A' is 


a. „ V2e»jg 0 

2 n*c z hjkmy 


(A 12) 


The transformation to the non-isotropic case is carried out just as in § 1 
of Blackman’s paper, except that the coefficient m 4 is taken into aocount, 
and the formulae quoted in the text (eqns. (3)-(9)) are obtained. 
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1. Introduction 


In § 2 of this paper an integral formula is derived for a potential function 
existing in a two-dimensional region 8 bounded by two curves C x and C\, 
and having assigned values on these boundaries. The formula can be applied 
if the potential function existing in 8 and having constant values on the 
boundaries is known, or in other words, when the area 8, made simply 
connected by a suitable cross-cut, can be represented conformally on to the 
interior of a rectangle by a known transformation. 

These results are later applied to the problem of the flexure and torsion 
of a shaft whose cross-section is a circle with an interior slit, the slit being a 
segment of a diameter, not necessarily in the central position. 

With the aid of the results of § 2 and the appropriate transformation the 
problem is solved in finite terms of elliptic functions, and the torsional 
rigidity and centre of flexure are given also in finite terms. In two cases, 
when the slit is central, and when it starts from the centre, the torsional 
rigidity and the position of the centre of flexure (in the second case) are given 
in terms of complete elliptic integrals, and numerical results have been 
worked out for slits of different lengths. 



2 . The problem of Dieichlet for two boundaries 

The axes of x and y are taken in the cross-section, and 8 is the region 
bounded by C x and C 2 which may, for the present, be of any form. 

The problem of this section is to determine a pair of conjugate harmonic 

[ 365 ] 
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functions <j> and ^ in terms of the boundary values of \jr with the following 
conditions: 

(а) for all points within 8 or on its boundaries is finite and continuous, 
and is either one-valued or at most a cyclic function with an assigned cyclic 
constant; 

(б) for all points within 8 dxjrjdx, dfr/dy, c 2 ijr/dx 2 , d 2 tfrjdy* are one-valued, 
finite and continuous; 

(c) is one-valued for all points within 8 and where it exists on the 
boundaries. 

Let v be the potential function existing in 8 and having constant values 0 
on C\ and u>' on C 2 , and let u be the conjugate function. 

If z , w and Q denote the complex variables x + iy , u + iv and + 
respectively, w and Q are functions of z, and therefore z and Q are functions 
of w which are denoted by 

z = f(w) and Q ~ F(w). (2*1) 

We assume that f(w) is known and proceed to determine F(w) from the 
conditions satisfied by <j> and \fr qua functions of u and v . 

The change of variable from z to w is equivalent to a conformal transforma¬ 
tion of the area 8 , with a suitable cross-cut, into the interior of a rectangle 
in the tc-plane whose sides are v « 0, v » o/ and say u = 0, u « 2oj. The 
sides v 0, v = <o' correspond to C t and C 2 respectively, and u « 0, u » 2w 
to the negative and positive sides of the cross-cut, which lies along the curve 
whose equation is z — f(iv). The constant 2o> is the decrease in u when z 
passes once in the positive sense round a contour lying in 8 and enclosing C v 
so that — 2o) is the cyclic constant of the cyclic function u. It is clear that 
f(w) is a periodic function with the period 2o>. 

If ^ is a cyclic function of x and y with the cyclic constant q, it follows 


that 

r/r(u+ 2oj t v) - v)-q. (2*2) 

Since 0 is a one-valued function of x and y 

<f>(u + 2d), v) « 0 (u, v). (2*3) 

Hence F(w -f 2w) = F(w) — iq, (2*4) 

and F(w) is one-valued. 

Put 0(w) « F(w) + iqwj2(o (2*5) 

and IO(w) * g(u } v)> 

Then G(w + 2w)« 0(w) (2*6) 

*?(«, v) « v) + qu/2<i) t (2*7) 


and 
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Now x and y are continuous functions of u and v for 0 0 <c/, and it 
therefor© follows from (a) that ^(«, v) is continuous for 0 < v < (o\ 

Hence from (2*7), g(u , t?) is also continuous for 0 < v K 

From ( 6 ) it follows that dQjdz exists and is unique at any point z in S f that 
is, for any point such that 0 < v < oj\ 

Hence, since dz/dw exists and is unique at any point for which 0 < v < o)\ 
it follows that F'(w) exists and is unique at such a point, and since F(w) is 
one*valued it is therefore regular for 0 < v < o)', and from (2*5) this holds for 
G{v>) also. 

We must now determine G(w) in terms of the boundary values of its 
imaginary part g(u, v) with the following conditions: 

G{w) is regular for 0 < v < (o' and G(w + 2(o) = Q(w) i ( 2 * 8 ) 

g(u , v) is continuous for 0 ^ v ^ (2*9) 

The result obtained is 

G(w) = a + i/?+i f [g(u',0) S(u f -u^ — giu'yd)') S(u f + ia)' ~w)]du\ (2*10) 
nj o 

where a and are constants and the function S(w) is defined by the equation 

S(w) » £(w)~7fw/2(o. (2*11) 

f( w) is the zeta-function of Weierstrass associated with the periods 2 w, 
2iej' and y = £(w). 

In the proof of ( 2 * 10 ) we require the following properties of £(«;), which 
follow easily from those of £(w) and equation ( 2 * 11 ): 

( 1 ) It is real when w is real, and regular at all points except w s 0 (mod 2 <y, 
2io) f ) t at which it has simple poles, each with residue unity. 

(2) $(w + 2 o) = S(w) and S(w + 2i<i)') = S(w) — 7Ti/(o. 

Let p v v 2 be real numbers such that 0 < and let $(u>,et>") 

denote the function S associated with the periods 2 w, 2 io>”, where 

(O* « y 2 — v v 

Let G(w) be defined as the conjugate complex number to G(w ), where w 
denotes the conjugate complex number to w. 

Then from ( 2 * 8 ) and the inequalities 0 < v x < v 2 < <o' it follows that G(w) is 
regular for v x ^ v ^ v 2 and S(w) is regular for - v 2 ^ v < - r v 

Let r denote the rectangle [iv v iv x -f 2<o, iv 2 + 2co, iv % , ivj. 

Then if v x <v<v % and 0 <w< 2 ©;, G(w')S(w' — w) 9 qua function of is 
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regular on and within r except at the simple poJe w* =* w which is within r 
and at which the residue is Q(w ), 


Hence G(w) = f G(w f )S{w' — w t Q>*)dw' 
2m J r 


1 

2ni 



+ iv x ) 8(u* + iv x — <y") -<?(«*' + «> a ) £(«' -f iv % - w>, a/*)] du\ 

( 2 * 12 ) 


\ 

since the integrals along u' - 0 and u' = 2o> cancel in virtue of the periodicity 
of the integrand. 

Equation (2*12) is clearly independent of the condition 0 < u < 2o>. 

Let r* denote the rectangle [~~iv 2i — iv 2 + 2(o } — iv l + 2a), — iv x> — ivj. 
Then if v x < v < v Z) Q(w') S(w' -f 2iv x - w, to"), qua function of w\ is regular 
on and within r and it follows that 


0 a J G(u> f ) 4- 2tV x - w t 0 ) n ) dw' 

1 f 2w ~ 

= —. ii't) S(u # 4*2u' 1 — iv 2 ~ t0,a>*) 

2n*i Jo * 

- G(u' -iv x ) S(u' + iiq~ w, o>*)] dw'. (2-13) 
Now 8(u’ + 2iv x —iv% — w y <i) n ) = — 2icw Jr — w, € 0 ^) 

= S{u’ + ivi~w y of) + m/to. 

Hence (2*13) becomes 

1 f 2w _ _ 

0 * 7 T~- [&(u' — iv,)S{u’ + iv s -w,a)”)-G(u'-ivJSlu’+iv a — w,<t>')']dui 

Am Jo' 

+ 2wJ 0 ^ u '~ iv i) du '- ( 2 * 14 ) 

From addition of (2-12) and (2-14) and the identical relation 
G(u' + iv ) -G(u' - iv) = 2 ig(u', v), 
where for the present purpose v is v x or y a , it follows that 

1 r 2 " 

G(w) m a + iff + - \g(w'> Vi) S(u' + iv 1 ~w,(i)") 

IT JO 

- g(u', v t ) S(u' + iv j - w ,«')] du', (2-15) 

i r*“» 

where a + ifi — — J G(u' — iv 2 )du\ (2-10) 

By taking the integral of G(w') round V one can show easily that the 
integral in (2-16) is independent of v a , so that a and ft are constants. 
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Now (2*15) holds for 0 < v x < v < v 2 < <o\ 

For any given value of v Buch that 0 < v < we can always choose v x and 
v 2 so that the above inequalities hold, and regard v x and v z as variable. 
Then if ^->0 + 0 and y 2 “> o) f -0, equation (2*15) becomes 

0(w) = a-f i/?+~ f \g(u\Q)S(u f ~w 9 <t)') — g(u' 9 to')S{u , + i(o , — w 9 to , )]du' 
ttJo 

which is equation (2*10), since 

The inversion of the limiting process and the integration involved here 
can easily be justified from the continuity of 

g{u\v x ), g{u\v 2 ) i S(u f + iv 1 ~ w y u>") and 8(u f + iv 2 — w > (*)*) 

qua functions of u', v x and 

Equations (2*5), (2*7) and (2*10) therefore determine F(w) for Q<v<a>\ 
that is for any point z within S . 

In the elastic problems to be considered later the boundary values of the 
various functions xjr appear as indefinite integrals and therefore involve 
undetermined additive constants. 

Suppose that 

“/iM + Ci and ^(m, a/) =/ 2 (w) + c a , (2*17) 

where f x (u)J 2 (u) are definite functions and c v c 2 are undetermined constants. 

The value of the constant q is obtained from (2*2) by taking v equal t-o 
0 or a)’ and using (2*17), which gives 

f 1 (u + 2u))~f 1 (u) « f 2 (u + 2<o) —f z {u) « q . (2*18) 

From (2*7) with v = 0 or a>' f and (2*17) we obtain 

g(u,0) =-g x {u) + c l3 and g(u, (o') = g t (u) + c 2 , (2*19) 

where ?i(w) =/i(w) + ^/2o>, and g 2 (u) = f 2 (u) + qul2a). (2*20) 

From (2* 16) we can derive a relation between c x and c 2 by taking imaginary 
parts of each side. 

Since l8(u* -iv 2 ) » - IG(u f + iV 2 ) “ -g( u '> 

1 1*2 <a 

J 0 

Hence, since fi is a constant we may put v 3 equal to 0 or w' and make use 
of (2-19), and obtain 


P =» — Cj — Cl ™ — C, — 0 3 , 


( 2 - 21 ) 
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i r 2 *> 1 r Bw 

where C x ~ — I g t (u')du f and C 2 ** 2 ^j 0 9%( u ’)d u *' (2*22) 

Either c t or c 2 is therefore arbitrary and the other, together with ft, is 
determined by (2*21). 

After substituting in (2*10) for g{u', 0) and g(u', a/) from (2*19), we have 
Qlw) = a 4 ift+ * S(u' - w) du ' - - $(w' 4 iw' - w) 

TTJo 7 TJ 0 

1 f 2w 

4 - [ftfaO —w) —$(«' 4'ia>' — w)]d»'- 

nj 0 

From the properties of S(w) it can be shown without difficulty that 
p 2 oj r 2w 

4 $(tt' — = — S(u' + ito’— w)du* = 7ri forOcvca/. 

Jo Jo 

Hence 

1 f 2w 

G(w>) - a4iy4- &M l O^( tt, ~ | 0)~0i( | O i S(^ 4*V-w)]tf« # , (2-23) 

^Jo 

where 7-ft + c x + c 2 . 

If the functions g x {u) and g 2 (u) are such that the integral in (2*23) can be 
evaluated, F(w) is completely determined by (2*5), (2*17), (2*18), (2*20) and 
(2*23). 

In view of what follows in a later section we shall express S(w) in terms of 
the zeta-function of Jacobi associated with the periods 2 K, 2iK\ 

We suppose that K'[K — 2o//&> and that the scale in the w>plane is chosen 
so that to * K and therefore c/ « K'j2 . 

It can then be shown from the properties of $(u>) and Zw that 

8(w) = Zw + Z(w±iK')±nil2K, (2*24) 

Taking the upper sign in the first term of the integrand of (2*23) and the 
lower sign in the second term we have, after making use of (2*21) and (2*22), 

1 r* K 

0(w) ==a-t/?4- 9i(u')[^(u' -w)4 Z(u* ~~w + iK')]du' 

n J 0 

1 C* K 

— g 2 (u')[Z(u'~w + iK'/2) + Z(u'~w-iK'/2)]du'. (2*26) 

0 

Equation (2*23) is substantially the same as a result given by Villat 
( 1920 , pp. 10-19, and 1929 , pp. 12 - 20 ). The notation used there is different 
and the problem is stated with reference to the annulus bounded by the 



The fleocure and torsion of an internally cracked shaft 371 

circles | z | ** q and | z | ** 1, where q<\. This is substantially equivalent to 
a change of variable z = with q = The method used in 

deriving (2*23) is also different from that used by Villat. 

3. The flexure and torsion problems 

The axes of x and y are now supposed to be the principal axes of the cross- 
section of the shaft at its centroid, and the axis of t is along the line of 
centroids in the unstrained state of the shaft. Here t is used instead of the 
customary z to avoid confusion. 

In the flexure problem one end t = 0 of the shaft is fixed, and the other 
end t “ l is subject to forces which are statically equivalent to a single force 
at a point L(f, g , l) of the section, with components W> W parallel to the axes 
of x and y. 

In the torsion problem the forces over the end t = l are statically equivalent 
to a couple Q whose axis is parallel to the t axis. 

We shall follow the notation of Stevenson ( 1938 ), who has shown that the 
flexure problem can be restated in a simpler form by the introduction of 
five “canonical flexure functions”, together with the classical torsion 
function. These functions are harmonic and satisfy boundary conditions 
free from Poisson's ratio and invariant in form with respect to the choice 
of axes in the cross-section. When the axes are the principal axes at the 
centroid only four of the five mentioned are necessary and are related to the 
classical flexure functions x an d %' (Love 1920 , pp. 337, 348) by the equation 

X+ix' = i(i+V/2)(x-iy) t -(l+v)(Xi+ i X2)~iv(<f>i + i ^a) (3*1) 

where t] is Poisson’s ratio. __ 

The stresses at (x,y,t) are given by xt = art,+art,etc., where 



(3-2) 


(3*3) 


(3-4) 

!!M]. 

(3*5) 

w W' 

and <f, = — -jr(l—t)y. 

(3*6) 
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• 

Her© I and V are the principal second moments of area of the cross-section 
about the axes of y and x 9 <r = r/l(l + y) is the modified Poisson’s ratio of 
generalized plane stress, y is the rigidity and r, r' are the undetermined 
associated twists. 

The stresses in the case of torsion are obtained from the above equations 
by putting W> W' and say r' equal to zero and regarding the remaining 
constant r as the twist due to torsion. 

<ji 3 is the classical torsion function (Love 1920 , p. 316) and is a harmonic 
function whose conjugate function satisfies the boundary condition 

^3 * K * 2 + V 2 ) + const. (3-7) 

<j> x and are harmonic functions whose conjugate functions xjr x and 
satisfy the boundary conditions 

ijr x « x s /3+const., = y z j 3 4 -const. (3*8) 

Xi and X 2 are harmonic and satisfy the boundary conditions 

Y n (Xx ~ * 3 /3) = 0, 1 (X* - J/*/3) = 0 , (3-9) 

where dn is the element of normal to the boundary. 

Now if ds is the element of arc of the boundary, in the positive sense, and 
dn is taken to be on the right of ds, we have 

8* _ dx 

an “as a»“ 


Further, if yf, x* “'e the functions conjugate to y 2 , we have 



and 

u 

hi 


dn ds 

dn 

ds • 


Hence equations (3*9) become 





d x* - x a d y 

ds ~ X ds 

and 

H 

.dx 
~ V ds ’ 


whence xi —jx 2 dy + const. 

and 

xt = 

—jy 2 dx + const.. 

(310) 


where the integrations are in the positive sense round the boundary. 

The physical conditions which must be satisfied are that the displacements 
and stresses are one-valued, finite and continuous throughout the shaft. 

The displacements, which are not given here, are linear combinations of 
$i> 02 > 0s» Xi an d Xa anc * functions of a:, y and t which satisfy these conditions, 
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while the stresses are seen from (3-2) to (3*6) to be linear combinations of 
d<j>i/Bx, d<f> x fdy etc., and functions of x } y and t which satisfy the conditions. 

Hence, for a physically admissible solution <j> x etc. and their first deriva¬ 
tives with respect to x and y must be one-valued, finite and continuous in 
the cross-section and on its boundaries. 

In solving for ^ 2 , Xi anc * X a we assume that they satisfy the 
conditions stated in §2, together with the boundary equations (3*7), (3*8) 
and (3*10), and, where necessary, verify that the above physical conditions 
are satisfied. 

In §2 the case when \Jr is a cyclic function was included. 

Here \[r is any one of the five functions i/r v \jr %9 }Jr Bl xf an( l X* > an( i ^ 
clear that the first three are always one-valued, since their boundary values 
given in (3*7), (3*8) are one-valued. This, however, may not be true for xt 
and xt 

The change in x* when ( x , y) passes once round C x is, from (3-10), I x 2 dy t 

JCi 

so that, in the notation of § 2, 

/,(tt-2to) -/,(«) = x t dy - 28^, 

where 8 t is the area enclosed by C x and h x is the ^-coordinate of its centroid. 
Similarly, with a corresponding notation for (7 2 , 

/ a (w-2w)-/ a (w) * f x 2 dy * 2 S 2 h z . 

J c. 

Now S 2 h 2 = 8 X h x since the origin is the centroid of S s S 2 ~ S x . 

Hence f x (u + 2a))—f x (u) = f 2 (u 4-2w) —f 2 (u) = ~2S x h x = -2S z h r 
This is equation (2*18), and the constant q is — 2 S x h x . 

Similarly, in the case of xi we would find that 

f x (u + 2(d) -f x (u) ~h(u + 2<i>)-f z (u) « -2 8 x k x = -2iS 2 A; a , 

k x and k 2 being the y-coordinates of the centroids of S x and S 2 . 

Xi and xi are therefore one-valued if S x and S 2 have a common centroid. 
The twists r and r' associated respectively with W and W are found by 
equating the moments of the stresses about the i-axis to the moment of the 
foroes over the end-section and equating the terms in W 9 r and W r' 
separately to zero. 

Whence J [x yt x - y xt^\ dS = — Wg (3-II) 


and 


( 312 ) 
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When the substitutions are made from ( 3 - 2 ) to (3-5) we have 



/itM 3 + [L x - aM 2 ) = - Wg, 

(3*13) 


/iT'M 3 +~p(L t +<rM l ) = Wf, 

(3*14) 

where 

M x = M’ x +jx a dS, M z = M' 2 -jy*dS, 

(3*16) 


L x = L' x + j x*y dS, L 2 = L'- j xy* dS, 

(316) 


M z - M a + [ (x 2 + j/ 2 ) dS, 

(317) 

and 


(3*18) 



(3*19) 


If <j) r and Xr and their first derivatives are one-valued, finite and continuous 
throughout 8 and on its boundaries the integrals in (3*18), (3-19) can be 
transformed into line integrals round the boundary by Green’s theorem. 


Then 

M' r * - j<p r (xdx + ydy). 

(3*20) 


K - -jxA* dx +ydy), 

(3*21) 


where the line integrals are taken round both boundaries keeping the area 
on the left. 

When the load point L is the centroid of the end-section, / = g = 0 , and 
the associated twists r = t 0 , t' = r' Q are given by (3-13), (3*14) as 


W (Lt-trMt) , W' (L 2 + <rM x ) 
°“ 2fl M a ’ T ° = 2/il' ~M Z 


( 3 - 22 ) 


The centre of flexure is defined to be the load point L which makes the 
associated twists zero (Stevenson 1938 , pp. 166, 176). 

Henoe from (3-13), (3’14) its oo-ordinates are/ = / 0 , g = g 0 , where 


fo - ( L t + <tM x )/2I', 0o = ~(4- <tM 3 )/2I. 


( 3 * 23 ) 
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When there is symmetry about (say) the axis of x the stresses xt v yt x are 
symmetrical about that axis and the associated twist r 0 is zero, while the 
centre of flexure lies on the axis. 

In the case of torsion, with the twist r, the stresses are 

and if Q is the terminal couple, we have, by moments about the £-axis, 

[[xyt-yxt]dS = Q; 

whence firM 3 = Q. (3*24) 

The torsional rigidity, or couple per unit twist is (iM 3 . 

4. Conformal transformation of the cross-section 
Consider the relation 

z — ale sn (w + a/2) sn (w - a/2), (4-1) 

where k is the modulus of the elliptic functions and a is a parameter which 
is either real or purely imaginary. 



\y 
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Fia. 4. 

p— 

tu-plane. 


Since the poles of sn w are w s iif'(mod 2 K, 2iK') z is certainly finite for 
0 <v< K'j2, provided that 0< Ia<K'. 

When v =* 0, z is real and x varies between the values (u = 0 ), and 
x t , (u = K), whence 

x x = — a£sn*a/2, x 2 = akcd i a/2. (4-2) 

When « - te'/2 , 

|*|* — zz = o a Jfc* sn (« + a/2 -mV/2) sn(w — a/2 -MV/2) 

x sn (it +a/2 — ix'/2) sn (u —a/2 — «c'/2) 

*» a* 

in virtue of the identity £sn«>sn(tt>+ iK‘) * 1. 
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Hence v is the potential function of § 2 existing inside the circle | z | = a 
and having the constant values 0 on the slit y = 0 , x x < x ^ x 2i and w' = K f /2 
on the circle. 

The real period of the function z is 2K and (4* 1 ) represents the interior of 
the rectangle v — 0 , v = jST'/ 2 , u = ± K conformally on the interior of the 
circle with the slit as inner boundary. The sides u = ±K correspond to the 
upper and lower sides of the segment y = 0 , ^ x < a, which is the cross-cut 

of § 2 , for this case. 

It follows that (2*25) can be used in solving Dirichlet boundary problems 
for this cross-section. 

With that end in view it is convenient to express z in terms of zeta- 
functions 

From the addition theorem for Zw we find that 


z ~ — ^nsa[Z(w;-ha/ 2 ) — Z(tf?-a/ 2 )]-f-^nsaZa. (4*3) 

From the addition theorem for snw we find also that 


Hence 


~ - ~~~sna[l ~Fsn a (w + a/2) sn 2 (w;-a/2)]. 
dot 2 

2 2 , 2 a dz 

z 2 = a i + - r nsa 7 r~. 

k da 


(4-4) 


By differentiating this equation with respect to a we also have 


2 a 2 


z 3 = a*z + -ttt ns a ns a 


dz 


P 


dot da 


(4-5) 


5. Symmetric loading 

Write 

Si r = Xr + i X?> r=\,2 and (o r = $J r + ii/r r , r = 1 ,2 , 3, (5-1) 

where Q v ai i etc. may be called the complex flexure functions. 

In the case of symmetric loading the load is W along the axis of x in the 
end cross-section, and the relevant functions are Q v w,. 

It appears that their values are the same as if the slit were absent, so that 
its presence is immaterial. 

The reason for this iB that the vanishing of the stress yt x on the axis of x 
automatically satisfies the condition of zero traction on the slit (Stevenson 
1938 , p. 213). 
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The values of Q v u) 2 for the circular cross-section are easily found to be 
(Stevenson 1938 , pp. 183, 184). 

» (3a%-z 3 )/12, Q x = (9a 2 z + z 3 )/12. (5*2) 


6. Asymmetric loading 

In this case the load is W' along the axis of y in the end cross-section, and 
the relevant functions are (o v ai 3 and fi 2 . 

Let = (o 10 -f- o)yi, ( 8 * 1 ) 

where w l0 , £? 20 are the values for the complete circular cross-section. 

These are (Stevenson 1938 , p. 183, 184) 

o) lo — i(z 3 + 3a a z)/12, Q 2Q « i(z* — Va 2 z)/l 2. (0*2) 

The boundary values of \}r xv xti are therefore, on the circle C v 

fn = 0 . Xt = 0 ; («- 3 ) 


on the slit C „ from (3*8), (3-10) and (6-1), (6-2) 

— ( x3 — a 2 a:)/4 +const., y*i = (9a a x — x 3 )/12 + const. (6-4) 
The boundary values of \jr 2 are, from (3-7), on the circle C 2 , 


i/r 3 = a ! /2 +const. = 0 (6-5) 

say; on the slit C v 

y > 3 = x 2 /2 + const. ( 6 - 6 ) 

Let ii — <j> + ii/f satisfy the conditions of § 2 , where the boundary values 
of are 

xjr = 0 , on C 2 , and rjr = kx/a + const., on C v (0-7) 

Then it follows from (4-4), (4-5) when z is replaced by x, and (6-3), (6-4), 
(6*5) and ( 6 - 6 ) that 


«ii 


a° 8 8S2 

2F3 nsa aa n8a a5’ 


( 6 - 8 ) 


_ o»n 2a 3 _ 

^2i- a'+M* 3, 


( 6 - 0 ) 


w 3 


a* 

i fc* 


ns a 


8D 
doc ’ 


( 6 - 10 ) 


We can now apply the results of § 2 to find Q. 
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In this case it is clear that since the boundary values of \jr are periodic 
functions of u we have, in the notation of § 2, q = 0 and 

1 l" lK 

Q = F(w) = - fAu')[Z(u'-w) + Z{u'-w + iK')]du', (6-11) 

nj o 


where 


Irnr 

fi(u) = — + const., 

(Jt 


• ns a[Z(u -f a/2) — Z(u — a/2)] -f const., 


( 6 - 12 ) 


from (4*3), when w is real and equal to u, and z is real, equal to a. 

An additive complex constant appearing in (2*25) has been dropped in 
deriving (6*11), but this is of no consequence in tfie elastic problem. 

For the same reason the constant in (6* 12) can be dropped, but in any case 
its value is immaterial, since 

rvK r2K 

Z(u~~w)du' =s 0 = Z(u' —w + iK')du' (0<v<K'). 

Jo Jo 

Consider I = ~ f F(w')dw', (6*13) 

2m J r 

where F(w') = ^Z(w '-/?) + ^Z(w '- w) + ^Z{w'~iv + iK')+~ 

(614; 

and r is the rectangle [0,2 K, 2 K + 2iK2iK', 0]. 

In virtue of the periodioity of the integrand the integrals along vJ » 0, 
vl « 2iC cancel, and 

/ = - f 2K [i’(u')- F(u' + 2iK')]du'. 

Zm Jo 

Now Z(w+2iK') — Zw = —nijK\ (6-I5) 

7fi 

whence F(w) - F(w' + 2 iK') — Z(w'—(i) [Z(w' -w) + Z(w' — w + iK')] 

iri I 


£ [£(u>' - ») Z(t»* - w+<*') + (-£)*]. 

/*2K 

Hence I Z(u'—fi)[Z(u'— w) +Z(u'-w + iK')]du' 

■» J + ++ (6’16) 

The first term on the right-hand side is easily shown to be a constant, by 
differentiation with respect to w. 
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From (6*13), I is the sum of the residues of F(w f ) at its poles within JT. 
Since the poles of Zw are simple poles each with residue unity at the 
points WisiK', (mod 2K t 2iK f ), then if - K' < Ifi<K ', and 0<Iw<K\ 
the poles of F(u)') within /’are f} + iK\ w -f iK f and w . 

The residues at these poles are 

[Z(ft—w + iK') -f m/2K] [Z(j3 — w + 2 iK') + nij2K], 

[Z(w -p + iK') + nij2K] [Z 2iK' + 7n/2A r ], 

[Z(w>—/?) + ni/2K]ni/2K. 

On adding these and making use of (6*15) we have 

I = Z(w — f})Z(w~-ft~iK') + (ni/2K) 2 . (6*17) 

Hence, from (6*16), (6*17) 

Z(u ' — /?) [ Z(u f — w) -f Z(u' ~w + iK')] du' 

- Z(w-fi)Z{w-fi-iK') + G t (6*18) 

where C is a constant. 

It was tacitly assumed above that jR/? and Rw 0, (mod 2A), so that the 
poles of F(w r ) did not fall on the sides u = 0, u =* 2 K of F, but (6* 18) is clearly 
independent of these restrictions. 

Since 0 < la < K f we may put /? equal to a/2 or - a/2 in (6*18), and it then 
follows from (6*11), (6*12) that 

2K 

Q 3s — ns a[Z(w — a/2) Z(w — a/2 — iK f ) — Z(u> + a/2) Z(w -f a/2 — iK f )]. 

(6-19) 

It is convenient hereafter to use the following notation: 

Zew « Zw>~h cnwdaw. (6*20) 

Hence Z(w±iK') ■* Z$w + m/2K. (6*21) 

Equation (6*10) can then be written 

jjr 

42 — — ns a[Z(w - a/2) Zs(u> - a/2) - Z(w; + a/2) + a/2)] 

7T 

— i ns a[Z(w +a/2) — Z(w— a/2)]. (6*22) 

As a check on the value of 42 it is first clear from (6-19) that 42 is oertainly 
finite for K'/2. 


*s 


VoL CLXX. A. 
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Further, Q is purely real when v = K'/2 i and from (6*22), when v — 0, 
f » IQ » - ns a[Z(w + a/2) - Z(u - a/2)] (0*23) 

to *, 

--ns a Za, 

a 

since Zsw is a real function. 

This, incidentally, shows that the value of the additive constant in the 
value of $ on C\, appearing in (6*7), is — mocZoc. 

The value of <p = EQ when v -■ 0 is needed in what follows, and from 
( 6 - 22 ) 

2K 

6 = .— ns oc[Z{u — a/2) Zs(u — a/2) — Z(u -f a/2) Za(u + a/2)]. (0*24) 

77 

Before proceeding to the calculation of the moment integrals M lf M s and 
L 2 we shall see whether the solution obtained satisfies the physical conditions. 

The values of <y u , fl 2J and ro 3 given by (6*8), (6*9), (6*10) and (6*19) are 
one-valued, finite and continuous functions of w for Q^v^K'j2. 

Since they are also periodic, with the period 2Jf, they are therefore one¬ 
valued, finite and continuous functions of x and y throughout the cross- 
section and on its boundaries. 

The same is true of their derivatives with respect to w. 

Now dwjdz also satisfies these conditions except at w = 0, w — K , that is, 
at the ends of the slit, where it becomes infinite. 

Hence all the physical conditions are satisfied except at the ends of the 
slit, where the stresses become infinite. 

This is a well-known result for cross-sections in which the boundaries have 
re-entrant angles, and will be discussed later. 

Some meaning, however, must be attached to the integrals in (3*18), 
(3*19), and this is done by taking the limiting values, if they exist, of the 
integrals over 8 with the ends of the slit isolated by small circles, as these 
circles evanesce. 

Now at a point near an end of the slit, | dwjdz | is of order 1 /\le, where e 
is the distance of the point from that end, and the derivatives d<j> x jdx etc, 
are also of this order. 

It then follows that the limiting values of the moment integrals exist, and 
from Green’s theorem are given by (3*20), (3*21). 

7. The moment integrals L %y M v 

Since the area 8 is symmetrical about both axes, we have from (3*15), 
(3*16), M x « M[ and L 2 - 



The flexure and torsion of an internally cracked shaft 381 

Since xdx + ydy is zero on tlxe circle the line integrals in (3-20), (3*21) are 
round the slit alone. 

From (6*2) 0 1O and #a 0 are zero on the slit and therefore 


M i = (xdx+ydy) = - j<f> u di/r 3 . 

(7-1) 

4 = -jxu(xdx+ydy) = - Jx*i#a. 

(7-2) 

M-j — — j<fi a (xdx + ydy) +J(a a + y 1 ) dS 


f , . 7T« 4 


= -J^S <¥» + Y • 

(7-3) 


When the integrands are expressed in terms of u the limits must be such 
that u increases by 2K, since the area is kept on the left in the line integrals, 
and may therefore be taken as —K, K. 

For brevity we write 

Z(u + a/2)Z$(u + oc/2)-~ Z(u~-o(,/2)Z$(u~- a/2) = Q(n,0L) = Q , (7*4) 

^ [Z(u + a/2) - Z(u - a/2)] = P(u, a) « P, (7-5) 

and denote differentiation with respect to a by accents. For the moment 
ns a will be denoted by n. 

From (6*23), (6*24) the values of and dijr on the slit are 

d\jr = — nPdu y 

, 2K n 
<p -- nU. 

7T 

Hence from (6*8), (6*9) and (6*10) 

#,«-p#(»'P+»P']dtt, (7-6) 

<f>* = - 2 -£~n[n'Q + nQ'), (7-7) 

2K 

<j> n “ - — gp n[(nn” + n'*) @ + 3nn'Q+n*@], (7*8) 


Xn 


2K2a* 

n 3 k 


n Q — Wu 


(7-») 


25-3 
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On making these substitutions in (7*1), (7*2) and (7-3), we have 

OJ 7 n t> 

M i . ~ n\(nn" + n'») (n'I w + nl 10 ) + 7 01 + n'»*(3/ n + I M ) + »*/„], 

( 7' 10) 

4 = - P4 (7-U) 

J4 = - Y V 2 4> + + 4) + n*I n ) + ^, (7-12) 

where l mn - f P^Qf^du. (7*13) 

J-K 

Now from (7-4) and (7-5) 

1 3 m+1 

^ - 2» 5FSi z (“ - “Ml 

® n) = 2^0U" + a ^ 2) Zs(M + a ^ 2) “ (- ) n Z ( u - a M Za ( u - «/2)3. 

Hence 2 m+n i mw 

/*A 0m+l 0n 

= J _ K g^Ti + a / 2 ) “ (~ ) m £(« “ a/2)] g—2(« + «/2) Zs(u + a/2) d« 

r-K gm+] 3» 

- (- ) n J k [£(« + a/2) -{-) m Z(u- a/2)] ^ Z(« - a/2) Z«(» - ot/2)du. 

After obvious changes of variable we have, since the integrands have the 
period 2K, 

rK gm+l fin 

2 m+n 4« = [Zu-(- r Z(u - a)] — ZuZau du 

fK 0m+1 fJn 

~ (- ) n J _ K famti t Z ( u + a) ~ (~ ) m ZuJ^ZuZsu du. 

On combining these terms and integrating n — 1 times by parts, 

(*K 0m-fn 

2 m+n J mn m j ^ __ [Z (u + a) + (- ) m+n Z(u - a) -{(-)"*+( - )*} Zu] 

d 

x-^ZuZ«udu. (7*14) 

The integrated terms vanish in virtue of the periodicity of the integrand. 
Write 2,0’(a) *= J [Z(« + a) +Z(u-a) —2Zw]^ZttZ«ttrf«. (7-16) 
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It then follows from (7-14), (7-15) that 

2 m+n I mn = 2KF m+n) (a) -(-)"* 2KF ( - m+n) (0). (7-16) 

The factor (— ) m in the second term might equally well be (— ) w . 

There is no ambiguity because F(a) is an even function, and F m+W (0) is 
therefore zero unless m -f n is even, in which case (— ) m — (—)". 


From (7-16) we have 

IJ2K = F(a), (7-17) 

IJ2K = F'(cc)/ 2 = IJ2K, (7-18) 

I 0 J2K = f F"(a) - F"( 0)]/4, (7-19) 

I n /2K = [F(a) + F'(0)]/4, (7-20) 

I n /2K = F m (ot)/ 8 . (7-21) 


On substituting from (7-17) etc. into (710), (7-11) and (7-12) we have 

2Ka* 7 tci^ 

Jf 3 = - ~ n a [«,' a F(a) + n'nF'(oc) + n*{F”(a) + F'(0)}/4] + ~, (7-22) 

Ka & 

M l = n*l{nn” + n ,2 \{n'F(a) + nF'(a)/Z\ + 3nn'*F'(<z)/2 

+ » /a n a {F w (a) + F*(0)/2} + » 3 F'"(a)/8], (7-23) 

±Ka b M 

L 2 = —+ (7-24) 

From (7-22) and (7-23) it appears that 

M 1 = (7-25) 

8 . The evaluation ok F(a) 

Let I * ~-.j^O{w)dw, (8-1) 

0(w) = [£(m> + «) + Z(«) - a) — 2l?w] Zw + ~^Zaw 

+ ( Zlw+ mfii Zw ]’ (8 ' 21 

and r be the rectangle whose sides axe v = 0, v = 2 K', u * ±K, indented at 
0 and 2 iK’ by equal small semicircles so as to include w = 0 and exolude 
v> m 2iK'. 
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Let L denote the real axis (v — 0) from — K to K, with the small semicircle 
at the origin. 

In virtue of the periodicity of the integrand we have 

1 = ~ f [G(u) - 0(u + 2iK')]du. (8-3) 

From (6-15) it follows that 

G(u) - G(v. + 2iK') = *~[Z{u+cl) + Z(u-a)~2Zu]~ZuZ«u. (8-4) 

Hence, from (7*15), (8*3) and (8*4) 

F(a) « 1/2, (8*5) 

From (8*1) I is the sum of the residues of G(w) at its poles within F, 
Since 0 < la < K r these poles are iK' ± a, 0 and iK 

For brevity we write R 1 — K/K f ma = s (and ns a — w, as before), E 
being the complete elliptic integral of the second kind. 


Then 

Z'<x = 4-Zat~ JR-kW 
da 

(8-0) 

and 

Z'sa = ~ Zsa = B—n*. 
da 

(8-7) 

Now if w is 

small we have 



Zw — wR + 0(u?), 

(8-8) 


Zsw — ljw + 0(w). 

(8-9) 

From (6*21) 

Z(w ± iK f ) = Zsw + ni/2K , 

(8-10) 

and 

Zs{w ± iK f ) - Zw + m/2K. 

(8-11) 


The residues of G(w) at iK' ± a can be written down at once, since the poles 
are simple poles arising from Z{w — a), Z(w + a), respectively. 

They are each equal to Z*saZ'a + Z 2 aJZ f sa, 

When w is small, we have from (8*6) etc,, 

Z(w + a) + Z(w - a) - 2 Zw = w[2Z'a - 2 R) + 0{w*) 



The flexure and torsion of an internally cracked shaft 385 


Hence the residue of 0(w) at w = 0 is - 2fc 2 * a | 
Now 


0 + i?-.]- 

Q(w -f iK r ) = [Z&(w+ a) 4- Zs(w — {x) — 2Zsw]^Z 2 sw^Ziv + ZPw-^Zsw^. 
When w is small we therefore have 

0(w + iK') = +0(])]. 

The part of the residue at iK* which depends on a is 
2 RZ'sa = - 2 A ns 2 a + 27? 2 . 

Taking half the sum of the residues we have from (8*5) 

F(ol) ~ ZKsaZ'cc + Z 2 xZ'sa - *[■»* + iW] - 7r 2 W/4A 2 + G\ 
where C is a constant. 

After making use of (8*6) and (8-7) we find that 

F(oc) = [l + P — 2 R] [Pan 2 a - Z 2 a] — [Z<x cn a ds a — Z'a] 2 — ~- 2 & 2 sn 2 a. 

( 8 - 12 ) 

The constant C is disposed of by using the fact that F( 0) » 0. 

The moment integrals given by (7*22), (7*23) and (7*24) can now be 
calculated by straightforward but rather laborious differentiation. 

We find that 

[**< 1 + & - 2A) P(a) - (14- A- 2 - A) * P 2 (a) - P'*(a)) + to*, 

(8*13) 

M x = - -f - nsa P'(a) [fc 2 ( 1 + *• - 2P) - 2( 1 + P - P) P(a) - JP'fa)], (8-14) 


8 KW 
37rifc 8 


P(a)[(l +k s — 2P)nsaZa-ena dnaP(a) — snaP'(a)]- JJf,, 


(8-15) 

where P(a) = ns 2 a[cn a ds a Za - P] + &*, (8-16) 

P'(a) *= ns 8 a[3Pcna dna-{3-2(l + & 2 )sn 2 a + 4*sn 4 a}ZansaJ 

— Pcnadsa, (8-17) 

P"(a) «e 4[3ns 4 a- (1 + fe 2 )ns 2 a] Za cna dsa + 2fc 2 [2ns*a—(1 + &*)] 

— 4P[3ns 4 a —2(1 +i;*)ns 8 a+ib # ]. (8-18) 
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The relations between a, k and the dimensions of the slit can be obtained 
from (4*2). 

If we write x x - ~ c'a, x 2 = ca, so that the slit overlaps the centre of the 
circle if c f is positive, we have from (4*2), 

Jt* (c + e')/(l+<*'), (8*19) 

sna = 2 •Je ?/(c + c'). (8*20) 

a is real if the slit overlaps the origin, and purely imaginary if it does not. 

In the latter case we should have to apply Jacobi’s imaginary transforma¬ 
tion to the elliptic functions in order to find their values from tables. 

9. The symmetrical case 
When the slit is central we have c ' = c. 

Hence a * K and k « 2c/(l -he 2 ). (9*1) 

Since ZK * 0 and on K ~ 0 we have also 

P(K) ~ k 2 — R - EjK — k'\ and P'(K) « 0. 

Hence « 0, Z, 2 » 0, which is to be expected, and 

Jf s « - E(E- k’*K) (1 -BIK) + na*. (9-2) 

The torsional rigidity is 

10. The slit starting from the centre 
In this case we have c' =* 0. 

Hence a * 0 and Jfc * c. (10*1) 

The values of P( 0), and [ns aP'(a)] a _ 0 = P*(0) can be found from (8-16), 
(8-17) and (8-18), which can be written in the form 

P"(a) « - 4( 1 + Jfc*) P(a) + 4 ns* a[3P(a) - 2/fc*+(1 + jfc*) B] 

+ 2Jfc*(l+Jfc*-2I?). (10*2) 
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Since the right-hand side must have a definite value when a-> 0 and 
ns a -> ao we must have 

P(0) = [2jfc 2 -(l+jfc a )jR]/3, 

- [(i+ V)E-v*k\i*k. (iosy 

When a ->• 0, 

ns s a[3 P(a) - 2k 2 + (1 + k 2 ) R] = 3 ns 8 a[P(a) - P(0)] -> 3P"(0)/2. 

Hence from (10-2), when a 0, 


P"{ 0) = [4(1 + k 2 ) P(0) - 2P( 1 + *• - 2P)]/5, 

= 2[2(1 — k 2 k' 2 ) P — (1 + k’ 2 ) k' 2 K]/l5K. (10-4) 

For brevity, put (1 + k 2 ) E — k' 2 K ~ A, (10-5) 

2(\-k 2 k' 2 )E-(\ + k' 2 )k' 2 K = B, (10-6) 

2E — k' 2 K = C. (10-7) 

Then since P'(0) = 0, and Lira [ns a P'(a)] = P'(0) we have 

a 0 

iWg - --*~A[M 2 C-(l+k 2 -R)A] + na*, (10-8) 

4 

M, - “ 225^5 10(1 + F - PM - P], (10-9) 

L, - A[3G\R-(10*10) 

From (3-22) the associated twist r„ corresponding to the load IF' along the 
axis of y in the end section is 

Tq = -2W'(L t + <tM x ) I it fia*M 3 , ( 10* 11 ) 

and the centre of flexure is on the axis of x at (/„, 0), where 

fo = 2(L t +a-M^lna*, 

since in this case /' = na*/4. 


A table of numerical values of the moment integrals is given below for the 
oases of §9 and §10. 

The angle 6 is the modular angle, or k = sin 6. 

Hence in § 9, the length of the slit is 2ca, and from (9*1) this is 2a tan (d/2). 
In the case of § 10 the length of the slit is ca, and from (10*1) this is a Bin 6. 
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The values of the elliptic integrals are taken from the “Smithsonian 
Tables of Elliptic Functions”, 74, No. 1. 

§9 §10 


0 ° 

tan { 0 / 2 ) 

MJa * 

sin 0 

MJa * 

2 LJna * 

2 Mjna * 

90 

1*000000 

0*595114 

1*0000000 

0*878056 

— 0*401124 

-0*057640 

85 

0*9163312 

1*257085 

0*9961947 

1*173960 

-0*285295 

-0*019968 

80 

0*8390996 

1*358236 

0*9848078 

1*239423 

-0*240329 

-0-011693 

75 

0*7673270 

1*427062 

0*9659258 

1*292632 

-0*214423 

-0*005149 

70 

0*7002075 

1*473048 

0*9390926 

1*339836 

-0*186659 

0*000304 

65 

0*6370703 

1*604624 

0*9063078 

1*382667 

-0*158945 

0*006020 

60 

0*5773503 

1*526512 

0*8060254 

1*421407 

-0*133010 

0*008004 

55 

0*5205671 

1*541681 

0*8191520 

1*455853 

-0*109957 

0*010087 

50 

0*4663077 

1*552116 

0*7060444 

1*485671 

-0*088067 

0*010962 

45 

0*4142136 

1*559193 

0*7071068 

J*510607 

-0*068212 

0*010730 

40 

0*3639702 

1*563891 

0*6427876 

1*530558 

-0*050688 

0*009597 

35 

0*3152988 

1*566911 

0*5735764 

1*546722 

-0*036749 

0*007856 

30 

0*2679492 

1*568771 

0*5000000 

1*556517 

- 0*023508 

0*006839 

25 

0*2216947 

1*509848 

0*4226183 

1*503588 

-0014191 

0*003869 

20 

0*1763270 

1*570417 

0*3420201 

1*567731 

-0*007510 

0002207 

15 

0*1316525 

1*570730 

0*2588190 

1*509800 

-0*003249 

0*001011 

0 

0*0000000 

1*570790 

0*0000000 

1*570796 

- 0*000000 

0*000000 


It appears that in the case of § 10, when the slit starts from the centre, the 
moment M 1 vanishes when the length of the slit is about 0*94a, so that the 
position of the centre of flexure is independent of the elastic constant o\ 
For practical values of cr it is clear that the associated twist is positive, 
and the centre of flexure and centre of the slit lie on opposite sides of the 
oentre of the circle. 

In both cases taken the effect of the slit diminishes very rapidly as its 
extreme end recedes from the boundary. 


11. The limiting cask as fc->l 

From (8* 19) it is clear that k **> 1 as c 1, that is, when the extreme end of 
the slit approaches the boundary. 

It is to be expected from the form of the boundary conditions for the 
flexure functions that their limiting values would give the solution for the 
circular cross-section with a slit of any depth starting from the boundary, 
and lying along a diameter. 

Since sn a and Za each tend to the value tanh a it is clear from the remark 
following (6*23) that the boundary values of ^ « IQ become « 0 on the 
circle and yjr * xja -1 on the slit, so that there is continuity at the junction 
z « a of the two parts of the boundary. It can also be verified that the 
relations (6*8), (6*9) and (6*10) hold good in the limit. 
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The solution of this problem for a slit of any depth does not appear 
to have been given in finite terms, but Shepherd ( 1932 ) has solved this 
problem, among others, in terms of infinite series. The writer has been able 
to derive the solution directly, in finite terms, and there is agreement with 
the limiting solution of the problem of this paper. 

In the special cases of § 9 and § 10 it is possible to make a comparison with 
known results. 

Since E~+n/2 and K — log(4/fc')~>0 as k -+\ we have 

(a) In the case of §9, 2/ta 4 (n/2 - 4/tt). This is twice the torsion 

modulus for a semicircle of radius a (Stevenson 1938 , pp. 193), which is to 
be expected, since the slit now extends across a complete diameter. 

( b ) In the case of § 10 , 

a\n — 64/97T), 

M x -> - eta */225 tt, 

- 612a 6 /2257r, 

and these are the known results for the complete radial slit (Stevenson 1938 , 
p. 194). 


12. Tice infinite stresses at the ends of the slit 

It was pointed out in § 6 that the solution obtained gives infinite values 
for the stresses at the ends of the slit. It is well known that the classical theory 
of flexure and torsion leads to this result at re-entrant angles on the boundary 
of the cross-section. Filon ( 1900 , p. 350) has pointed out that this does not 
neoessarily forbid our drawing conclusions from the value of the torsion 
modulus, and the same might be said of the other flexure moments. 

In the present case, one way of meeting this difficulty is to regard the 
slit as the limiting form of a flat oval curve with no sharp angles. A conve¬ 
nient form for the oval is the “ equipotential ” curve v = v y where v is small 
and positive, and this will be a smooth oval surrounding the slit and tending 
to coincidence with it as f-> 0 . 

We consider the cross-section bounded by the circle and this oval. 

By means of the results of § 2 it is not difficult to show that the complex 
flexure functions for this cross-section are continuous functions of v for all 
points in the cross-section and on its boundaries, without evaluating them 
explicitly, and that this is also true for their derivatives with respect to w> 
the continuity holding as y-> 0 . 

Hence one can show that the moment integrals are continuous functions 
of v as 
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Further, dw/dz is a continuous function of v as v-+Q, for all points on the 
cross-section and its boundaries except at the ends of the oval, which tend 
to the ends of the slit. 

Hence the derivatives of the complex flexure functions with respect to 
z are continuous functions of v as v -> 0 for all points of the cross-section and 
its boundaries except the ends of the oval. 

It follows that the displacements, stresses and moment integrals tend to 
the values found for the slit, except the stresses at the ends of the oval, 
and with this exception the results for the slit are very nearly the same as 
those for an oval closely surrounding the slit. 

I should like to record my thanks to Professor G. B. Jeffery for reading 
through this paper and to Dr T. Estermanu for some very valuable sugges¬ 
tions as to the method of deriving the result in § 2. 


Summary 

The Saint-Venant theory of flexure and torsion is applied to the bending 
and twisting of a cracked circular shaft by forces applied to its ends. The 
trace of the crack in the cross-section is a slit forming a segment of a diameter 
of the circle, and is not necessarily central. 

The treatment of the flexure problem follows a modification introduced 
by Stevenson ( Philos . Trans . A, 237) of the classical method, and in the only 
case in which the crack takes effect, which is when the load is transverse 
to the slit, the problem is to discover three potential functions having certain 
values on the boundaries of the cross-section, one being the classical torsion 
function. 

The method of solution is by a conformal transformation of the cross- 
section, followed by the application of an integral formula derived in an 
earlier part of the paper. This formula is the analogue for a region with two 
boundaries of the complex form of Poisson’s integral for a potential function 
existing inside a circle. 

The problem is completely solved in finite terms of elliptic functions, and 
the torsional rigidity, the position of the centre of flexure and the associated 
twist in the ease of flexure are also given in finite terms. 

Numerical values of these quantities for slits of different lengths are 
worked out in two cases, when the slit is central, and when one end is at the 
centre of the cross-section. 
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Flexure and torsion of cylinders with cross-sections 
bounded by orthogonal circular arcs 

By L. A. Wigglesworth and A. C. Stevenson 
University of London , University College 

{Communicated by G. B. Jeffery , F.R.8.—Received 2 November 1938) 

1. Introduction 

The Saint-Venant flexure problem for the bending of an elastic beam 
under a transverse end-load had recently been reformulated by one of us 
(Stevenson 1938 a) as the search for six canonical complex functions Q rf 
a> r (r 3 = 1 , 2 ,3), where 

Q r = Xr + %*=/( z ). (Z = X + iy), (i> r = <j>r + iftr, (1-1) 

such that Xr > fir satisfy the equations 

^(Xr-K) = 0 , f r ~F r = const., ( 1 - 2 ) 

round the boundary of the cross-section of the beam, where n denotes the 
normal to the boundary, and 

F 1 - i*», F, - \f, F a ~Ux> + y*). (1-3) 

Alternatively the boundary conditions via which the functions Q r are 
determined can be written 

X* + const., (1*4) 
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so that we have in general six Dirichlet problems to solve for the functions 

The functions i/r v ^/ 2 , are plane harmonic functions (i.e. solutions of 
d z \/r/dx z + d z }/r/dy z ~ 0 ), which, together with their first and second partial 
differential coefficients with respect to x and y are single-valued, finite and 
continuous throughout the cross-section. The combinations 
X$-kx* satisfy the same requirements, the co-ordinates of the centroid of 
the cross-section being (A, k ), but the plane harmonic functions x* > X* > X » 
separately are in general many-valued, being cyclic functions with cyclic 
constants 2 hS, 2 kS, 28 respectively, where 8 is the area of the cross-section. 
These conditions must be satisfied to yield both displacements and stresses 
which are single-valued, finite and contimious across the cross-section, and 
if they are satisfied (with the possible exception of the occurrence of an 
infinite stress at a re-entrant angle on a boundary) the solution will be termed 
the physically admissible solution. 

Unlike the classical Saint-Venant flexure functions (see for example 
Love 1927 , p. 332), which are determined from boundary equations whose 
form is only valid for principal axes at the centroid of the cross-section, the 
canonical functions Q ri <o r are determined from the boundary conditions 
( 1 - 2 ), in which there is no restriction upon the choice of origin or of axes. 
Since \}r. A is Saint-Venant’s torsion function, it will be realized that in general 
the torsion problem is an integral part of the flexure problem. A number of 
complete and exact solutions of the Saint-Venant problems of flexure and 
torsion for various cross-sections have been discussed by the present 
authors with the aid of these canonical functions (Stevenson 1938 a, 6 ; 
Wigglesworth 1938 ), and it is the aim of the present paper to add the 
solution for a new family of cross-sections. 

The cross-sections considered are bounded by arcs of two orthogonal 
circles, and the methods of conformal transformation are used to obtain 
the canonical functions, and it will emerge that although the torsion 
problem for the circular cylinder with orthogonal keyway has been con¬ 
sidered separately by previous investigators (Gronwall 1919 ; Shepherd 
1932 ) the present investigation, besides giving the flexure solution, which is 
new, also leads to simple and interesting results previously unsuspected in 
the torsion problem, and further, it extends the results to lenticular cross- 
sections. 

Formulae are found in terms of elementary circular functions for the 
torsion moment of the cross-section and the moment integrals in the flexure 
problem through which the twist associated with the centroid as load-point 
is expressed. These complete the relation of the constants of the solution 



393 


Flexure and torsion of cylinders 

with the external twisting couple in the torsion problem and with the load 
in the flexure problem. An alternative correlation of the external force 
system with the constants of the mathematical solution is to give, in 
addition to the torsion moment, the co-ordinates of the load-point which 
result in the vanishing of the mean twist taken over the cross-section, i.e. 
the centre of flexure. Formulae are given for the determination of this 
point. If the elastic constant in these is set equal to zero, the resulting co¬ 
ordinates are moreover known to be (Stevenson 1938 c) the load-point for 
which, for a given load, the elastic beam possesses minimum strain energy, 
which point we term the “centre of least strain 5 '. 


2 . Analytic al description of the boundary; 

AI rXTLTARY TRA NSFOH M ATI ONS 


We choose origin and axes in the 2 -plane (the plane of cross-section, 
z = z + iy) in such a manner as to achieve a simple analytical description of 
the boundary, and apply successive conformal transformations which 
preserve this feature. 



Fig. 1. z-plane, 0<a<£7r, circular Fig. 2. z-pl&ne, 
section with orthogonal keyway. lenticular cross-section. 


The equations of the bounding ciroular arcs in the 2 -plane are accordingly 
taken to be given by 

|*| = a, 12 —aseca| *= atana, ( 2 * 1 ) 

so that, for 0 < a < In, we have the cross-section of a circular cylinder with 
an orthogonal circular notch or key way, as in fig. 1 , subtending an angle 
2 a at its centre 2 - 0 , becoming a cylinder of semicircular cross-section for 
a ~ | 7 r, whilst for \n < a < n the cross-section of the cylinder is lenticular as 
in fig, 2 * Apart from the complete circular cylinder given by a ® 0 , this 



384 


L. A. Wigglesworth and A. C. Stevenson 

family of cross-sections contains one member, namely, that given by 
a = | rr, which possesses two axes of symmetry. 


The transformation 


z — 1 

a ** t — e~ icc 


( 2 * 2 ) 


maps the region within the boundary in the z -plane conformally upon the 
positive quadrant in the 2-plane (fig. 3), where the arc BAB ' of the circle 
| z | s* a corresponds to the positive real axis, and the arc B'DB of the 
indenting circle corresponds to the positive imaginary axis in the t -plane. 



( 2 * 3 ) 


then maps the positive quadrant in the 2-plane upon the interior of the 
circle | £| « 1 in the £-plane (fig. 5). Finally, the transformation 




(2*4) 




Fig. 5. f-plane. 


Fig. 6 * Contour for evaluation of F(/?). 
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maps the positive quadrant in the f-plane upon the infinite strip 0 < v < \n 
in the w-plane (fig. 4), the boundaries v = 0 , v =s J n , corresponding respec¬ 
tively to the indenting oircle and the boundary | z | = a in the z-plane. 

We find it convenient to use the angle /?, where 

iff-a. (2*5) 

From ( 2 * 2 ), (2*4) and (2*5) the relation between z andrcr is then given by 


z . sinh i(TU“ ifi) 

a cosh + 


( 2 * 6 ) 


and from (2*3) and (2*4) the relation between £ and m is given by 

_ sinh 2m - i 
* ~~ cosh 2 to 


(2*7) 


3. Solution of the Dibichljst problem 

The Dirichlet problem, which consists of finding so that \Jr takes 

prescribed values Yo on the boundary C of the cross-section, is well known 
(see for example, Forsyth 1918 , p. 467 or Villat 1929 , p. 10) to have the 
solution in the £-plane given by 

i r'2n I . fp—iO 

4 + W = /(£) = *0 + 2n TTgF® d6> (3-,) 

where a 0 is a real constant, and round the boundary | £ | = 1 in the £-plane 
we have £ = £' = e ie , Since separation of equation (3*1) into its real and 
imaginary parts leads to Poisson’s formulae for <}> and \jr y we shall refer to 
variants of the complex integral in (3*1) as Poisson integrals.* We next 
proceed to a more complete use of the complex variable to obtain convenient 
fonns of the Poisson integral in the £-, and rrr-planes. 

Along the boundary C in the £-plane, <££'/£' = idd, so that an alternative 
form of (3*1) is 

</> + »y - /(£) * <*0 + j” JVo - jr > (3-2) 

in which ^ 0> originally a function of Q, is now supposed expressed in terms of 
£'. To find a convenient form for the Poisson integral in the w-plane, from 
(2*7) we have 

«?£'/£' = -2idm r /cosh 2 m', 

* A fonnula equivalent to (3*3) is referred to by Milne-Thomson 1938 p. 278, as 
tiie formula of Schwarz. 


VoLCLXX. A, 
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where -m = trr' along the boundary, and 

£ + £' , cosh (m + tu') 

£-£' ~ * ainh^-TBy 

so that, being expressed in terms of m\ 

. If , ooshto + TB') dm' 

<f> + ^V - oc Q c v> 0 ^ ^ cog ^ 2w?' * 

which reduces to 

6 + iijf ss= a/,— I t^ 0 ooth(TB~TB')du7', (3*3) 

77 JO 

where is a complex constant. This we can take to be zero without loss of 
generality in these elastic problems, since for cylinders having a single 
boundary, the constant value of \jf r — F r on the boundary is immaterial, and 
<f> T — const, merely means a rigid body displacement parallel to the generators 
of the cylinder. This form of the Poisson integral in the tb- plane proves most 
useful. Actually, the results for the moment integrals of §6 were first 
obtained by evaluating the Poisson integral in the £-plane, which can be 
reduced to the form 

(3 ' 4 ’ 

dropping an irrelevant constant, \j/ Q being supposed expressed in terms of 
t\ where t » t' along the boundary C. 


4. The canonical boundary conditions 


The mode of procedure in discovering the flexure functions will be to 
write 

ii r * Q r0 + Q rl , w r = «*, + oj rJ ( r = 1,2,3), (4-1) 


where are the canonical flexure functions for the complete circular 

cylinder, which are known to be (Stevenson 1938 a, pp. 183, 184) 


w 10 = ta*s/4 + i2 3 /12, w J0 * a*z/4-z a /12, 

Q k *= 3a a z/4 + 2 3 /12, Q w * -3*a**/4 + *2 8 /12,j 


(4*2) 


and we take <o m = const. * £a 8 for oonvenienoe. The function Q w , whioh 
was not required for the complete circular cylinder, we find from (1*4) with 
r = 3, to be such that 

<4-3> 


Xao « + oonst. 
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along the boundary z ~ a i.e, [ z | = a. (<? is not to be confused with the 
6 in the £-plane.) 

The solution 

Q ^ =* a 2 log{(z —a sin ft) (z-~ a cosec ft) ja 2 }~nia 2 (4*4) 

satisfies this boundary condition and has no singularity inside the notched 
cross-sections for which 0 < ft ^ In, but does possess a logarithmic singularity 
inside the lenticular cross-sections (~~\n<ft< 0 ) at the mid-point N of the 
chord BB', where z ~ a sin ft. This singularity will later be shown to dis¬ 
appear from the combination fi 30 + 

The boundary conditions for the functions Xn> \p rX will then become, 
along | z J * a, 

Xrl = frl = () > ( 4-5 ) 


and we next find the boundary values of the functions along the portion of 
the boundary \z —a cosec ft \ — a cot ft , which has the cartesian equation 


x 2 + if 1 — 2a* cosec; ft 4- a 2 — 0 

(4-fi) 

From ( 1 - 2 ), (1*3) and (4-2) we find 



in *= ix(x 2 + ?/ a -« 2 ) 

— £a#(£co 8 ec/?--a), 

(4-7) 

i%\ = &(** + ?*-«*) 

— iay(xcosec//— a). 

(4-8) 

in = \{x*+>f - « 2 ) 

» a{xco$ecft — a). 

(4-9) 


on making use of (4*fl), 

From (1*3), (1*4), (4*1) and (4*2), eliminating y by means of (4*6), the 
boundary condition for x*i becomes 

X* x = — |a:r(;r cosec/? — a) 4* a 2 sin ^(x cosec y? — a), (4*10) 


adjusting the constant so that the values of Xu on the boundary of the 
indenting cirole are continuous at B and B' with their zero values along the 
boundary \ z\ - a. 

Now from ( 2 - 6 ) we have readily 


z 2 -a 2 


'la 


Sz 

dp’ 


(411) 


whence, if z 


or 


x-iy, 

z(z 2 — a 2 )-t-z(z 2 -a 2 ) 


(z + z) (zz-a a ) 


n » 3 - 
— 2 a cos p wqZZ, 
op 


■ 2a cos p^ (zz—a 2 ), 
op 


26-3 
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whence x(x 2 + y % - a 2 ) * — a cos p^ {x z + y z — a 2 ). 

Again (2*6) can be written 

z - a sin p ~ ai cos /? tanh J (tit -f i/?), 

and we readily find 

dz 

z % — 2az sin p + a 2 = — 2ai cos fi , 
from which we deduce in like manner that 

(z-z) (zz — u 2 ) *s —2flficos/?^(zz~a a ), 


(4-12) 

(4-13) 

(4-14) 


or 


y(x 2 + ]( l — a 2 ) = — a cos /? — (a; 2 + ?/ 2 — a 2 ). 


(4-15) 


It is now clear from (4*7)—(4-10), with (4*12) and (4-16), that along the 
indented boundary v — 0, 


\}r n = -iacos^p^ 31 , 

d 

fn 

Xai = -f u + a sin/S ^ai + const., 


(4-16) 

(4-17) 

(4-18) 


and note that in virtue of (4*5) these hold round the complete boundary. 
Further from (4*9) and (4*13) 


or 


i/r n — cosec/?(# — a sin/?), 

V^3i * \ a *i °ot P [tanh £(«' 4* i/?) - tanh |(w' — ip)], 


(4*19) 


along the boundary v = 0, u = u\ 

From (1*3), (1*4), (4*1) and (4*2) we find 


whence 


A'n = jx i dy - J a?y - &('ix 2 y - y 3 ) + const., 

s # - 


From (4-14), using (4-6), we find 
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round the indented boundary, so that 

a (x 2 + y 2 ~ a 2 ) = a cot fi x(x 2 + y 2 - a 2 ) ~ see ft y 2 (x 2 + y 2 — a 2 ) t 
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from (4*15), hence 


a cot fix(x 2 + y 2 ~a 2 ) + ay^~(x 2 + 1 / 2 — a 2 ), 

ou 


a (a; 2 + y 2 — a®) = a cot /? x(x 2 + y 2 — a 2 ) + a ^ [y(a: 2 + y 2 —«*)] 


-a(a : 2 + y 2 -a 2 )|| ) 


2 */ ; 


or ~ (a : 2 + ?/ 2 — a 2 ) = £cot/?a;(a ; 2 + y 2 —a 2 )-|-^-[|y(a ; 2 + y 2 —« 2 )], 


so that as l cot fl x(x !t + y a —**) + £" [J y(-r 2 + y 2 — « 2 )|, 


or 


- 2 cot fi^r u + ^ r ' 


ax 

3m 


(4-20) 


along the indented boundary. 

From (2-6) we find 

z—a cosec/? = - a cot /? cosh J(tet — i/?)/cosh |(C7 + 1 /?), (4-21) 

hence from (4-4), (4-13) and (4-21) 
d£) 

JL° _ \u\2 cosech (m + ifi) ~ tanh $(m + ifl) 4 * tanh — ifi)\ 
dm 

so that along v = 0, u «* m', using (4*19), 

3i2 

= a 2 cosech («' +i/9) + a tan /? i/r n , 

OU 

whence = tan/f^ai - Ja 2 x[cosech (m' + i/?) - cosech (m' - */?)]. (4-22) 

But from (1*4) and (4*14) 

3v? 3 m 3* 

l£~ X Z-u- y W 

X 

= JseC/ff- (a; 2 + y 2 - a 2 )—a tan /?(# cosec/?—a), 
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so that, from (4-7) and (4-0) 

| boo $ f u - tan ^ y!r si , 
whence, from (4*1), (4-10) and (4*22) 

<*•»> 

along the indented boundary v — 0, u ~ u\ where satisfies the boundary 
conditions along the indenting circle and \z \ = a respectively 

\jf A = £a 2 i[cosech (u + //?) - eoseeh (w/ — //?)],| ^ ^ 


5. The canonical flkxube functions 

If in (3-3) stands for one of the functions xfi > or ^ 4 > then in virtue 
of (4*5), (3-3) becomes 


Thus from (4*19) 


J C + co 

^ 4 - i\jr a- coth (tu — a') da'. 

71J - oo 


(5*1) 




31 


1 /* + *> 

= - „ a 2 i cot /? I coth (to — u') [tanh £( u' + if}) — tanh £(a' — if})] du\ 

J — 00 


(5-2) 


and from (4-24) 

1 C + ® 

w 4 - - — a 2 t ooth (m - u’) [cosech (u' + i/3) - oosech (u' + i/9)] du', (5-3) 

to J ~ oo 


and when these functions have been calculated we have, in virtue of (4-10) 
and (4*18), 

<0 n « 


U 21 a — (o u -f* ft sin ^ w 3 j. 
Further, the relations w 21 — — cos ft -g—, 

+ 2 oot^w u , 

uXU uW 


ao, 

&nr 




w 4 -(2tan£+|jj w,!, 


(6-4) 

(5*5) 

(5*«) 

(5-7) 

(5*«) 
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reduce to the boundary conditions (4*17), (4*20) and (4*23) respectively 
when m « u* simply. 

Hence from (5*4), (5*7) and (5*8) 


Q n = w 2 i — a cot fi cos fi^ | jto zl dm j , 
Q zr = jto 4 dro- cos 2 /?^|sec 2 /?j6> ai </mj, 


(5*9) 
(5 10 } 


are the solutions for Q 1V Q sv provided they are physically admissible 
solutions, i.e. lead, in appropriate combination, to single-valued, finite and 
continuous stresses and displacements across the cross-section, for they 
satisfy not only the boundary conditions (4*17), (4*20) and (4*23), but also 
the boundary conditions (4*5). 

We next calculate the Poisson integrals (5*2) and (5*3). Since 
coth (to — u') ~ A{coth \(w — u') 4- tanh i(m ~ a')}, 
and tanh A tanh B » (tanh A 4 tanh B) coth (A 4 B) — 1, 

coth A tanh B ~ (coth A 4 tanh B) tanh (A 4 B) — 1, 

we have 


coth (ter — vf) tanh \(u* 4 ifi) 

= ijoofch ~ »') 4 tanh l(u' 4 ifi)} tanh £(or 4 ifi) 

4 l{tanh \(w - u f ) 4 tanh l(u' 4 ifi)} coth £(tn 4 ifi) — 1. 
Also we find readily 


/* 00 

J tanh — «') rfw' — 2m, 

/•+« 

I coth \(m - u’) du' = 2(07 - rti), 


(Ml) 

i 

(5-12) 


and we can replace m in (6*11) by ±ifi to obtain the remaining integrals 
required in evaluating (5*2), leading to 

« 81 = - i a* oot fi (tanh \(m + ifi) - tanh £(U 7 - ifi)} 
a a 

— i — oot fi {(u 7 + ty?) coth (nr + i/J) — (w — »/?) coth (w — ifi)}. (5-13) 

To evaluate (6-3) we integrate 

coth (m~w') {cosech (m‘ + ifi) - cosech (nr' — ifi)} 
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round the boundaries v f =* 0 , v* «= tt of an infinite strip of twice the width of 
the transformed cross-section in the m-plane. The integrand merely changes 
sign when vf increases from vf to u f + in, so that 

/*co 

2 ooth {w - u f ) (cosech {u' 4 - i/3) — oosech (u f — if})} dv! 

J — <» 

“ 27n{sum of residues at the poles m' — m, iyff, t(?r-/?)}. 

The residues at these poles are respectively 

— {oosech (m 4* - cosech (m — i/?)}, - coth (m -t/?), — coth (m 4- 

whence (5*3) becomes 

gj a = - Ja 2 {coth \(w + i/?) 4 * tanh |(t?r - if})}, (5-14) 

and [(o^dw — ~a 2 log {sinh |(t 37 4 * ifi) cosh \(m — i/3)}. (5* 15) 


This allows us to simplify the expression for £? 3 , for from (4*1), (4*4), (4*13), 
(4*21), (5*10) and (5-15) we find 


fi 3 = 2 a 3 log sech l(m + i/3) — cos 2 


p(sec a /? Jw sx dw), 


(5-16) 


dropping an irrelevant constant. Note that the logarithmic singularity at 
z « a sin/3(m = -i/3), occurring in f ? 31 and falling within the lenticular 
cross-sections, has disappeared satisfactorily. 

The function J (*) u dm cannot be integrated completely in finite terms, and 

is best used in the integral form. Of the functions x*> x*, both X* &nd;$ 

are cyclic functions with cyclic constants 2 hS and 2 $ if they are the correct 
solutions, and the combination x*~hx* * 8 single-valued. There is no 
difficulty in showing that, for these cross-seotions, 

8 - Jd# » a 2 {^ 7 T 4 -/? 4 -cot/?(l -f/ootf})}, (5*17) 

hS = Jxtf# - — a 8 cosecy? cot 2 /?(/?- |sin 2 /?) (5*18) 

which gives h. 

The many -valued ness of Q x , Q z , qua functions of z, is associated with 
logarithmic singularities at B and B '; qua functions of w, this corresponds to 
their each having a simple pole at infinity. We must show that the residue 
of Q x — h£) % at this pole vanishes, i.e, that 


Oas «-*• ± oo. 
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rSJ,, d*<w a , a ( 

~z~ - - 1® cos A a^i ~ a008 ^ 


—^ = - a 2 tanh Aftzr -f i//) - cos 2 /? ^ (sec 2 /?a> 31 ), 

fTTTT Of) 

2a% 

and since from (5*13), w 31 ->— /?cot/?, as w ± oo, these give, after using 

7T 

(5-17) and (5-18), 

ao,, 2-SA SI2, 2S 


dm 7 t ’ dm n ' 

and since ^—>0 as + oo, so also from (4*2) Hence from (4*1), 

OW vW 

d 

^ (Q y — M? 3 ) > 0 , so that our solutions for £i x , fJ 3 are completely satisfactory. 

GronwalPs solution of the torsion problem was obtained via the conformal 
transformation upon the /-plane of fig. 3 and the appropriate Green’s 
function. This solution can be readily obtained from (3*4) and the boundary 
values of ft 31 in the /-plane, i.e. 

— 0 , along the real positive axis, 

fr _ 2 it* sin a along the positive imaginary (5-19) 

^ 3l ~ ~(7^F 7i ) ’ axis, / = /'( = — P), 

which leads to the Poisson integral 


- -isinaf 2 f .:; 
n J(t 


+ * ia y 


(5*20) 


where the integration extends only along the positive imaginary axis, 
Since it is not difficult to prove that, for n ^ 2, and a v a 2 , ot n all distinct 

f dt* n 

J w=^iw^r^(P-- o = r ?i Arlog (_ “ r) ’ 

where A r — residue of the integrand at a r , we find after some reduction, that 


Z 2 log t 

'i~WooB2* + i*' 


2 sin a 


«(!-**) 


1 — 2Z 2 cos 2a+ / 4 


;t““Gr a )> 


t i (co»2a-t t ) 

- 2 cos 2a + < 4 ’ 


(5-21) 


This is essentially equivalent to Gronwall’s form (Gronwall 1919 , p. 236, 
equation ( 6 )). The gain in symmetry and simplicity of form on using the 
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ni-plane is apparent on comparing (5*13) with (5*21). Shepherd’s solution for 
the torsion function is obtained via a different conformal transformation 
and does not lead to an expression in closed form, but to an infinite series 
derived from elliptic functions. 


0. The moment integrals 


In dealing with cross-sections of uniaxial symmetry there are three moment 
integrals to calculate (Stevenson 1938a, pp, 173, 175). These are given by 


where 


= + Mz~M's + ^{x* + y*)dS, ( 6 - 1 ) 

Z 4 * real part of jiz^—dS, ( 6 * 2 ) 

M' r ~ real part of jiz-^dS, (r = 1 ,3), 
which can be expressed as line integrals round the boundary 


^ = («*3) 

(r- 1.3). 


B’or this family of cross-sections, in addition to (5-17) and (5*18), we have 

J*x 3 d$ = $« 5 {cos 3 ft+7 cos /? cot 2 /? 

— | cosec /? cot 2 /?(7 cot 2 /? + 4 )(/?—$ sin 2/?)}, (6-4) 

J xy t dS - |a*{cos 3 /? cot 2 /?—f cosec /? cot 4 | sin 2 /fif)}, (6-5) 

J(a ; 2 -f y 1 ) dS = o 4 |^ - cot 2 /J - £ cosec 3 fi sin 3/?(/?—tan /?)|, ( 6 - 6 ) 

J y 3 dS - ^i 4 |~ + cot /?(2 - cos 2/?) — § cosec 2 /?(eosec 2 y?—2) (J3 — $ sin 2/#)j . 

(6-7) 

We write M‘ x ~ M’ 10 +M' w M' z = M' ao + M' ai , L' t = L' 10 +L 2l to correspond 
to the separation of u v w 8 , Q s into two parts, and calculate M' 10 , L’ w 
by means of (8-2), and M’ n , M av L’ n by means of (6-3). 
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Thus from (4*2), (6*4), ( 6 * 5 ), and (5*18) we find 


or 


— — 



3 xy 2 ) dS — £a 2 


J 


xdS, 


M j 0 /a 5 « l coseo/?cot 1 2 /?(2 + cot 2 /?) (fi - J sin 2 ft) 

— $ cos 3 cos 3 /? cot 2 /?. 


Also 

and 

whence 


U 


20 




M' 30 = 0 , 

— \ f (# a — 3 xy z ) dS> 
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( 6 * 0 ) 


L' zq /a 5 = J cosec/? cot 2 /?(cot 2 /?- 2 ) (/? - 4 sin 2 /?) 

— ^ COS 3 COS 3 /? cot 2 /?. (6*1 0 ) 

In the case of L' 2V we see from (5*5) that 

L^vsamnjlM'n-M'n. ( 6 * 11 ) 

Since ^ 30 — const. » J a 2 , we can replace in (6*3) by ^ 31 , and further, 
since ^ 31 = 0 along | z | = a, we have from (6*3) 

M' 31 =j*yj~^du', (6-12) 

the integrals being taken along the boundary \z — a cosec/?| =aeot/?, i.e. 
along w =* u\ v * 0 in the w-plane. 

Now ^ 31 = £a 2 t cot /?(tanh |a: — tank Jy), 

n 2 

$^ 3 i ~-t cot/?(x coth x— yoothy), (6-13) 


where we have temporarily put u' + ifi = x, and u' -ij3 = y, so that 

a; * y+2ifl. 

Hence from (6* 12) we find 


1 /T 4 /* *f <*> 3 

Mli ■» » ~ cot* /? {tanh -Jx - tanh (|x - ifi)} ■*—, (x coth x) du' 

2 7r J — co ^ 

-~ cot*/? J {tanh (fcy + t/tf) - tanh ~ (y coth y)dv', 

i a t 

whence ML = s — cot* /3 F(fi), 

Z 7T 


(6-14) 
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r*f ® 

where F{fi) — {2 tanh — tanh - ifi) 

J —00 

— tanh (\u + ifi)} ^ (a coth u) du , ( 6 * 15) 

following obvious changes of variable in the definite integrals. 

Also from ( 6 * 12 ) and (5*4) we find 

but from (6*13), 




.a* 


^ = - cosec 2 /? tan 0 31 - i~ cot fi (x coth x — y noth y ), 

op 7 T op 

a 2 d 

~ - cosee 2 /? tan /?^ 31 + — cot fi^~ t ( x coth x + y coth t/) ? 

7T <714 


and so J/J! = Ja cosec P + cos fi cot*// 0(/l), 

r +c0 f 3 3 1 

where Cr(//) = I |— [tauh \x — tanh ( Ax — ifi) \ (x coth x) j du' 

r+-(0 3 1 

+ J [g—,■ [tanh ( i.V+*'/?) - tanh \y] ^ (y coth y) J du’, 

r + ®(3 3 1 

= J ([tanh (\u+ifi) — tanh ( \u — (/?)]^ (m coth w) j du, 

_ ,.W 

- l 3/?' 

Hence, using ((M4), 

il/j, = — cos/?{cot a ft F'(fi) - 2 cot/? COSeC 2 /? F(fi)}, 

o 7T 


or 


M' n = - Jacos/? 


3y? 


(616) 


on using (6*14) again. 
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It follows from ( 6 * 11 ), (6*14) and (6*16) that we have only to evaluate 
F(ft) to obtain the explicit values of the partial moment integrals M' 1V 

L f %v To do this we consider j* f(m)dm round the strip bounded by m =» u, 

w ** u-h2in (indented at m = 0 , m = 2 in as in fig. 6 ), where 

d 

f(m) — {2 tanh \m — tanh ( \w + iff) - tanh ( \w — iff)} — {(ttr — ni ) 2 coth m}. 


Hence 


J f(m) dm = 2ni£, 


jf(m)dm = J {f(u)-f(u + 2ni)}du 


where £ ~ sum of residues of f ( m ) at the poles w = 0 , iri t ni ± 2 iff within the 
strip. 

But 
and 

f(u) -/(« + 2?ri) 

« - 47rt{2 tanh - tanh (\u + iff) - tanh (\u -f «*/?)} ( w u )* 

Hence, from (6*15), F(jf) ~ - 

Now the residue of /(nr) atro = ni is independent of fi , since 

d 

^ {(u7 — 7ri) a ooth nr} 

is finite and not zero, and the residue arises only from the term 2 tanh \w . 
The residue at m =* 0 is — 7 r 2 tan 2 /? and the residues at ni ± 2iff are each equal 


to — 4^ (/? 2 cot 2ft), whence 


i^y?) « |tt 8 tan 2 ff + 8 (/? cot 2 /? — /? 2 cosec 2 2ff) — 2 , 


(6*17) 


since from (6*15) we find the term independent of ft must ensure F(0) *= 0 . 
Hence (6*14) and (6*17) lead to 


M' n * — (£;r 3 - 4 cos 4 /? — cosec 4 /?(/? — J sin 4/?) 2 }, 
and then, from (6*1), ( 6 * 6 ), (6*9) and (6*18) we have 


( 6 * 18 ) 


M z «= — (|^ 2 -4cos 4 /?-cosec 4 /?(/?-^sin 4^) a } 


—a 4 {cot 2ft +1 cosec 6 y? sin 3/?(y?—tan ft)}> (6* 19) 



408 


L, A. Wigglesworth and A. Q. Stevenson 

so that the torsion moment ji tM% is expressed in terms of elementary circular 
functions. The same will obviously be true of the moment integrals M x and 

Lv 

We have from ( 0 T 6 ) and (6-18), after some reduction, 

M' 1X = - ^ cosec 3 /Scot 2 /?(/?sin 2 /?) 2 , ( 6 * 20 ) 

and then, from (0-17), (6-4) and (6-20) 

M x — <x a {cos/? cot 2 /? - | cosec/? eot 2 /?(l 4 * 3 cot 2 /?) (/? — J sin 2 /?) 

— ~ cosec 3 /? cot 2 /?(/? — £ sin 2 /?) 2 }. ( 0 - 21 ) 

Again from ( 6 - 11 ), (6*18) and ( 6 * 20 ), we find 

L' u ~ | 8 i n 4 cos 4 /?j — cosec 3 /?(/?— J sin 4 /?) 2 

4 cosec 3 /? cot 2 /?(/? — A sin 2/?) 2 j, 

or Lit — — {i: 7 r 2 sin/? - 4/? cos/?4 cosec 5 /? cos 2/?(/7 - J sin 2/?) 2 }, (6*22) 

7T 

and hence, from (6-1), (6-5), (ft-10) and (0-22), 

fit® 

L a = — { Jtt 2 ain fi - 4/? cos (i + cosec 4 /? cos 2/?(/i — | sin 2/?)*} 


+ a*{J cosec®/?cot* /? cos 2 /?(/?~ Jsin 2/?) -1 cos 8 /? cosec*/?}. (6-23) 

For purposes of computation we recast equations (6-19), ( 6 - 21 ) and (6*23) 
in the forms 



M 9 /a* = \n - A + ( 2 P - Q) sin /?, 

(6-24) 


MJa*^ (B-Q)cob*/3, 

(6-25) 


4 /o 4 = (Jtt - A) sin/?- (fi - JQ) cos*/?, 

(6-26) 

where 

P = (/? — J sin 2 /?) cosec 8 /?, 

(0-27) 

or 


(0-28) 

and 

G = (f-P- oos/J) cosec*/?, 

(0*29) 

or 

c -i( 9 + a^) p * 

(0-30) 
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and 

A = ^ {co8 4 /?-t-(|P + cos/?) 2 sin a y9}, 

(6*31) 


B = P—-P a sin/?. 

7T 

(6-32) 


Equations (6*28) and (6*30) are particularly useful in obtaining expansions 
for P and Q which lead to greater accuracy than is obtainable from the usual 
tables for small. Making use of the expansion (Adams 1922 , pp. 121 , 140) 

ytfcosec/? -1+2 -i- 5 -T-' B n p*, (6*33) 

where B n is the nth Bernoulli’s number, we readily derive 

P ~ f + l/P + + ifrhr/^ 6 + 3 ioTjVo/^ + * • • > (6* 34) 

= J -f f /? 2 + oA 4 +1 + *■ • f (6*35) 

which were used in obtaining those entries in Tables I and II for which 
|/?| < 20 °. 

We find also, for purposes of computation, that (5*17), (5*18) and (6*7) 
can be expressed in terms of P and as 


Sja 3 = \n +2(3-Pump, 

(6-36) 

hS/a 3 * — Pcos 2 /?, 

(6-37) 

I'/a* - i{in + sin 2 /? + sin/?(3P - Q)}. 

(6-38) 


Table I for the circular cylinder with orthogonal notch is constructed for 
every five degrees in a, where 2a is the angle subtended by the notch at the 
centre of the cylinder (see fig. 1) and the tabulated quantities are expressed 
in terms of the radius a of the cylinder. When a > $7r, so that the cross- 
sections pass through the semicircular shape to the lenticular shapes, we 
see that the cross-section becomes one of biaxial symmetry when a = \n y 
and for |tt < a < n we get the same shapes of cross-section as for < a < 
bat turned through two right angles and of different sizes. For this reason 
Table II for the lentioular cross-aeotions is only constructed for every five 
degrees in y(y *= n — a, see fig. 2) for & y > and it was thought better to 

express the tabulated quantities in terms of the half-length c of the common 
ohord of the intersecting circles, where 


c *■ osiny * a cos^J. 


(6-39) 
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As a partial check upon our formulae for M x , M 3 , L 2 , we find for = 0 

lim M a = a*(n 2 ~ 8)/2 tt, 

/?—> 0 

lim M x = - fg a 5 , lim L., - - fa 6 , 

and these are the correct values for the semicircular cross-section (Stevenson 
1938a, p. 193). 



Fig. 7. Circular cross-sections with orthogonal keyways, The torsion moment is 
jitM h for a twist r. The dotted curve gives Gronwall’s lower limit for the torsion 
moment. G is the centroid, F is the centre of flexure, barely distinguishable here 
from the centre of least strain S. OG ~ ~h, OS s= — p and the curves for — hia and 
—p/a exhibit the departure between G and S (or F) as a varies. 

With regard to previous investigations of the torsion moment, Gronwall 
found for the torsion moment M (= /itM^ in our notation) the inequality 

M > \iiT7Ta*( 1 - 4 tan 2 a), (6*40) 

for 0 ^ tan J, and gave no explicit formula for M, stating that the further 
integration of the double integral occurring in his formula for M (Gronwall 
1919, p. 240, equation (13)) is not possible in finite terms. In virtue of our 
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result ( 6 * 10 ) it appears that this is not the case. The lower limit for M is 
given by the dotted curve in fig. 7. 

Shepherd’s method leads to a series solution for the torsion moment, in 
which the coefficients are themselves derived from further series, and he 
gives one numerical result for the cross-section corresponding to our a « 20 °. 
Hefindsfor Cjfi 9 which is ourMJa 4 , the value 1*3447 (Shepherd 1932 , p. 617). 
This will be seen from column 1 of our Table 1 to be in practical agreement 
with our value to three of its four decimal places. 


7. The associated torsion 

When the load is resolved as ( W> W') along the x - and ?/-axes respectively, 
the resolute W ' perpendicular to the axis of symmetry results in a twisting 
of the cross-section, of amount varying with the load-point. It has been 
shown (Stevenson 1938 a, p. 178) that the mean twist r' taken over the 
cross-section, when the load-point is the centroid of the cross-section, is given 

by 

-r' - (W'/Er){d + r/e}, (7-1) 

where d = (L 2 -2hI')IM a , (7-2) 

e = d + (M 1 -hM 3 )IM a> (7-3) 

in which E, r/ are Young’s modulus and Poisson’s ratio respectively, and 
/' = for the cross-section. Tho quantities d and e are tabulated in 

columns 5 and 6 of Tables I and II. 


8, The centre of flexure and centre of least strain 

The load-point which results in zero mean twist taken over the cross- 
section, called the centre of flexure, is the point (/, 0 ), where (Stevenson 
1938 a, p, 178)/is given by 

f = p + <rq, (8-1) 

where p^L t /2J', q * (M x -hM a )l2r ,, (8-2) 

and or is the modified Poisson’s ratio used in generalized plane stress and 
given by 

(l-r)(l+?)-!, ((K<r*?i). (8-3) 


Voi, CLXX. A. 


27 
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The load-point which results in a minimum strain energy of the elastic 
cylinder, known as the centre of least strain, has oo-ordinates (p, 0). In 
cylinders of compact cross-section the influence of the elastic constant or on 
the value of the co-ordinate / is small, and the centre of least strain is very 
close to the centre of flexure. The coefficient q of cr is tabulated in column 4 
of Tables I and II and its smallness is particularly noticeable in the case of 
the lenticular cross-sections. In Table 1 for the circular cross-section with 



Table I. Circular cylinder with orthogonal notch 


MJa * 

— h[a 

-p/« 

-sr/« 

-dja 

— e/a 

0 

1*570796 

0-000000 

0* 000000 

0-000000 

0*000000 

0*000000 

5 

1*550071 

0*003428 

0*007038 

0*002748 

0*003658 

0*000442 

10 

1*498371 

0*012478 

0025821 

0*008027 

0*013983 

0*022395 

15 

1*427365 

0*025776 

0*053004 

0*013327 

0*029913 

0*044655 

20 

1*344872 

0*042384 

0*085669 

0*017635 

0*050313 

0*070812 

25 

1*256178 

0061639 

0*121452 

0*020669 

0*074000 

0*099571 

30 

M64882 

0*083056 

0*158553 

0*022478 

0*099776 

0*129483 

35 

1*073441 

0*106269 

0*195676 

0*023249 

0*126450 

01S9331 

40 

0*983532 

0*130993 

0*231948 

0*023202 

0*152865 

0*187996 

45 

0*896292 

0*157000 

0*266826 

0*022545 

0*177928 

0*214452 

50 

0*812484 

0*184099 

0*300015 

0*021456 

0*200633 

0*237770 

55 

0*732608 

0*212132 

0*331405 

0*020082 

0*220092 

0*267148 

60 

0*656977 

0*240958 

0*361008 

0*018533 

0*235555 

0*271920 

65 

0*585778 

0*270453 

0*388923 

0*016894 

0*240430 

0*281571 

70 

0*519104 

0*300607 

0*415301 

0*015220 

0*252301 

0*285705 

75 

0*456979 

0*331019 

0*440325 

0-013574 

0*252940 

0*284351 

80 

0*399385 

0*361896 

0*404195 

0*011969 

0*248310 

0*277303 

86 

0*346270 

0*393053 

0*487117 

0*010430 

0*238566 

0*205020 

90 

0*297567 

0*424413 

0*609296 

0*008972 

0*224047 

0*247727 



Table II. 

Lenticular cross-sections 


r° 


-A'/c 

- p'jc 

-9/c 

-d/c 

— e/o 

90 

0*297657 

0*424413 

0*509296 

0*008972 

0*224047 

0*247727 

85 

0*257042 

0*370160 

0*445474 

0*007630 

0*206047 

0*226921 

80 

0*226396 

0*318664 

0*384421 

0*006419 

0*185700 

0*203820 

75 

0*203130 

0*269413 

0*325649 

0*005317 

0*103252 

0*178087 

70 

0*185529 

0*221970 

0*208728 

0*004303 

0*138944 

0*151731 

65 

0*172395 

0*175958 

0*213288 

0*003304 

0-113072 

0*123202 

60 

0*162899 

0*131046 

0*158990 

0*002477 

0*085932 

0*093549 

55 

0*156475 

0*080932 

0*105544 

0*001620 

0*057836 

0*062890 

50 

0*152756 

0*043337 

0*052639 

0*000804 

0*045239 

0*047755 

45 

0*151538 

0-000000 

0-000000 

0*000000 

0*000000 

0-000000 


orthogonal key way, the values of h and p are tabulated in columns 2 and 3, 
and it will be seen that the centroid always lies between the centre of flexure 
and the indenting circle. In Table II for the lenticular cross-sections, we 
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give the position of the centroid and the centre of least strain referred to the 
common chord BB f of the two orthogonal circles as a new y-axis, so that 
their co-ordinates are (A',0), (p',0) respectively, where 

h' « A + ecoty, p' = p + ccoty, (8*4) 

and these are tabulated in columns 2 and 3 of Table II. It will be seen that 
the centroid of the lenticular cross-section always lies between the centre of 
flexure and the circular portion of the boundary which has the lesser 
curvature. 

The values of Jf 3 /a 4 , ~p/a, — hja are exhibited graphically in fig. 7 for the 
circular cross-sections with orthogonal keyways, and the values of 
—p'/c, — h'/c in fig. 8 for the lenticular cross-sections. 



Fiu. 8. Lenticular cross-sections. The torsion moment is firM z for a twist r. G is the 
centroid, F is the centre of flexure, barely distinguishable in this case from the centre 
of least strain S. NO = —hNS = — p ' and the curves for — h'/c and — p'/c exhibit 
the confluence of the points G, F, and S as y approaches in, when the cross-section 
is one of biaxial symmetry. 

A further partial check upon our results for M v Jf 3 is possible, since the 
lenticular cross-section given by y == 45° is a cross-section of biaxial sym¬ 
metry, for which the centres of flexure and least strain must of necessity 
coincide with the centroid and the associated twist r must vanish. Now we 
find from (5-17), (5*18) and (6*7) for y « i.e. J3 = that 

h = -o/V2, 2/' = a*^-|), (8-5) 

27 '* 
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whilst from (0*19), (6*21) and (6-23) we have 



so that M x — hM^ = 0, and L 2 -2hr « 0 also, and hence from (7*1)—(7*3) it 
follows that t' =s 0, and from (8*1), (8*2) and (8*5) we find that/ = p « A* 
satisfactorily. 


Summary 

This paper contains a complete solution of the torsion and flexure functions 
for elastic beams of cross-sections bounded by arcs of two orthogonal circles, 
i.e. it includes both circular cylinders with single orthogonal keyways, and 
cylinders of lens-shaped cross-section. The solutions are found by means of 
conformal transformation, 

The torsion and flexure moment integrals which relate the constants of 
the mathematical solution with the external force system applied to the 
beam are evaluated completely in terms of elementary (circular) functions. 
Although the torsion problem has previously been investigated, this result 
is new, and the flexure problem has not previously been solved. 

Expressions are found in finite terms of circular functions for the torsion 
moment, and also for the associated twist and the co-ordinates of the centres 
of flexure and least strain in the flexure problem. Numerical computation 
of these quantities has been carried out and their variations exhibited 
graphically. 
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Diffusion of long-chain sulphonic acids* 

By Evelyn Laing McBain 
Stanford University , California 

(Communicated by J, W. McBain , F.R.S,—Received 10 November 1938) 

The straight paraffin chain sulphonic acids are of extraordinary interest 
on account of their simple chemical nature combined with the whole mani¬ 
fold of soap-like behaviour which their solutions exhibit. They are like 
saturated fatty acids in which the carboxy group at the end has been 
replaced by the true sulphonic acid group S0 3 H. Being free acids already, 
they cannot hydrolyse. They are typical colloidal electrolytes like all soaps 
and many modern detergents. 

There are at present two chief conflicting interpretations of the behaviour 
of colloidal electrolytes, that of McBain et al, and that of Hartley et al . 
McBain and Salmon (1920), in defining the class of colloidal electrolytes and 
reviewing the osmoticas well as the electrical behaviour together with E.M.F. 
data, migration, and ultrafiltration, found it necessary to postulate the 
existence of two kinds of colloidal particles which he names neutral micelle 
and ionic micelle. Hartley (1936 b) and many others assume only one 
kind of colloidal particle with properties intermediate between McBain ’8 
neutral and ionic micelles. However, their interpretation has been based 
almost solely upon conductivity data neglecting thermodynamic data. 

The diffusion data here to be presented cannot be explained on the basis 
of one kind of colloidal particle. 

McBain’s neutral micelle has been confirmed by direct X-ray observation 
of clear transparent alkaline sodium oleate solution, both at rest and when 
streaming, by Hess and Gundermann ( 1937 ) as well as Krishnamurti ( 1929 ). 
It is a bimolecular leaflet, consisting of two sheets of neutral soap molecules 
with the hydrophilic groups outwards, an occasional one of which sets free 
its cation giving the particle the usual movement in an electric field together 
with a low equivalent conductivity. It is agreed that in extreme dilution 
the neutral micelle is wholly broken up into simple ions, but in quite low 
dilutions of the order of N/1000 these rather suddenly, at the “critical 
concentration for micelles” (Jones and Bury 1927 ), begin to associate into 
ion pairs and the still higher assembly, the neutral micelle. Their formation 

* A preliminary report of some of these results was read at the San Francisco 
meeting of the American Chemical Society in 1936 . 

[ 416 ] 
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is accompanied by an abrupt falling off in conductivity, lowering of 
freezing-point and ionic concentration as measured by e.m,f. The diffusion 
to be expected must likewise fall off very rapidly, both on account of the 
low mobility and of the lowered osmotic effect. 

The ionic micelle was envisaged as a small spherical aggregate of fully 
charged hydrated anions of extraordinarily high mobility on account of the 
operation of Stokes’s law, its conductivity being about w* times as great as 
that of the sum of the n individual ions (Howell and Robinson 1936 ). The 
value of n for such a particle could not exceed ten or twelve, since electro¬ 
static repulsion increases as The mobility of the ionic micelle of ordinary 
soap solutions was deduced as equal to 75 mhos at 25°, or that of potassium 
or chlorine ions, from comparison of freezing-point and conductivity data. 
Similarly for the straight-chain sulphonic acids the remarkably high value 
of 180 mhos, equal to that of the hydroxyl ion, was necessitated (McBain 
and Betz 1935 ). The ionic micelle probably begins to appear in extreme 
dilution, but it only becomes prominent and predominant above a con¬ 
centration of a few hundredths normal. 

Hence in complete contrast to the neutral micelle, the diffusion of the 
ionic micelle would be very rapid. Predicted then would be a rate of dif¬ 
fusion which in more dilute solutions would fall rapidly from the value given 
by Nernst for a fully dissociated uni-univalent electrolyte to a minimum 
in a few hundredths normal solution, which would then rise again to a 
comparatively high value. 

In the Nemst equation, the diffusion coefficient D for infinite dilution is 
D » 2RTj{ljV + 1/F), 

where D is expressed as cm. 2 /day and RT has the value 0*02300 at 25° if V 
and V are expressed in reciprocal ohms. It follows that for potassium 
chloride, D = 1*72, whereas that for a sulphonic acid completely dissociated 
into simple ions of mobility 350 and 35, respectively, would be only 1*46. 
If the anion has a mobility as low as 28, D for the fully dissociated acid would 
be only 1*19, because as is evident from the formula the diffusion becomes 
almost completely dependent upon the equivalent conductivity of the 
much slower ion. On the other hand, if it were possible to have nothing but 
hydrogen ions and ionic micelles of equivalent mobility 196 at infinite 
dilution, D would be 5*78. However, the expected value in actual moderate 
concentrations could be only a fraction of this on account of the low osmotic 
values and also because the ionio micelle is still in the presence of a large 
amount of neutral colloid. For comparison it may be recalled that the 
diffusion coefficient of dilute solutions of sucrose is 0*462. It will be seen that 
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the minimum values in the present paper lie at 0-3~0-4, and then are almost 
immediately doubled with increasing concentration. The osmotic driving 
force, activity, or Gibbsian potential, falls off readily with increasing con¬ 
centration to very low values as is shown by the thermodynamic data of 
McBain and Betz, McBain and Barker, and McBain and Walker. Therefore 
this would make it all the more difficult to explain the observed abrupt rise 
in diffusion without adducing the mobile ionic micelle of McBain. 

It may be noted that all the diffusion coefficients here presented are 
integral values obtained by diffusion into water. The integral diffusion values 
for the ordinary soap solutions, potassium laurate and sodium oleate (McBain 
and Liu 1931 ; Laing McBain 1933 ) do not show the abrupt increase in rate 
of diffusion that the free sulphonic acids do. This is partly because the 
activity coefficient falls rapidly and steadily throughout the whole range of 
concentration, but mainly because of the numerical factors already referred 
to in connexion with the influence of mobility in the Nemst equation. The 
diffusion values were found to be in excellent agreement with the quanti¬ 
tative predictions for the neutral and ionic micelles. 

The integral coefficient of potassium chloride passes through a flat 
minimum in 0*5 M solution for which 11=1*60 rising to 1*66 for normal 
solution. An analysis of such results has been given by Van Rysselberghe 

(*93 8 )- 


Experimental methods 

The sintered disk method was employed in the manner previously de¬ 
scribed by McBain and Dawson ( 1935 ), about half the experiments being 
performed with the simple cell A of their fig. 2 and the other half with the 
symmetrical double-ended cell B , fig. 2 . Boiled out conductivity water was 
used. All experiments were performed, usually in duplicate, in a thermostat 
at 26° C ± 0 * 02 °, The diffusion constants were calculated by the logarithmic 
formula of McBain and Liu ( 1931 ). They are expressed in cm. 2 /day; con¬ 
centrations are in weight normality N w ; that is molality. The sulphonic 
acids used were made by Noller and Gordon ( 1933 ) and an especially pure 
additional preparation of lauryl sulphonic acid was made by Dr Marie 
Louise Koenig. The concentrations were determined in the first place by 
direct titration with carefully standardized sodium hydroxide solutions, 
made from sodium drippings and carbon dioxide-free water. The Zeiss 
Dipping Refractometer and the Zeiss Interferometer were then stan¬ 
dardized with these known solutions and were used for analysis of the 
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diffusate, checks being made at times by direct titration. The cell constants 
were checked from time to time with N/10 potassium ohloride as previously 
reported. 


The experimental data 

The results are collected in Tables I-IV. They are also shown in figs. 1-3. 
Special care was taken in the numerous measurements of lauryl sulphonic 
acid, C 12 , of which the two separate preparations were available. 



Fig. 1. Diffusion of lauryl sulphonic acid, C ia (two different preparations). 

It is very interesting that the minimum values for C 10 , C 12 and C 14 are 
0*30,0*35 and 0*48, respectively. It is probable that a lower sharper minimum 
would have been found for C u at slightly higher concentration had more 
material been available. These minima lie at the concentrations 0 * 11 , 0*075 
and 0*02 M, respectively. The corresponding conductivity minima for C la 
and C u are 0*075 and 0*03. This is exactly what would be expected from our 
interpretation in terms of poorly conducting neutral micelle and exoellently 
conducting ionic micelle, since, as already mentioned, the diffusion of acids 
is eminently suited to reveal changes in mobility, in accordance with the 
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Fig. 2. Diffusion of myristyl sulphonic acid, C, 4 , and of docyl sulphonic acid, C lt . 



Fig. 3. Diffusion of trideoyl sulphonio acid, C u , and of undecyl sulphonic acid, C u . 
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characteristics of the Nemst equation. In the more concentrated solutions 
the actual diffusion must be largely due to the transport of the mobile ionic 
micelle which also is almost certainly responsible for the osmotic effects; and 
indeed the observed diffusion bears almost the same proportion to the 


Table 1. Diffusion of myristyl sulphonic acid, C 14 H 8 gS0 8 H 


Concentra¬ 


tion, 

D 

0-0118 

0*712 


0-737 

00118 

0-581 


0-579 


0-570 

0-0159 

0-491 


0-478 

00105 

0-479 


0-400 

0 0334 

0-523 


0-473 

00538 

0-500 


0-561 

0093 

0-608 


0-011 


0-004 


0-616 


Concentra¬ 
tion, N w 

D 

0-276 

0*743 

0-299 

0-768 

0*773 

0-306 

0*820 

0*805 

0*811 

0-402 

0-803 

0*837 

0-877 

0*823 

0-478 

0-791 

0*797 

0*538 

0-704 

0-743 

0*7045 

0*745 

0-764 


0-745 


Table II. Diffusion of tridecyl sulphonic acid, C 13 H 87 SO s H 


Concentra¬ 
tion, N w 

D 

Concentra¬ 
tion, N w 

D 

0-00739 

0*698 

0-1770 

0*772 


0-701 

0-2071 

0*704 

0-0115 

0*561 


0*745 


0-563 

0*335 

0*734 

0*0193 

0-539 

0-350 

0*605 


0*491 

0-415 

0*803 

0-0290 

0*574 


0*009 

0*0375 

0-555 

0*395 

0*4780 

0*718 

0*734 

0*050 

0*436 

0*577 

0*5374 

0*678 

0-092 

0*075 

0-592 

0*732 

0*5840 

0*083 

0-711 

0-1094 

0*738 

0*806 

0*833 

0-702 

0*701 


0*804 

0*783 

0*798 


0*712 

0*692 
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Table III. "-Diffusion of lattryl sxtlphonio acid, C 18 H m S0 8 H 


Concentra¬ 


Concentra¬ 


tion, N w 

D 

tion, Nyy 

D 

0008556 

0*852 

0*4250 

0*728 

0-0287 

0*638 

0*4925 

0*726 

0*0471 

0*396 

0*525 

0*737 

0-0612 

0*365 

0*594 

0*719 

0*0703 

0*356 

0*662 

0*734 

0*0757 

0*488 

0-795 

0*689 

0*100 

0-558 

0*8375 

0*719 

01813 

0-677 

0-8676 

0*733 

0*2492 

0*737 

0*9423 

0*718 

0-2526 

0*712 

1*055 

0-706 

0*3300 

0*733 

1*125f 

0*587 


* Numbers represent 40 separate experiments, 
f Mean of five results which differ by +0*081. 


Table IV. Diffusion of undkcyl sulphonic acid, C n H 23 S0 3 H 


Concentra¬ 


Concentra¬ 


tion, N w 

D 

tion, Nw 

I) 

0*007353 

0*890 

0*2922 

0*646 


0*833 


0*643 


0*951 

0*4625 

0*820 

0*03388 

0*309 


0*740 


0*320 

0*6200 

0*675 


0*344 


0*679 

0*1627 

0*493 

0*7725 

0*087 


0*510 


0*688 

0*2500 

0*633 


0*665 


0-635 




0*039 




idealized values 5*78 as does the osmotic effect to that of a strong acid like 
hydrochloric of the same concentration. The minimum values for C u and 
C 18 both occur at 0*04 M, but the real value for C u may well be much higher 
since the next concentration actually measured was 0 * 10 . The minimum of 
conductivity for C n lies at 0*1 M and that of C ra has not been measured. 

It may be noted here that an old question with regard to diffusion 
potentials of colloidal electrolytes (McBain and Martin 1914 ) seems to be 
answered to the effect that they are a compromise between the fully 
effective high mobility of the ionic micelle and the far smaller mechanical 
mobility of the neutral micelle likewise present. 
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Table V, Diffusion of i>ecyl sulphonic acid, C 10 H n SO a H 


Concentra¬ 


Concentra¬ 


tion, AV 

D 

tion, Nip 

D 

0*01101 

0*975 

02181 

0*046 


0*996 


0*064 


0*968 

0-2642 

0*702 

0 0307 

0*871 


0*726 


0*872 

0-4846 

0*620 


0*875 


0*027 

0*0380 

0*870 

0-6086 

0*590 


0*870 


0*597 

0*0640 

0*748 

0-6660 

0*587 


0*758 


0*608 

0*0745 

0*685 

0-6677 

0*580 


0*723 


0*583 

0*1100 

0*293 

0-7413 

0*571 


0*291 

0-9200 

0*627 

0*1450 

0*524 


0*688 


0*466 

1-100 

0*607 

0*603 


Summary 

Diffusion data for the higher soap-like long-chain sulphonic acids 
exhibit a sharp minimum in moderately dilute solutions followed by an 
abrupt rise to double the value in somewhat higher concentrations. These 
measurements seem to demand the presence of both the neutral micelle 
and ionic micelle found necessary by McBain and collaborators to explain 
the relation between conductivity and thermodynamic data for colloidal 
electrolytes. 
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The transfer effect in liquid Hen 
I. The transfer phenomena 

By J. G. Daunt and K. Mendelssohn 
Clarendon Laboratory, Oxford 

(Communicated by F. A. Lindemann, F.R.8.—Received 14 December 1938) 

Introduction 

Liquid helium undergoes a change at 2-19° K, the so-called A point. The 
state above this point has been named He I, the one belowit Hen. The latter 
modification has recently attracted much attention owing to its anomalous 
properties, chiefly the extremely high heat conductivity and the small 
viscosity. In the present paper we give a report on another anomalous 
property; the transport of helium along solid surfaces which are in contact 
with the liquid. In our first communications on this subject (Daunt and 
Mendelssohn 1938 a, b ) we have called this phenomenon “transfer effect”, 
and we shall retain this name as the term “transport phenomena” has 
usually been applied generally to all phenomena in liquid Hen in which an 
actual flow of liquid was either observed or suspected. 

Indications of an anomalous behaviour of He n in contact with solid 
surfaces were already given some time ago by various observations. In his 
experiments to reach very low temperatures Kamerlingh Onnes ( 1922 ) 
found that oontrary to expectation the levels of two volumes of liquid helium 
in coaxial Dewar vessels always adjusted themselves to the same height 
with noticeable speed. He described the effect as a “distillation” pheno¬ 
menon. Several years later Mendelssohn and Closs ( 1932 ) observed that 
calorimetric measurements were disturbed by a desorption of helium which 
had been deposited on the walls of a calorimeter, whioh was cooled with 
liquid helium. The desorption occurred only when the apparatus had been 
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cooled to 2 ° K or lower. Rollin ( 1936 ) found that the thermal insulation of 
vessels containing liquid helium was much worse below than above the A 
point. He explained his observation by assuming the existence of a thin 
layer of liquid helium on the inside wall of the connecting tube, and thought 
it probable that the change in thermal conductivity of this film at the A 
point gave rise to the anomalous effects observed, As the result of more 
recent (unpublished) experiments Rollin and Simon* have put forward the 
other explanation that the film creeps up the tube and evaporates eventually. 

It is obvious that all these phenomena may have a common explanation 
and it was the object of the experiments described in this paper and the 
following paper to investigate the behaviour of Hen in contact with solid 
surfaces systematically. The phenomena had to be investigated from various 
aspects and this made experiments necessary which varied in purpose and 
character to some extent. For simplicity's sake we will therefore give, 
together with the description of each experiment, a short discussion and 
summarize at the end of the second paper all results in a general discussion 
on the whole phenomenon. 

All experiments were carried out in the same cryostat; and for different 
experiments only the experimental chamber and the experimental arrange¬ 
ment in it were altered. 


The cryostat 

Fig. 1 gives a simplified diagram of the cryostat. The vessel V in which 
the experiments were carried out is attached to a small helium liquefier 
working on the expansion method (Simon 1936 ). After helium has been 
liquefied by expansion in the chamber A in which it boils under atmospheric 
pressure (4*2° K), helium gas under a slight over-pressure is introduced 
through the tube T v It condenses while passing A and the liquid drops into 
V. In order to make this condensation more efficient the gas was preoooled 
in the heat exchanger E (Pickard and Simon 1939 ) by the helium evapo¬ 
rating from A through the tube T v In those experiments where a beaker B 
was employed this could be lifted and lowered by a thread or wire F which 
was carried by the tube T z out of the apparatus. The upper end of F was 
connected to a small vacuum tight winch IF or a magnetic device (Daunt, 
Keeley and Mendelssohn 1937 ). The whole arrangement is included in a 
vacuum case C which is surrounded by liquid hydrogen in the Dewar vessel 
D 1 . The lower end of the apparatus is made out of glass and connected to 

* [Note added in proof, Feb . 25.—These results have since been published, Rollin, 
B. V. and Simon, F., 1939 , Phyeica , 6 , 219-30.] 
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the main part by the copper-glass seals 8. The tail of I> 1 is left unsilvered 
and dips into a bath of liquid nitrogen in the Dewar vessel D s . 

By these precautions thermal radiation into the experimental space V 
was reduced to a minimum. All heat conducted into the apparatus along 
the tubes was taken up by the liquid helium in A and the evaporation of 



Via. 1 
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helium from V was consequently exceedingly small. It varied slightly 
according to the experimental arrangement and averaged 0*5 c.c. of liquid 
per hour. Even this amount is not the result of heat conduction into V, but 
is mainly due to unavoidable loss by transfer along the walls (as will be 
explained below). Preliminary experiments had shown that light from an 
incandescent filament lamp was absorbed in V even after falling through the 
shields of liquid hydrogen and liquid nitrogen. As an additional shield of 
water did not eliminate the radiation entirely all observations were carried 
out with neon lamps which proved very satisfactory. These precautions are 
absolutely necessary for quantitative observations on the transfer effect as 
an appreciable absorption of radiation on the walls will evaporate the thin 
film in which the transfer takes place and heat conducted into the helium 
bath from outside will result in a loss due to evaporation of the same order 
as that due to the phenomenon in question or even higher. 

It is evidently for the latter reason that apart from Kamerlingh Onnes’ 
observation the transfer effect has so far escaped attention in the numerous 
investigations on liquid He n. 

The liquid helium in V is pumped off through the tube T x by the pump P, 
The vapour pressure and thereby the temperature is regulated by a device R 
similar to the one described by one of us (Mendelssohn 1936 ). As, however, 
only pressures below 4 cm. Hg were employed, tetralin instead of mercury 
was used. At 2 ° K the temperature could be kept constant within less than 
0 * 002 °; at 1*5°K within less than 0*005°. The temperature was determined 
by the vapour pressure in V and read on a manometer M containing butyl 
phthalate. 

In all our experiments the determination of the height of the helium 
meniscus played an important part. It was determined either with a 
cathetometer or by observing with a magnifying glass on a fine scale etched 
directly on the helium containers. In the latter case the readings were 
accurate to less than 0*2 mm. and with the cathetometer to about 0*03 mm. 
This was found to be the limit of accuracy set by the surface tension of the 
liquid. As can be seen from the results, however, this accuracy was quite 
sufficient for all determinations. 

Preliminary experiments 

As a first experiment we wanted to see whether we could reproduce the 
phenomenon observed by Kammertingh Onnes under slightly different 
conditions. Two glass bulbs (fig. 2 ) of l*lcm. internal diameter which 
communicated through a 7*5om. long glass tube of 0*13cm. inner diameter 
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were connected to the liquefier. At 4*2° K both bulbs were filled with liquid 
helium. The temperature was decreased by pumping off the liquid and then 
kept constant at a vapour pressure of 0*6cm. mercury, i.e. 1-59° K. The 
variation in the height of the levels in both bulbs with time is plotted in 
fig. 2. It can be seen that the level in the upper bulb drops and the one in the 
lower bulb rises. The effect is, however, not very striking as the increase in 
height in the lower bulb is only about 4 mm./hr. That means that the amount 
transferred is of the order of 10~ 4 c.c./sec. It is further evident that about 



Fig. 2 


twice as much helium disappears from the upper bulb as collects in the 
lower one. Later experiments have shown that this is due to the fact that 
helium is not only transferred from the upj>er bulb through the connecting 
tube into the lower one, but also through the upper tube to the top part of 
the apparatus where it evaporates. 

The first question which arises from this experiment is whether the 
transfer takes place through the gas phase or along the glass surface con¬ 
necting the two bulbs. In order to decide this we increased the connecting 
surface by introducing a wick of thin copper wires. The result is shown in 
fig. 3. The transfer is now appreciably higlier until after 12 min. the level 
in the upper bulb drops below the end of the wick. A sharp break in both 
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curves at this point shows that as soon as the wick does not dip any more into 
the liquid the rate of transfer is decreased to the value observed in the first 
experiment.* It is also worth noticing that the additional amount transferred 
through the action of the wick out of the upper bulb reappears in full in the 
lower one and none of it is lost through the upper tube. 

This experiment shows clearly that the transfer takes place along the 
connecting surface, as an increase of this surface by the introduction of the 
wick results in an increase in the rate of transfer. In order to eliminate the 



possibility of a transfer by ordinary capillary action due to surface tension 
in the spaces between the wires of the wick, the experiment was later repeated 
with a great number of single copper wires. In this case the same result was 
obtained as in the experiment with the wick. 

The fact that the transfer is a surface phenomenon explains why in the 
first experiment such a small effect was observed as the connecting surface— 
given by the circumference of the tube—was comparatively small. It was 
therefore decided to continue the observations with a different arrangement 
in which the connecting surface was bigger. A glass beaker (fig. 4) which was 

* The rate of transfer is actually slightly higher. This is accounted for by the 
lower temperature. 






420 


The transfer effect in liquid He II 

suspended on a thin glass fibre could be lowered into a bath of liquid Hen. 
At first the empty beaker was lowered partly into the bath so that its rim 
remained well above the level of the liquid helium (a). We observed that the 
beaker filled up gradually until the level of the bath was reached. When the 
beaker was subsequently raised a little (6) the transfer took place in the 
opposite direction, the beaker emptying itself until again its level reached 
the same height as that of the bath. Lifting the beaker entirely out of the 



a b c 

Fig. 4 

bath (c) did not stop the transfer. Helium still disappeared from it at the 
same rate as in (6). This was accounted for when we observed that the liquid 
collected in drops at the bottom of the beaker and dripped into the bath. It 
was further observed in all these experiments that the rate of transfer was 
always roughly the same, irrespective of the difference in height between the 
levels of the beaker and bath. 

These experiments showed without doubt that there exists a transfer of 
liquid He n as the result of which the liquid always collects at the lowest 
available level. 

Characteristic properties of the transfer 

The preliminary experiments indicated that the transfer is due to a flow 
of helium along the connecting surface and the question as to the oha- 

28-2 
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racteristic properties of such a two-dimensional flow arises. It is tempting 
to compare the transfer of liquid from a higher to a lower level with the action 
of a syphon. The experiments show, however, that such comparison is not 
admissible and that the surface flow of helium obeys different rules. These 
rules, which seem to be peculiar to the transfer effect, we have tried to estab¬ 
lish by the experiments described in this section. 

One of the most striking features of the first experiments is the small 
change of the velocity of transfer with the difference in level. In order to 
investigate this question more in detail the transfer from a long beaker was 
measured as a function of time. The beaker w as filled by dipping it entirely 
into the bath and lifting it out again. Readings of the height of the level in 
the beaker were taken every 2 min. The level of the bath was kept at the 
same height in respect to the beaker during the experiments by adjusting 
the height of the beaker. The height of both levels is plotted against time in 
fig. 5, showing the results of a typical experiment. 



0 10 20 30 40 min. 

Fig, 5 


The level inside the beaker drops quickly during the first 6 min. until it 
reaches a height of 1 cm. below the rim. From minute 6 onwards the height 
of the inner level is a linear function of time and height; this means that the 
velocity of transfer is constant and does not depend on the difference in 
height between the inside and outside levels. In order to test this point at 
minute 33 the difference between the two levels was suddenly decreased by 
65 %. No change however was effected by this means in the velocity of 
transfer, as can be seen clearly from fig. 5. 

If the transfer were carried out by a process similar to the action of a 
syphon connecting the two volumes of liquid the speed of the flow would 
depend on the difference in height and the change of height with time would 
not have been a straight line as it evidently is. 

The linear drop in level with time could possibly be explained by assuming 
that the transfer does not follow the law of an ordinary syphon because there 
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exists a force which limits the flow and only allows a certain constant amount 
to be transferred per unit time. An indication that actually such a process 
might be expected is given by recent theoretical considerations of Tisza 
(1938). He assumes that the transport phenomena in liquid Hen are due to 
“superfluid” atoms which can move through the liquid with practically no 
resistance and the concentration of which depends on the temperature. He 
concludes that a transport of mass has always to be associated with a 
corresponding flow of heat. Applying Tisza’s consideration to the transfer 
effect we have to expect that when liquid runs out of a beaker into the bath 
this flow of mass has to be accompanied by a flow of heat from the beaker 
into the bath as well, and only as much mass is allowed to flow over as 
equivalent heat can be transported. 

Such a picture agrees very well indeed with the features observed in our 
experiment (fig. 5), As soon as the beaker is lifted from the bath, helium 
begins to flow and the temperature in the beaker rises. This results, however, 
in a slower transfer as there are less “superfluid” atoms at higher tempera¬ 
ture. At the same time heat is carried from the beaker to the bath by 
evaporation and conduction through the walls of the beaker. After some 
time (6 min. in our experiment) equilibrium between mass transport and 
heat flow will be established and from now on only so much helium can 
leave the beaker as the equivalent flow of heat permits, i.e. the velocity of 
transfer has become constant. In this way the strong initial drop and the 
subsequent linear course of the height-time curve are explained. It means, 
however, that the velocity of transfer should depend on the heat transport 
and vary, therefore, in different experimental arrangements accordingly. 
As the preliminary experiments seemed to show that such a variation in the 
velocity of transfer did not take place two experiments were devised to test 
the hypothesis of a limitation of the transfer by a corresponding heat 
flow. 

An experiment similar to the preceding one was carried out with a small 
Dewar vessel as a beaker. The result is given in fig. 6. Between minutes 0 
and 45 the helium was transferred out of the half filled vessel into the bath, 
the level of which was kept at constant height. Again the constancy of the 
velocity of transfer is apparent. After 45 min. the level of the bath was 
lifted to the height of the rim of the beaker thus reversing the transfer. 
During the following 15 min. the transfer was not constant but was at 
first about twice as rapid as in the first part of the experiment, until 
finally about the same transfer velocity was reached. At minute 78 the 
levels in the beaker and in the bath had reached the equilibrium state and 
now the level of the bath was lowered and kept constant. Although, 
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however, the direction of the transfer was again reversed by this procedure 
there was no subsequent rapid fall of the level in the beaker, but the transfer 
velocity remained the same from minute 78 until the level in the beaker 
had dropped to the height of the bath level at minute 130. At minute 132 
the level of the bath was raised again, not, however, as previously to the 
rim, but only half way up the beaker. In tills case the transfer into the 
beaker adjusted itself immediately and stayed constant from minute 132 
until again at minute 169 both levels had reached the same height. A change 
in the bath level at minute 143 again did not affect the transfer. 

This experiment shows quite conclusively that the change in transfer 
velocity which is sometimes observed cannot be interpreted as an adjust¬ 
ment to equilibrium conditions, as such a change should have been observed 
always when the direction of transfer was altered. In the present experi¬ 
ment, however, the speed of the transfer varied only after the reversal of 
the transfer at minute 45, whereas no variation occurred at minutes 78 
and 132 when the transfer was also reversed. It appears that the transfer is 
only faster when the higher level is near the rira of the beaker as at minute 
45 in this and minute 0 of the previous experiment. This high transfer 
velocity near the rim which we have since observed frequently in other 
experiments may be caused by greater thickness of the helium film just 
above the level of the liquid and is possibly connected with the rise of 
liquid level on account of the surface tension. It seems that no anomalous 
high transfer velocity occurs when the rim of the beaker is 1-2 cm. above 
the higher level. 

In the next experiment the influence of the heat flow on the transfer 
was tested directly. If heat exchange through the wall of the beaker is 
prevented by employing a Dewar vessel the only other possibility for a 
transport of heat is by evaporation from the beaker. The possibility of a 
high heat conductivity of the surface film can be rejected on account of a 
later experiment (see the following paper). The amount of helium that can 
evaporate from a beaker depends on the size of the liquid surface, so if the 
evaporation is the limiting factor determining the transfer, the latter 
should also be proportional to the surface of the liquid. We employed 
therefore a Dewar beaker, the inside of which consisted of two partB of 
different diameter. The result of the experiment is shown in fig. 7. The 
level of the bath was again kept at constant height. As long as the liquid 
remained in the wider part of the vessel the level dropped at a constant 
rate of 0*028 cm./min. After 60 min. the narrow part of the vessel was 
reached and now the level dropped quickly, the rate settling after minute 70 
to 0*1 cm./min* 
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The drop in height h represents the total amount of liquid helium v 
transferred out of the beaker in unit time t divided by the square of the 
radius r 2 ; therefore 

dh dvjdt 

a 02 ~i*~' 

If now the transfer velocity dvjdt is proportional to the evaporation it 
must be proportional to the size of the liquid surface, i.e. to r 2 . In this 



case the drop in height should not depend on r but should be constant 
throughout the whole length of the beaker. This is quite clearly not the 
case. If, on the other hand, the transfer depends only on the width of the 
connecting surface, i.e. the solid surface between the beaker and the bath 
which is available for the film, dvjdt will not be proportional to r* but to r. 
In this case the drop in height per unit time will be inversely proportional 
to the radius of the beaker. This condition is really fulfilled to a high 
degree, as the ratio of the radii in the upper and lower parts of the beaker 
is 3-58 and the ratio of the corresponding dhjdt values 1/3-57. 

These two experiments show quite clearly that the transfer is not 
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limited by an accompanying heat flow,* and that the rate at which helium 
is transferred from a higher to a lower level is independent of the difference 
in height, This has to be considered as a characteristic property which at 
one and the same temperature is only determined by the width of the 
connecting surface. In fact the last experiment gives the proportionality of 
connecting surface and transfer to a considerable degree of accuracy. 



Fia. 8 

So far we have considered the velocity of transfer as entirely independent 
of the difference in height between the levels as indeed there is no apparent 
deviation to be seen in the diagrams. We have noticed, however, in all 
observations extending over a considerable range of difference in level that 
there occurs a very slight drop in the transfer velocity when the difference 
between the levels in the bath and the beaker decreases. This influence, 
which is so small that it is not noticeable in our height-time diagrams, shows 
up when we plot dhjdt against the difference in height Ah between the 
levels. Such a curve is given in fig. 8. dhjdt was taken as the change in 
height in a time interval of 2 min. The accuracy of the individual deter¬ 
minations of dhjdt is indicated by the diameter of the circles and the ob¬ 
served change in dhjdt is of the same order as this accuracy. It is, however, 
evident that the resultant curve is not quite parallel to the Ah axis, but 
somewhat inclined to small differences in height. The influence of Ah on 
dhjdt is small, only changing the transfer velocity by about 4 % when the 

* This fact does not, however, constitute an argument against Tisza’s theory; it 
only means that the independence of the transfer velocity of the difference in level 
is not explained by the theory. 
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difference in level changes from 1 to 0-1 cm., but it seems to exist beyond 
doubt. We must therefore oonolude that the ohange in gravitational 
potential does influence the transfer but that this influence plays only the 
role of a correction of higher order. 

As the difference in height between the levels does not influence the flow 
appreciably it was thought that perhaps the distance the atoms in the film 
had to travel might be of importance. It seemed therefore interesting to 
see whether a lengthening of the wall obstructed the flow. In consequence 
we made an experiment with a beaker in which the path along one wall was 
very much longer than on the other (fig. 9). The transfer is again recorded 



Fio 9. © = Outer level. O «= Inner level. 


as difference in height of level in the beaker and in the bath plotted against 
time. For the first 30 min. the level of the bath was kept constant. The 
increase in height was rather slow as the width of the connecting surface 
given by the inside diameter of the innermost tube was comparatively small. 
After 30 min. the level of the bath was raised so that it stood above the 
lower end of the inner tubes. The transfer velocity did not ohange but it 
was observed that now drops of liquid helium fell off the lower end of the 
innermost tube. At minute 45 the level of the bath was lowered slightly 
below the level in the beaker and it can be seen that, although the path on 
the inner wall is much longer, the flow is in the reverse direction and we 
observe exactly the same velocity of transfer as when helium flowed into 
the beaker. 
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An interesting feature in the last experiment is the formation of drops 
observed when the lower end of the tubes was below the bath level* These 
drops seemed to indicate that the free liquid can be formed out of the film 
at such places which are below the upper level. In order to investigate this 
further a beaker with a constriction in the inner wall was employed 
(fig. 10). The empty beaker was dipped into the bath so that the level of the 
latter stood well above the height of the constriction. Then the beaker 
filled up and the level of the bath fell accordingly, the velocity of transfer 
being constant until, after 15 min., the bath level had dropped to the height 



of the constriction. At this time a sharp change in the transfer velocity is 
observed. From now on the decrease of the bath level and the corresponding 
increase in the level of the beaker is much smaller. 

This result is in good agreement with the observations in the preceding 
experiment. So long as the constriction is below the higher level it does not 
hinder the flow, the rate of which is given by the width of the connecting 
surface above the higher level, i.e. by the rim of the beaker, The constriction 
cannot stop the flow, as free liquid will be formed which runs down through 
it. No free liquid can be formed out of the film, however, as soon as the 
constriction comes above the height of the bath level. The constriction now 
limits the transfer as the narrowest place of the connecting surface. This 
means: the transfer between levels of liquid helium is limited by the 
narrowest place in the connecting surface above the higher level. 
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So far all experiments were carried out with glass beakers. We had noticed 
that employing single wires or wicks of copper increased the transfer 
considerably, and it seemed from these observations that the flow along a 
copper surface was much greater than on a glass surface of the same size. 
We, therefore, made an experiment with a copper beaker of exactly the 
same dimensions as one of our glass beakers. The inside and outside walls 
of this beaker were polished carefully to ensure a smooth surface. As it was 
not possible to observe the height of the level inside the copper beaker the 
experiment was carried out in the following manner. The vessel V (fig. 1) was 
partly filled with liquid helium. The beaker was first entirely immersed in the 
liquid and the drop of the level in the bath was measured for 10 min. Then 
the beaker was entirely lifted out of the liquid and the change of level with 
time measured again. Now this change was smaller than before as an 
additional amount of liquid was constantly transferred out of the beaker 
and dropped back into the bath. By subtracting the rate in which the 
level of the bath now fell from the previous rate, the transfer from the 
beaker was determined. The experiment showed that within the limits of 
accuracy the transfer was the same on copper as on glass. 

The surface of copper wires employed in the above-mentioned experi¬ 
ments had been scraped when the insulation was taken off and w f e think 
that the high transfer may be due to capillary action in surface cracks. 
It seems worth mentioning in this connexion that in the experiments of 
Mendelssohn and Gloss (1932) desorption was noticed from copper surfaces 
that had been worked in the lathe and not from surfaces of polished silver. 

The fact that the transfer over a given surface can be reduced by making 
the surface smooth will be of importance in all such cases tvhere the transfer 
effect has a disturbing influence on the experiment. For instance, it will be 
of advantage to see that tubes leading to containers in which liquid helium 
is to be cooled down have smooth inner walls in order to restrict the 
transfer and therewith the heat influx to a minimum. 

Summary 

1. Liquid He n oollects always at the lowest available level. 

2. This " transfer ” takes place in a film along the solid surface of the 
containers. 

3 . The rate of transfer is practically independent of the difference in 
height between the levels and of the underlying material. 

4 . The rate of transfer is exactly proportional to the width of the 
connecting surface. 
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5. The transfer from one container to another is restricted by the 
narrowest part of the connecting surface above the height of the upper 
level, At places below the upper level liquid can collect in drops from the 
film. 
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The transfer effect in liquid He II 
II. Properties of the transfer film 

By J. G. Daunt and K. Mendelssohn 
Clarendon Laboratory , Oxford 

(Communicated by F. A. Lindemann , F.R.8.—Received 14 December 1938) 

Introduction 

The results of the preceding paper show that the transfer of liquid 
He 11 takes place in a film which is formed on solid surfaces in contact with 
the liquid. This conclusion is quite in accordance with the observations of 
Rollin ( 1936 ) who attributed the high evaporation from vessels containing 
liquid He n also to the existence of a thin surface layer of liquid helium. 
Nothing, however, is known about the properties of this transfer film and we 
decided therefore to make experiments on its heat conductivity, thickness 
and transfer velocity. In the present paper the results of this investigation 
are given together with a discussion of the properties of the film and their 
bearing on the transfer phenomena. 

The cryostat in which the experiments were carried out was the same as 
that described in the preceding paper. 
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Heat transport 


One of the most remarkable properties of liquid He n is the very high 
heat conductivity of the free liquid and the question arises whether the 
film also shows this feature. Rollin (1936) indeed first interpreted his 
observation of the liigh evaporation from containers filled with liquid 
He 11 as connected with a change of the heat conductivity of a surface 
film at the A point. This assumption was more recently taken up by 
Kikoin and Lasarew (1938a) who repeated Rollings experiments with a 
slightly different arrangement. They concluded that the heat transport 
through the film was due to its high heat conductivity and could not be 
explained by convection. Our observations of the transfer effect, showing 
an actual transport of mass, however, induced us to devise a direct 
experiment on the nature of the heat transport in the film. 

We worked with a beaker arrangement similar to that used in the 
previous experiments, employing a small Dewar vessel as beaker (fig. 1). 
This vessel bore on its outside a copper ring in which heat could be gene¬ 
rated by an induced current. The beaker was first partly filled with liquid 
helium and then entirely lifted out of the bath. Owing to the transfer, the 
level in the beaker fell steadily and the liquid collecting at the outside 
bottom surface of the Dewar vessel fell in drops into the bath. Now heat 
was supplied to the film at the outside of the beaker by inducing a current 
in the ring. It is evident that if the film “ conducts” heat, this heat will be 
oarried back into the beaker and result in an additional evaporation of 
helium there. This means that during the heating period the liquid level in 
the beaker should fall more rapidly than before. Fig. 1 shows clearly that 
no change in the rate of flow took place when the ring was heated (minute 7~ 
15 ). In the experiment represented in this figure so much heat was supplied 
that the film was entirely evaporated, which was also clearly shown by the 
disappearance of the drops. In other experiments the film was only partly 
evaporated, the amount of heat supplied was checked by the change in the 
number of drops falling off the beaker per min. These experiments were 
carried out at various temperatures, always yielding the same result. 
Further, it made no difference whether the level of the liquid in the beaker 
was above or below the level of the ring. 

These experiments show that no appreciable amount of heat has been 
conducted through the film from the beater into the beaker. As we do not 
yet know at what temperature the film evaporates it is impossible to give 
an upper limit for the heat “ conductivity ” of the film. It follows, however, 
from the accuracy of our experiments that less than 3 % of the apparent 
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heat flow through the film is due to heat “conduction” and practically the 
whole heat transport can be accounted for by flow of mass from the cold to 
the warm place. 

It is thus apparent from this experiment that the transfer from a 
container is not altered whether the film is eventually removed by dropping 
off or by evaporation. This fact together with the other conclusions deduced 



Fig. 1. Determination of the heat transport in the film. 


from this experiment provides an explanation for the high evaporation 
from vessels containing liquid He n. This evaporation is not due to heat 
“conducted” through the film into the vessel but due to helium flowing 
through the film out of the vessel and being evaporated on the warm walls 
of the connecting tube. This explanation corroborates Rollin’s and Simon’s 
later suggestion of a creeping film. It is thus not the mere existence but the 
motion of the film which in turn creates the heat transport. 

The whole somewhat complicated heat transport carried out by the 
helium film along a solid surface is illustrated best in the idealized case of a 
dosed tube containing a little liquid helium (fig. 2). The top of the tube will 
be at a temperature above the A point and the lower end at one below it. 
A film of helium covers the walls of the tube up to the point* where they 
are warm enough to evaporate the film. Thus the pressure in the upper part 

* This is perhaps somewhat too simplified a conception as the evaporation of the 
film may be spread over a finite region along the tube. 
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of the tube rises and the vapour has to flow down in the tube and condenses 
back into the liquid. The heat transport in a tube containing liquid He n 
is thus a dynamic process. Contrary to the assumptions of Kikoin and 
Lasarew (1938 a) a convection of helium is actually responsible for the heat 
transport but tins convection takes place in two phases. The transfer along 
the film carries the helium to the place of higher temperature from which it 
flows back as vapour, in a cycle somewhat similar to that described by 
water in the ocean currents and the atmosphere 


Thickness of the transfer film 

The thickness of the helium film in which the transfer takes place was 
measured by direct determination of the amount of liquid which is deposited 
on a solid surface of known size. In order to avoid large corrections we 
employed a method in which the amount of helium, the volume, the 
pressure and the temperature distribution were kept constant. A long 
tube (fig. 3 a) the top of which was at room temperature reached through 
a bath of liquid hydrogen and a bath of liquid He 1 into a bath of liquid 
He 11.* The lower end of the tube was constricted and ended in a calibrated 
capillary of 0*102 cm. diameter. At the upper end the tube was forked and 
bore two vacuum tight winches. One of these winches operated a thread at 
the lower end of which a spiral roll of polished copper sheet was suspended. 
The total surface of the roll was 10 3 cm. 2 and care was taken that the 
individual turns of the roll did not touch. 

Helium gas was introduced into the tube until a small amount of liquid 
collected in the capillary. In order to make certain that the roll was really 
covered with the film a thin wire which was soldered to the lower end of the 
roll dipped into the liquid in the capillary. The height of the level in the 
capillary was determined with a cathetometer and then the roll was lifted 
up to room temperature. In warming up the roll, the film was evaporated 
and as the temperature distribution along the tube was perfectly controlled 
by the baths of He 11, He 1 and hydrogen, the evaporated amount had to 
collect as liquid in the capillary. The volume of the roll displaced more gas 
at low temperature than when it was lifted up. In order to compensate this 
change a little copper cylinder of exactly the same volume as the roll, 
which was operated by the second winch was lowered into the tube 
(fig. 36 ). In this way all corrections were avoided and the liquid collecting 

* Fig. 3 represents only a simplified diagram of the arrangement as actually the 
same cryostat as shown in fig. 1 of the preceding paper was employed. The experiments 
were carried out in the central tube (£,). 
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in the capillary constituted directly the amount of helium evaporated 
from the surface of the roll. 

The results of the individual determination of the^thickness ( 8 ) of the 
helium film are given in Table I. Above the A point the film is not thicker 


warm 


i v i 


* 


— -i 

cold 

Fig. 2 . Heat transport 
in a dosed tube con¬ 
taining liquid He n. 



Fig. 3. Determination of the film thickness. 


than 10~ 7 cm. and may even be thinner. In this experiment care was taken 
that the roll had not been cooled below the A point previously. Below the 
A point the film was found to be about 3-5 x 10~ 8 om. thick, and the thick¬ 
ness does not seem to ohange in order of magnitude between 2-1 and 
l’.6° K. The soatter of the values is, however, very considerable, but in 
view of the experiment above the A point it does not seem possible to 
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attribute these variations in the results entirely to deficiencies in the method. 
It seems that the time for which the roll was kept at low temperature 
played a part in the deposition of the film and that convection currents 
which may have been accidentally set up in the gas in the tube may not 
have died out when the readings were taken. 


Table I 


T(°K) 

S (cm.) 

2*27 

< 10“’ 

2*14 

3*3 x 10~* 

1*73 

4*9 xl0~* 

1*70 

3*15 x 10“ 8 

1*60 

2*7 x 10~® 

1*69 

4*15 x 10“ 6 


It is evident that the way in which the film is formed on a surface has to 
be studied more carefully and by different methods before more aocurate 
determinations of the film thickness can be obtained. It is also important 
to know whether only surfaces in direct contact with liquid Hen are 
covered by the film or if it is also deposited from the gas phase.* The 
experiments of Mendelssohn and Closs (1932) and some reoent observations 
by Stout and Giauque (1938) seem to show that this whole question is 
rather complex. Meanwhile the average value of 3-5 x 10~® cm. (i.e. 
100 atoms) for the film thickness can be regarded as a good first approxi¬ 
mation which is certainly correct in order of magnitude. Recently Kikoin 
and Lasarew (19386) have estimated the film thickness from measurements 
of a different character as 2 to 3 x 10 ~* cm. 

Rate of transfer 

We have seen that the rate of transfer is independent of the difference 
in level and of the underlying material. It was, however, already observed 
in the first experiments that it changed with temperature. For an accurate 
determination of the rate of transfer the drop in level in a calibrated Dewar 
beaker that was partly lifted out of the liquid was measured. The results 
are given in fig. 4 . We have shown that the transfer is accurately propor¬ 
tional to the width of the solid surface connecting the two volumes of 
liquid and we give therefore the rate of transfer in cubio centimetres of 
helium, transferred over a solid connecting surface of 1 cm. width in 1 sec. 

* The experiments on this question -which we have carried out so far seem to 
indicate that the film is not formed as quickly, if at all, from the gas phase as it is 
by direct contact with the liquid. 
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The determination was greatly facilitated by the fact that the height of the 
liquid level has practically no influence on the transfer. To avoid the small 
error which might have been introduced by the slight influence of gravity 
(see the preceding paper, fig. 8), the determinations were all carried out 
in the same range of the beaker. The results were further corrected for the 
amount of helium evaporating from the beaker and it is evidently because 
of this correction that the present results are slightly smaller than those 
given in our preliminary determination (Daunt and Mendelssohn 1938), 



Fig. 4. Change of rate of transfer with temperature. 


As can be seen from fig. 4 the rate of transfer rises from the value zero 
at the A point to 0 75 x 10~ 4 c.c./cm./sec. at 15 ° K. No considerable 
change occurs between 1-5 and M° K. The rate of transfer seems to 
decrease very slightly at lower temperatures. It seems, however, impossible 
as yet to decide whether there exists a slight maximum at about 1 - 5 ° K, or 
whether below this temperature the rate of transfer becomes independent 
of the temperature. 

It thus appears that the transfer which proved to be influenced by other 
causes such as gravity, etc., is strongly influenced by the temperature.* 

* The phenomena which oocur when a temperature gradient is set up in the film 
are, however, more complicated. Allen and Jones ( 1938 ) observed a rise in the level 
Of liquid He it in a container which communicated with a helium bath through a 
narrow capillary when heat was supplied to the container. We have made experiments 
which show that there exists similar phenomenon when a film is used to connect the 
two volumes of helium rather than a narrow capillary. A detailed report on these 
experiments which goes beyond the scope of this paper will be given elsewhere. 
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This evidently means that we have to deal with a phenomenon which 
depends solely on the thermal state of liquid He u and it is tempting to 
assume that the rate of transfer represents a characteristic quantity of more 
general validity which determines also the other transport phenomena in 
liquid He n. We know the thickness of the film and the rate of transfer, 
and we can calculate the average velocity with which helium is transferred 
along a solid surface. At 1 * 5 ° K this velocity is about 20 cm./sec. 


Discussion 

In order to derive a picture of the phenomena described in this and the 
preceding paper, let us consider the following example. A container G 
(fig, 5 ) is filled with liquid He n. The adjoining solid surface 8 is then 


B 

i 



covered with a helium film of about 3 5 x 10" 9 cm. thickness. This film 
spreads over the whole surface until it either drops off as free liquid at a 
place below the level in C, or is evaporated. The rate at which the liquid 
disappears from C is the same whether the film drops off at A or is eva¬ 
porated at B. It seems therefore that as soon as the film is removed from 8 
by whatever means, the bared surface is readily covered again with helium 
from C. The “rate of transfer” at which this regeneration of the film is 
carried out depends to a first approximation only on the temperature. This 
means that helium will always be transferred to any place of the surface 
from which the film has been removed. Such a removal occurs for instance 
at the outer wall of a beaker filled with liquid He ir where the liquid can fall 
off in drops at any place below the height of the inner level. In this case 
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gravity is responsible for the transfer but as the removal on the outer 
surface takes place at a spot immediately below the inner level the height 
of the outer level is of no importance. Indeed the speed of transfer is the 
same whether such an outer level exists, or whether the liquid drops from 
the bottom of the beaker. It is therefore not surprising that the transfer 
does not depend on the difference in height between inner and outer level. 
The transfer to the lowest available level is only a special case of the whole 
phenomenon. A transfer also takes place to those parts of the surface at 
which owing to a higher temperature the film is evaporated although these 
parts may be above the height of the liquid surface. The high evaporation 
from vessels containing liquid He u is in fact the direct result of such a 
transfer. 

Thus, by assuming that the transfer is always the result of the removal 
of the helium film, we arrive at a quite consistent picture for the transfer 
phenomena without having made any assumption about the reason for the 
existence of the helium film or the kinetics of the atomic motion in the 
film. At the present very limited knowledge of the properties of liquid 
Hen it seems indeed impossible to give an adequate answer to these 
questions and none of the existing theories of liquid He n gives an indication 
of the existence of such a film. Recently, F. London (1938) has attempted 
to treat the A phenomenon as the condensation of a degenerate gas obeying 
Bose-Einstein statistics and Tisza (1938), working on this assumption, has 
postulated the existence of “ superfluid” atoms of very small thermal 
energy. These atoms will be responsible for the rapid flow of He n through 
capillaries (Allen and Misener 1938a, b) and may also be the cause of 
the motion of helium in the transfer film. 

A comparison of the theory with the experimental evidence is still very 
difficult as so far not very consistent results have been obtained on the 
transport phenomena in the bulk liquid. The observations on films have the 
advantage that owing to the fixed thickness of the layer the results are 
very reproducible, and it is therefore tempting to draw conclusions from 
the transfer on surfaoes to the phenomena in the free liquid. Our observa¬ 
tion of an actual transport of matter and the fact that the heat conductivity 
of the film is not appreciable make it probable that the high heat transport 
in the liquid is also due, as has been suggested repeatedly (Kapitza 1938; 
Keesom 1938) to a transport of matter. Considering such a process to first 
approximation as a simple oonvection, the transported energy will be the 
product of the amount of liquid transported in unit time and the specific 
heat. As our experiments have shown that the rate which determines the 
transfer is a quantity that depends only on the thermal state of liquid 
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helium, we might assume tentatively that the free liquid is transported at 
a proportional rate. By multiplying therefore the specific heat by the rate 
of transfer in dependence on temperature we arrive at the heat transport in 
liquid He n. The resulting curve (fig. 6) shows a maximum at 1 - 9 ° K and 
reaches very small values at 08 ° K. The preliminary results for the heat 
transport obtained in Cambridge (Allen, Peierls and Uddin 1937) and 
Leiden (Keesom, Keesom and Saris 1938) indeed indicate a maximum at 
about 2° K* and the recent experiments of Kurti and Simon (1938) show 
that the heat conductivity is small between 0*2-0’ 5 ° K. 



Fio. 0. Heat transport an product of specific heat and rate of transfer. The broken 
line shows the resultant ourve if, instead of the total specific heat, the anomalous 
specific heat is taken. 

It is clear that the suggested picture for the heat transport in the free 
liquid is a very crude one and another alternative is, for example, the 
assumption that some atoms with a large mean free path are responsible 
for the heat transport. It must, however, be emphasized that the "rate of 
transfer” has also to be considered as an average velocity and may be due 
to the whole film moving uniformly or to a few atoms moving with a high 

* Dr Allen informs us that recent determinations of the heat conductivity show a 
curve very similar to that given in fig. 6. 
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velocity. Should therefore the actual heat transport in the free liquid 
prove to depend on temperature in the way suggested by fig. 6 it will mean 
in the first place that the heat transport in liquid He n is caused by a 
process similar to the transfer in the surface film.* 

Finally a word might be added about the influence of the transfer effect 
on other experiments with liquid He n. All determinations of flow through 
capillaries from open reservoirs (of. Kapitza 1938; Allen and Misener 1938a) 
are falsified to a certain extent by transfer of liquid above the rim; but, 
owing to the fast flow of the free liquid, the necessary corrections are mostly 
small (cf. Allen and Misener 19386). As was shown in connexion with the 
experiments on the heat transport by the film the pressure in a tube leading 
to a container of liquid He in is higher in the upper (warm) part than just 
above the liquid. In this way the transfer effect can influence determina¬ 
tions of the vapour pressure of liquid He 11. A rough calculation shows 
that at 1 * 5 ° K a noticeable effect will only occur in tubes of less than 
0*05 mm. cross-section but the correction might become appreciable at 
lower temperatures. 

Our thanks are due to Professor F. A. Lindemann, F.R.S., for his 
constant interest in this work and for many helpful discussions. We are 
also indebted to the late Sir Robert Mond, F.R.S., and Imperial Chemical 
Industries who, by their generosity, have made research possible for one 
of us. 


Summary 

1. The heat conductivity of the transfer film is small. The high heat 
transport in vessels containing liquid He n is due to the transfer of helium 
along the walls. 

2 . The thickness of the transfer film is about 3*5 x 10 ~ 6 cm. 

3. The rate of transfer changes with temperature. The change has been 
determined between I and 2*2° K. 

4. The transfer phenomena have been discussed with regard to the 
results described in this paper, and conclusions have been drawn as to the 
properties of the free liquid. 

* [Note added in proof .—A continuation of our experiments (to be published 
shortly) and recent results on the oapillary flow (Allen, J. F. and Jones, H. 1939 
Nature, 143, 227-30) as well as theoretical considerations (London, F. 1938 Phye. 
Em, 54, 947-54) seem indeed to indicate that the transport phenomena in the bulk 
liquid are caused by a surface flow below the liquid level similar to that described 
in this paper.] 



450 


J. G. Daunt and K. Mendelssohn 

References 


Allen, J. F. and Jones, H. 1938 Nature , Land,, 141, 243-4. 

Allen, J. F. and Misener, A. D, 1938 a Nature, Lond., 141, 75. 

- 19386 Nature, Lond., 142, 043-4. 

Allen, J. F., Peierls, R. and Uddin, M. Z. 1937 Nature, Land 140, 02-3, 
Daunt, J. G. and Mendelssohn, K. 1938 Nature, Land,, 141, 911-12, 
Kapitza, P. 1938 Nature , Lond., 141, 74. 

Keesom, W. H,, Keesom, A. P. and Saris, B. F. 1938 Phyaica, 5, 281-5, 
Kikoin, A. K. and Lasarew, B, G. 1938 a Nature, Lond., 141, 912-13. 

- 19386 Nature f Lond., 142, 289-90. 

Kurti, N. and Simon, F. 1938 Nature , Lond., 142, 207. 

London, F. 1938 Nature, Lond., 141, 643-4. 

Mendelssohn, K. and Closs, J. O. 1932 Z . phya. Chem. B, 19, 291-8, 
Rollin, B, V. 1936 Act. 7 Int. Gongr. Refrig . 1 , 187-9, 

Stout, J. W. and Giauque, W. F. 1938 J. Amer. Chem. Sog. 60, 393-5, 
Tisza, L. 1938 Nature, Lond., 141, 913. 



Nitrogen, argon and neon in the earth’s crust with 
applications to cosmology 

By Lord Rayleigh, F.R.S. 

(Received 15 December 1038 ) 

Part I. Argon and neon 

Russell and Menzel (1933) have pointed out that neon is eosmically 
more abundant than argon, which latter had not at the time they wrote 
been detected in stars or nebulae, though the lines to be looked for are 
favourably plaoed. On the other hand, argon atoms are some 500 times 
piore abundant in the atmosphere. They conclude that in all probability 
neon has escaped from the atmosphere. Since it could not do so under 
existing temperature conditions, the inference is that it escaped soon after 
the earth was separated from the sun’s mass, when the temperature was 
still very high. This view requires that the atmospheric argon and neon 
are primitive, and are not supplied to any important extent from the 
interior of the planet, as atmospheric helium undoubtedly is. 

The original statement of the case requires some qualification, as argon 
lines have sinoe been identified in certain nebulae (Story 1934; Boyce, 
Payne, Gaposchkin and Menzel 1934) but only in small intensity. 

Russell further points out (Russell 1935, p. 80 ) that “if it might safely 
be assumed that absolutely no neon entered into the composition of the 
earth’s rocks or its core another important inference might be drawn, 
namely, that part at least of the earth’s mass had throughout its history 
been collected in a body much larger than the moon, and probably at least 
as large as Mars. But the atmospheric neon composes only T0xl0~ u 
of the earth’s whole mass, and very careful investigation would be required 
to detect so small an amount in rocks and meteorites.’’ It will appear in 
the sequel that the quantity of neon present is in fact several times more 
than this. 

On p. 74 , Russell says: “ There is no reason to believe that any of these 
elements (the inert gases) exoept helium, are present in the Earth’s interior.’ ’ 

Many years ago, however, I found that nitrogen is present in igneous 
rocks along with argon, helium and traces of neon (Strutt 1907). The title 
Of the paper (“The origin of the gases evolved by mineral springs’’) was 
not weQ chosen, and the results attracted little attention. The methods of 
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dealing with the small quantities of inert gases were crude, and the quanti¬ 
tative value of the result was not great. Nevertheless, they anticipate 
in a general way the conclusions of the present paper. 

In work of this kind the manipulations are simplest if the gases are 
pumped out of the apparatus, and purified at the atmospheric pressure 
using pneumatic trough manipulation. However, these methods introduce 
possibility of atmospheric contamination, and it was thought beBt to avoid 
them, and to carry out the purifications without removing the gases from 
the tube system. Since the quantity of gas is small, this involves working 
at low pressures. 

The work is tedious and exacting, because the experimenter is always 
haunted by the suspicion that the gases he finds may be of atmospheric 
origin, introduced by leakage. In this respect the investigation is muoh 
more difficult than work on small quantities of helium of which I have 
had some experience. There, the absence of neon gives assurance that thq 
helium found is not atmospheric. In the case of argon and neon there is 
no means of obtaining such positive assurance. All that can be done is 
to make frequent tests of airtightness, and to repeat the work and reject 
results which repetition proves to have been abnormally high. 

To be sure of extracting the whole of the gases, it would be very desirable 
to decompose the rook chemically. Much time and effort has been spent 
in the attempt to work out a satisfactory method of doing this. The 
reagent was caustic potash, used in a nickel tube, which is not appreciably 
acted on at the necessary temperature. It was attempted to get rid of the 
gases occluded in the potash by a preliminary treatment in vacuo. However, 
this procedure did not succeed well enough, the necessary large exoess 
of potash (fivefold) being found to contain an amount of neon and argon 
comparable with that present in the rock. Oddly enough the neon/argon 
ratio seemed to be higher than in air, and this is probably the reason 
why I found at first a comparatively high value for the neon in rooks, 
which was communicated in a letter to Nature. This high value was 
erroneous and is withdrawn. After abandoning the use of potash these 
high values were not found. The potash process is very laborious at best, 
and after a good many experiments with discrepant results I decided 
that conviction would hardly be attained in this way, and that it would 
be better to limit myself to the less ambitious project of extracting the 
gases by heat. 

It may be fairly taken for granted that neon, of smaller atomic diameter 
than argon, would escape from a crystal lattice or from vitreous materia! 
more easily than argon. If therefore we find greatly more argori in the 
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gases liberated, we may conclude a fortiori that it is in great excess in the 
material under examination, even though there is not complete certainty 
that the whole of the gases have been extracted. It is believed that the 
extraction of the rare gases by heating for several hours to full redness 
is fairly complete. At all events a repetition of the operation does not 
extract much more. The heating is far easier to carry out in vacuo than the 
chemical decomposition, and a larger quantity of material can be handled 
without increasing the scale of the whole operation unduly. 

The finely powdered rock (100 g.) was mixed with powdered copper 
oxide (20 g.) with a view to removing most of the hydrogen which would 
otherwise be given off, and which is troublesome to deal with. It was 
heated to redness in a steel or nickel tube with the end plugged and 
acetylene-welded. The junction was made to the glass work by a brass 
cone of standard taper, soldered to the steel tube, the soldered joint and 
cone being kept cool by a ring water jacket.* To purify the gas further 
from hydrogen, it was allowed to stand in contact with copper oxide at 
a dull red heat in the steel tube shown in fig. I, and with phosphorous 
pentoxide to remove the water formed. The next step was to treat the 
gases in a discharge tube with electrodes of the liquid alloy of sodium and 
potassium (fig. 2), This process removes oxygen and nitrogen and in the 
absence of hydrogen it leaves a clean spectrum of the rare gases (Liveing 
and Dewar 1915, p. 542 ; May 1903 ; Strutt 1908, p. 577 ). 



Fig. 1 

The gas could be gradually passed into tkiB tube by means of a transfer 
pump, so as to maintain the pressure at a suitable value of not more than 
about 3 mm* while the action proceeded. 

The process is not well adapted for removing hydrogen, and when a new 
tube is brought into use trouble is sometimes encountered from hydrogen 
being given off by the alkali metal. However, if the tube contains initially 
some hydrogen with exoess of nitrogen the H* line undoubtedly tends to 
disappear on running, and argon remains, showing H a only faintly if at all. 

* The arrangements are similar to those shown in fig. 1 for the copper oxide tube. 


30*3 
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This perhaps points to the formation of potassamide (KH a N), but I have 
not specially investigated the question. The purity of the spectrum is taken 
as evidence that the argon thus separated is practically free from hydrogen, 
and may be measured voiumetrically as (argon 4- neon). However, there is 
reason to think that enough hydrogen may remain to be important in 
comparison with the neon, though not in comparison with the much more 
abundant argon. It is therefore desirable or necessary to get rid of it 
before the final separation of neon. I shall revert to this point later. 

When all the gas had been passed into the discharge tube, and the 
spectrum had become clean the yellow helium line was usually dominant— 
brighter, that is, than any argon line. It became more dominant the lower 
the pressure. The argon spectrum was however quite bright. Neon could 
not usually be seen at this stage; and to be able to deal with it, it was 
necessary to get rid of the excess of helium, which being presumably of 
radioactive origin, due to the radium in the rock, is of no interest from the 
point of view of the present investigation. In order to remove helium 
without the necessity of using liquid hydrogen advantage was taken of the 
known property of fused silica to allow helium to pass through it. 

T’sai and Hogness (1932) have made comparative measurements of the 
rate of passage of neon and of helium through silica walls. They find the 
ratio to be 0 0166 at 685 ° C, and 0*0338 at 955 ° C. These figures indicate 
that to get the best separation as low a temperature as possible should 
be used. On the other hand, at the lower temperatures the process beoomes 
too slow. The temperature used was not measured, owing to lack of any 
suitable pyrometer, but was intermediate between these; for an illustrative 
calculation the ratio may be taken as 0 * 025 . 

For helium we may take the partial pressure p as given by 

when p 0 is the initial pressure and a a constant^ 

Similarly for neon q = q u e-t‘. 

With ft/a m 0 - 025 , we find that corresponding to the value 

e~»‘ m 0-01, 6-^ = 0 - 89 . 

So that when the helium is reduced a hundredfold, the neon is not very 
appreciably diminished. 

The helium will pass out at a rate proportional to 

area of silica x (thickness) -1 x gas pressure. 
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If the gas is assumed to be all compressed into a cylindrical silica tube 
and if we vary the linear dimensions of the latter in the ratio l : i we 
shall vary the area in the ratio Z a , the thickness in the ratio l , and the gas 
pressure in the ratio J~ 8 . Thus the rate of passage will be varied in the ratio 
/ 3 x l~ l x or l~ 2 : and it is seen to be of very great advantage to oompress 
the gas into as small a tube as possible, assuming, as seems likely, that the 
latter can be made proportionately thin. 

To carry out this idea the gas was drawn out of the discharge tube, and 
compressed to nearly the atmospheric pressure into a capillary tube of 
silica with very thin walls. This tube was prepared by drawing out a piece 
of quill tube in the blowpipe, A length of about 2 cm. was then thinned 
by immersion in hydrofluoric acid, until it gave way at the thin end. The 
tube was then sealed short of this point. The diameter was less than 1 mm. 
and the wall thickness perhaps 0*02 mm. It could be kept red hot by 
a nichrome resistance furnace wound over a silica tube of 5 mm. inside 
diameter, which was placed over the thin tube. A slow stream of oxygen 
from a commercial cylinder was passed between the tubes in order to 
prevent atmospheric helium (or neon) from passing into the thin tube 
through the silica walls. Any helium passing out was swept away by the 
oxygen stream. 

The arrangement is shown in fig. 2 along with the sodium-potassium 
discharge tube and the transfer pump used for drawing the gas out of the 
discharge tube and transferring it to the thin silica tube. 

The other arrangements for manipulating the gases are not described 
in detail. There is no particular novelty about them. 

With this thin silica tube the removal of helium was quite rapid. After 
15 min. treatment the gas was usually transferred back to the discharge 
tube and re-examined. The helium line had become much less conspicuous, 
and after a total of 45 min. treatment it had disappeared entirely, so that 
the neon which was ultimately left when the charcoal absorption of argon 
had been carried out was practically free from helium. 

Many attempts were made in the earlier work to estimate neon spectro¬ 
scopically in the argon after removal of helium, and it was thought at 
first that a fair measure of success had been attained. But, as in the case 
of the potash treatment, I had at last to conclude that little reliance could 
be plaeed in this method. It is difficult to see the neon yellow r line in atmo¬ 
spheric argon, and the conditions under which it can be seen are difficult 
to define. In any case low pressures, which cause the discharge in the 
capillary tube to become bluish, are favourable, The visibility seems to 
vary capriciously, and it is only for qualitative estimates when neon is 
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present in considerable proportions that this method is useful, as for 
example in examining the gas liberated from pumice (see below, p. 458 ). 
In general it is necessary to isolate the neon by means of cooled charcoal 
before any reliable results can be obtained, and even then the quantity 
is too small for a very satisfactory measurement of volume. 

The gas was then admitted to a Macleod gauge, previously exhausted 
completely, so as to contain no measurable residue. The volume measured, 
after correction for the dead space, was taken as the volume of (argon + 
neon). 



As already explained, the gas then measured often contains an amount 
of hydrogen, which, though insignificant compared with the total, is com¬ 
parable in amount with the neon, and interferes with the isolation of the 
latter by means of cooled charcoal. To get rid of this hydrogen, the gas 
was again allowed to stand in contact with hot copper oxide, in conjunction 
with drying material. The copper oxide was allowed to cool,* and the ga$ 
then allowed to stand in contact with 1 g. of charcoal cooled in liquid 

* Commercial copper oxide always gives off small traces of carbon dioxide while 
hot. 
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oxygen* The argon was absorbed and the neon was isolated, together with 
residual helium (if any) which had escaped removal by diffusion through 
silica. The spectrum was examined in the capillary tube of the gauge, 
using a high frequency discharge from a small medical apparatus** If 
the spectrum was not clean it became so by passing the discharge, which 
apparently causes impurities to be absorbed by the glass* If the amount 
of impurity is considerable, the process can be made more effective by 
cooling the tube. For this purpose it is convenient to use the little con¬ 
trivance shown in fig. 3 . It consists of a kind of tongs carrying cotton-wool 
pads which embrace the tube. The arms are of wood, connected by a metal 
spring. The pads are dipped in liquid air, and the tongs are then clipped 
on the tube. The neon spectrum soon became clean under these conditions, 
but did not always remain so on warming up. It was necessary to continue 
the sparking until the spectrum did remain permanently clean, which 
often took a little longer. 




Fia. 3 


The purity of the neon, and in particular the absence of helium could 
then be checked, and the volume measured. The quantity of neon obtained 
from 100 g. of rock was in most cases too small to afford a very satisfactory 
volume measurement, but it was enough to establish the general con¬ 
clusions which follow at the end of this paper. No great stress can be placed 
on the neon measurements except as indicating the order of magnitude. 

The results indicate that a gram of rock usually contains something 
like 2 x 10~ 5 c.c. of argon and 8 x 10~ 8 c.c. of neon. 

The ratio of neon/argon in the atmosphere is 1*92 x 10 ~ 8 , and the ratio 
found in plutonic rocks, whether acid or basic, does not differ widely from 
this. 


♦ I am indebted to Professor F. Paneth for this useful hint. 
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Material 

Locality 

Argon 
per g. 
c.c. x 10 ”* 

Neon 
perg. 
c.o. x 10”* 

Neon 
Argon 
x 10~» 

Granite 

Cornwall 

2-8 

6*0 

2*1 

Granite 

Moume Mountains, Ireland 

1*2 

7*8 

6*5 

Granite 

Ru bislaw, Aberdeen 

3*2 

6*9 

2*2 

Dunite 

Jackson County, North 

3*7 

11*0 

3*0 

Dunite 

Carolina 

Nelson, New Zealand 

1*9 

9*1 

4*8 

Dunite 

Loch Skavaig, Skye 

1*1 

5*8 

5*3 

Eologite 

Newlands Mine, Griqua- 

2*2 

6*6 

3*0 

Obsidian 

land West* 

Lipari Islands 

1*8 

8*6 

4*8 

Pumice 

Lipari Islands (?) 

0*9 

4-8 

5*3 

(powder) 

Pumice 

Lipari Islands (?) 

3*7 

168*0 

43*0 

(lumps) 

* Fragment in the “blue ground”. 




It appears then that the rare gases which have remained locked up inside 
the earth show the same overwhelming preponderance of argon that is found 
in the atmosphere—in contrast to what is found from the available evidence 
about cosmical sources. This does not favour the view that the primitive 
gases of the earth contained excess of neon, which has escaped after the 
atmosphere had been differentiated from the solid interior. It rather 
suggests that the same ratio has always prevailed, and that there has at 
no time been an escape of neon into outer space. It must therefore be 
confessed that the present work does not help to explain the relative 
abundance of neon in the nebulae. 

The quantity of neon found in commercial pumice which (it is believed) 
comes from the Lipari Islands, is much larger in other rocks, both actually 
and relatively to the contained argon. This has been repeatedly verified 
in different experiments. In this case the yellow line of neon is con¬ 
spicuous in the argon separated from the pumioe, and at low pressures 
it becomes more conspicuous than any argon line. The ratio of neon/argon 
is much larger than in any of the plutonic rocks examined, or than the 
atmospheric ratio of these gases. The neon appears to be mainly contained 
in the vesicles of the pumice, since it is not found in exceptional quantity 
in the powdered material. This point haB been further verified by breaking 
down pumice mechanically in vacuo at the ordinary temperature, and 
examining the evolved gases. 10 g. of pumice in pieces about the size of 
a pea, was packed into a lead pipe, which was evacuated and crushed flat 
with pliers, crushing first one short length and then the next. Some 
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nitrogen came off. On working this up in t he sodium-potassium tube, 
argon remained, along with conspicuous neon. 

As mentioned above, this exceptional amount of neon is not found in 
powdered pumice, nor is it found in obsidian from the same locality (see 
list of results). Pumice is regarded as the froth resulting when molten 
obsidian is released from external pressure and the contained gases are 
able to form bubbles, and it seems very strange that the froth should 
contain an exceptional amount of neon when the compact material does 
not. The contrast in this respect between pumice and the plutonic rocks 
emphasizes the same point. 

In view of this strange apparent discrepancy it is suggested as possible 
that the neon contained in the vesicles may have entered them from the 
earth’s atmosphere. Though neon passes through hot silica much less 
easily than helium, yet it does pass (above p. 454 ) and when the pumice is 
recently formed, and hot, there is the possibility of atmospheric neon 
passing into the vesicles through the thin vitreous walls. The amount found 
appears to be of a possible order of magnitude, and would not make the 
partial pressure of the neon in the vesicles greater than that in the air 
outside. However, this view is not free from difficulty, as the neon in 
pumice does not contain much, if any, helium. A study of pumice and 
the associated obsidian from various localities might help to clear up the 
matter* 


Part II. Nitrogen 

Beyond the results given in my early paper (Strutt 1907) which have 
not attracted attention, nothing seems to be known about the presence 
of nitrogen in igneous rocks. Clarke and Washington (1922, p. 114 ) indicate 
by a blank that they have no knowledge of it. Russell (1935, p. 74 ) says, 
“There is practically none of it in the rocks.”* 

The presence of nitrogen may however be easily proved by an experiment 
which can be repeated in any chemical laboratory without specialized 
appliances. Take 2-5 g. of Cornish or other granite, finely powdered. Mix 
it intimately with soda lime, and place it in a hard glass tube. On heating 
the tube to redness, and drawing a current of air over it, and through 
Nessler’s solution, a very definite ammonia reaction is obtained. A parallel 
experiment with soda lime but without granite gave no appreciable reaction. 

* The occurence of ammonium chloride in the neighbourhood of volcanic vents 
has often been recorded. In some cases at any rate it appears to be formed by the 
action of hot lava on growing vegetation. 
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This shows that the nitrogen is in combination, presumably as some sort 
of ammonium compound. 

In my early experiments (Strutt 1907) the nitrogen was extracted by 
heat along with the inert gases. No consideration was given to the way 
in which it was retained: but the experiment above described shows that 
at any rate not all of it is held in the crystal lattices of the minerals as the 
rare gases presumably are: and in fact it has been found that comparatively 
little nitrogen is collected when the rocks are decomposed by fused caustic 
potash in order to set free the inert gases. * 

To estimate the nitrogen 10 g. of rock was mixed with an equal quantity 
of copper oxide and heated to redness in a steel or nickel tube for 4 or 5 hr. 
A bottle containing stick potash was in connexion with the steel tube, and 
since the pressure of gas liberated was of the order of 1 mm. diffusion was 
rapid, and all carbon dioxide was got rid of. Any hydrogen or ammonia 
that may have got away unburnt in the first instance would diffuse back 
to the copper oxide. 

After standing cold for some hours nothing but nitrogen and a trace of 
inert gases was drawn off. This gas was put into the apparatus by the 
transfer pump, and after a spectroscopic test of its purity, the volume was 
measured. After that, it was in some cases absorbed in the sodium 
potassium discharge tube, and the volume of residual rare gas measured 
as a check. The volume was found to be only a small fraction of the 1 % 
that would have been obtained from atmospheric nitrogen. This proves 
quite clearly, if any further proof were needed, that the nitrogen is not of 
atmospheric origin. 

In some experiments 10 g. of the rock were heated with 50 g. of copper 
oxide. No additional quantity of nitrogen was obtained. 

The nitrogen measurements are given below, the materials being the same 
as those used for the previous work, with the addition of one or two others. 

The experiment already described shows that some at any rate of the 
nitrogen is capable of conversion into ammonia by heating with alkali, 
and may be described as ammoniacal nitrogen. It is important to deter¬ 
mine whether any of the nitrogen is in the nitric form. To get evidence 
on this point, 1 g. of granite was powdered as finely as possible, and treated 
with strong sulphuric acid in a sealed tube for 5 hr. at 355° C. On oooling 
it was shaken up and placed vertically for the mud to subside. The 
(moderately) clear supernatant liquid was tested with diphenylamine, but 
no immediate blue coloration was obtain. 

* If ammonia were liberated, it would presumably be absorbed by the phosphovio 
acid drying tube. 
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A comparative test showed that 2 x 10“ a mg. of nitric nitrogen im¬ 
mediately gave a very deep blue coloration, and 4 x 10~ 3 mg. immediately 
gave a definite blue coloration under the same conditions. This seems 


to indicate that not more than 4 x 10~ 8 mg., equivalent to 3 x 10~ s c.c. of 
nitrogen gas, is present. The nitrogen contained in the rock is 4 x 10~ a c.c., 
13 times more than this. It is therefore concluded that the nitric nitrogen, 
if any, can only be a small part of the whole. 


Material 

Granite 

Granite 

Granite 

Pumice 

Obsidian 

Quartz--Diorite 

Gabbro 

Dolerite 

Basalt 

Dunite 

Dunito 
Dunite 
Eclogite from 
blue ground 



Nitrogen 

Locality 

c.c./g. 

Cornwall 

0053 

Rubislaw 

0032 

Moume Mts., Ireland, 

0027 

Lipari? 

0020 

Lipari 

0*022 

Arran 

0028 

Skye 

0037 

Skye 

0044 

Giant’s Causeway 

0*027 

Jackson County, North 
Carolina 

0*045 

Loch Skavaig, Skye 

0*054 

Nelson, New Zealand 

0*037 

Newlands Mine, Griqua- 
Jand West 

0*045 


A similar experiment was tried with dunite from Jackson County, 
North Carolina, with the same result. 

It was noticed in both cases that a slight blue coloration came on after 
a few hours’ standing. I do not know exactly what significance is to be 
attached to this, but have not considered it important. In any case the 
coloration was not enough to invalidate the general conclusion above 
stated. 

It will be observed that the volume ratio nitrogen/argon is about 2000 
for rooks as compared with 120 for the atmosphere. We are of course 
comparing two very different things when we compare oombined nitrogen 
of rooks with the free nitrogen of the atmosphere. We may attempt to 
distinguish between free nitrogen and combined nitrogen in rocks by 
measuring the nitrogen set free when the rock is treated with caustic 
alkali. I have satisfied myself that the nitrogen so obtained would give 
a ratio nitrogen/argon muoh less than 120, though the data are not good 
enough for a more definite statement. 

Since there is so much nitrogen in the earth’s crust, we are evidently not 
altogether safe in regarding the nitrogen of the atmosphere as primitive, 
though it has usually been so regarded. It must be admitted however that 
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the ordinary processes of denudation would scarcely lead to the liberation 
of free nitrogen from ammonia or carbon compounds. 

It is of interest to compare the total nitrogen content of rooks with that 
of the atmosphere. It has been estimated (Russell 1935 , p. 56) that the 
composition of the earth by weight is: 



Parts 

Molten iron 

350,000 

Dense rook 

640,000 

Granite 

3,000 

Sedimentary rock 

160 

Ocean 

239 

Atmosphere 

0- 


Total 1,000,000 

We may take for the nitrogen content of rock a round figure of 0-04 c.c. 
nitrogen/g. of igneous rock, or 5 x 10 5 of the whole weight of the rock. 
Thus 65,000 parts of rock contain 6-5 x 10 s x 5 x 10 -8 , or 32-5 parts of 
nitrogen. The atmosphere contains 0-78x0-85 part or 0-662 part of 
nitrogen. Thus the rocks contain about 50 times as much nitrogen as the 
atmosphere. 

It may be remarked that the “abundance” of nitrogen in the earth is 
much higher than has been supposed. Clarke and Washington ( 1922 , 
p. 112 ) give a list of thirty of the most abundant elements, the lowest in 
the list being boron and glucinum (beryllium) which are entered as 0-001 %. 
Nitrogen does not appear in this list, or even on a further list of twenty-five 
scarcer elements about which some indication is given: but according to 
the results of this paper it is present to the extent of 0*005 % and should 
be 20 th on the list of 30. 

In speculation on the origin of life it is sometimes suggested that nitrogen 
now present in the atmosphere was originally in the earth in a combined 
form, perhaps in the form of nitride, so that ammonia would be liberated 
by the action of water. We see by the present results that hypotheses of 
this kind are not necessary. Ammoniacal (or perhaps organic) nitrogen is 
present in igneous rocks, and would be made available in the oourse of 
denudation. How the nitrogen could be set free is another question. 

It is of interest to remark that combined nitrogen has been found in 
stony meteorites, and that the amount corresponds closely with the amount 
here found in terrestrial rocks (Lipman 1932 ). 

Russell and Menzel ( 1933 , p. 997) remark that nitrogen is one of the 
most abundant of all the elements in celestial sources, and they contrast 
this with itB relative scarcity (by weight) in the superficial layers of the 
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earth, even when the atmosphere is taken into account. The present results 
do not seriously alter this position. But they do relieve the difficulty 
(p. 1000) of explaining why nitrogen was not lost when the earth was hot, 
and the nitrogen now in the atmosphere was presumably dissociated into 
atoms, with correspondingly increased velocities.* For nitrogen is now to 
be classed with water and carbon dioxide which enter into the composition 
of molten magma, and which may therefore, according to the views of the 
authors cited (p. 1000), have been supplied to the atmosphere when the 
temperature had fallen below that required for escape. 


Summary 

It is found that plutonic rocks contain nitrogen argon and neon. The 
nitrogen appears to be mainly in chemical combination. The argon and 
neon are probably trapped in crystal lattices. 

The argon found usually amounts to about 2 x 10~ s c.c./g. The neon 
is about 8x 10~ 8 c.c./g. 

The ratio neon/argon is of the same order of magnitude as the ratio of 
these gases in the atmosphere, and does not much favour the view that 
there has been a loss of neon from the atmosphere. 

' The vesicles of pumice stone contain an altogether exceptional proportion 
of neon. This is difficult to understand, but can scarcely be considered to 
affect the general problem. 

Rocks in general contain about 0*04 c.c. of nitrogen/g. It has hitherto 
been supposed that terrestrial nitrogen is mainly concentrated in the 
atmosphere, but on the basis of the present results, the rocks probably 
contain in all some fifty times as much nitrogen as the atmosphere. It is 
no longer necessary therefore to regard the atmosphere as primitive, and 
no special difficulty arises as to why the earth did not lose its (dissociated) 
nitrogen when the temperature was high. It may have lost some, but there 
was more in the interior. 
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Critical and co-operative phenomena 

IV. A theory of disorder in solids and liquids 
and the process of melting 
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1 . Introduction 

It is probably true to say that at present there is no satisfactory theory 
of the process of melting. By this is meant that none of the existing theories 
can account satisfactorily for the sharp transition in properties which occurs 
at a precise temperature when a pure single component substance melts. 
An adequate theory must find a reason for the existence of a sharp tempera¬ 
ture and must explain the change of volume and the latent heat of fusion 
in terms of interatomic forces. For this purpose it is necessary to devise 
a model of the solid and liquid states of such a kind that a change from one 
phase to the other can be regarded as taking place by a continuous process 
and represented mathematically by a continuous change of one or more 
suitable variables. 

An attempt to construct such a model has been made by the authors in 
a recent paper (Leonard-Jones and Devonshire 1939 ). It was based on the 
hypothesis that the essential difference between a solid and a liquid is that 
one is ordered and the other disordered and that a change from one state to 
the other can be followed by a continuous transition of a variable suitably 
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chosen to represent the state of order. For this purpose the concept of 
disorder used by Bethe (1935) in his theory of binary alloys was used but 
adapted to a substance consisting only of one component. This was done 
by considering the distribution of atoms not only on their normal lattice 
sites (called a-sites) but also on certain other abnormal sites (called /?-sites). 
These latter sites were taken to be certain positions in the interstices of the 
normal lattice positions. Owing to the repulsive fields of atoms at close 
quarters these sites must necessarily be positions of higher energy than the 
normal sites and will rarely be occupied at low temperatures. 

The method of Bethe was adopted because it uses as a primary quantity 
the interaction of atoms in pairs, and so it is easy to introduce the forces 
between atoms when these are known. For this reason the theory was 
applied to some of the inert gases because more is known of their interatomic 
force fields both as regards their variation with distance and as regards 
their actual magnitudes than of other atoms (Lennard-Jones 1931, 1937)* 
The theory was successful in reproducing all the observed features of a sub¬ 
stance when it melts. It showed that the change of volume on melting is 
due to the gradual spreading of a state of disorder throughout the solid. 
Just before melting the solid is nearly in a state of order, but once it has 
melted the order has almost entirely disappeared—it has become a liquid. 
The extra entropy of the system in consequence of this disorder provides 
about half the entropy of melting, and the extra energy due to disorder 
provides about half the latent heat of fusion. 

The calculations involved in the method of Paper III are, however, 
somewhat elaborate and discourage attempts to extend the theory to more 
complex systems. In this paper, therefore, we develop a simpler method. 
Whereas the method of the first theory focuses attention on the immediate 
neighbourhood of any one atom and finds the probability of various con¬ 
figurations about it, thus producing a theory of short-distance order, the 
method developed in this paper assumes the environment of any one atom 
to be governed by the average state of order throughout the assembly, 
and thus is based on long-distance order. This was the assumption on which 
the work of Bragg and Williams (1934) on binary alloys was based. 

2. Order and disorder in a substance containing 

ONLY ONE COMPONENT 

In this paper we shall deal with a solid consisting of only one kind of atom 
and shall suppose that at low temperatures the atoms form a perfect lattice, 
the environment of any one atom being similar to that of any other. The 
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atoms exist in this state of perfect order in virtue of the forces which they 
exert on each other and, if they are displaced from their equilibrium 
positions, forces will be introduced which* tend to restore them to their 
normal positions in the lattice. Consequently, as energy is imparted to the 
solid, vibrations are set up about the equilibrium positions. Owing to the 
mutual interactions of the atoms the disturbance of one produces a dis¬ 
turbance of all the rest, and this coupling of the atoms produces a composite 
motion of the solid, which can be described in terms of elastic waves. 
A proper theory of solids thus requires methods such as those devised by 
Debye (1912), Born (1923) and Blackman (1934-5) to represent the elastic 
vibrations. 

The simpler theory of Einstein, according to which each atom is regarded 
as an oscillator moving with a characteristic frequency independently of 
the rest, is, however, a good enough representation of a solid for many pur¬ 
poses. We shall adopt this hypothesis that each atom can be considered 
to vibrate independently of the rest. This is tantamount to assuming that 
each atom moves in a field which is static. This static field we shall take to 
be the one determined by the forces of the other atoms in the immediate 
vicinity, each being taken to be at its average (or equilibrium) position. 
The field thus produced may be of a complex nature and the vibration of 
each atom will not be the same as that of a simple harmonic oscillator, 
exoept for small amplitudes. 

A model of this kind implies a state of perfect order and neglects the 
possibility of migration from one site to another. In applying it to liquids 
in Paper II (1938) we assumed with Hirschfelder, Stevenson and Eyring 
(1937) that the atoms could, in fact, change places and could in consequence 
share the whole of the available volume. This assumption implied an 
additional contribution to the entropy, which was found to be equal to an 
amount k (Boltzmann’s constant) per atom. While this assumption may 
prove in some cases to be approximately correct it must be the object of 
theoretical research to justify it or to replace it by a more logical treatment. 
One method of doing this has been given in Paper III and another alter¬ 
native method is given below. 

The inert gases, to which we wish to apply the theory, have the structure 
of face-centred cubic lattices in the solid form. Each atom vibrates about 
a definite site and in doing so its centre sweeps out a small but finite volume, 
which can be associated with each site. Calculation shows that these 
“available” volumes are usually small compared with the volume occupied 
by the atoms and do not overlap each other. In order to develop a theory 
of disorder we must somehow introduce the possibility of migration. Tp 
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do this we consider the probability that certain other intermediate sites 
will be occupied. These sites we choose in such a way that they are sym¬ 
metrically related to a number of normal sites. A convenient set of such 
sites is provided by a face-centred lattice which interpenetrates that of the 
normal sites in the same way that the lattice of sodium ions in rock salt 
interpenetrates the lattice of chlorine ions. We refer to the normal lattice 
points as a-sites and the others, the abnormal ones, as y?-sites. The number of 
eaoh is equal to the number of atoms in the system ( N ). Round any a-sites 
there are then six adjacent /?-sites, and round any /?-site six adjacent 
a-sites. 

To place an atom on a /?-site when all the rest are on a-sites would require 
a considerable amount of energy owing to the repulsive field of the neigh¬ 
bouring atoms. But this energy would diminish if several atoms changed 
from a- to /?-sites simultaneously, and would become zero in a state of 
complete disorder, when there was an equal probability of the occupation 
of all sites, whether normal or abnormal. The phenomenon of interchange 
must therefore be regarded as a co-operative one, similar to that of changes 
from order to disorder in binary alloys. 

We do not for a moment suggest that the atoms will be situated only on 
a-sites and on /?-sites, but we regard the two sets as providing a suitable 
frame of reference, by which various disordered configurations of the 
assembly can be described and formulated in mathematical terms. It is 
not easy to give a precise physical interpretation of this model, but it may 
be that by introducing the concept of /?-sites we have discovered a method 
of allowing a dense assembly to change from one arrangement to another. 
In a state of complete disorder the free interchange of atoms among the 
sites implies a condition of fluidity, with its attendant properties of diffusion 
and viscosity so characteristic of a liquid. 

The occupation of /J-sites simultaneously by a number of atoms may 
correspond to a transitional state of high energy, followed by a rearrange¬ 
ment of the atoms among other a-sites. In that case the intermediate 
arrangement would correspond to what in a chemical reaction is sometimes 
called the “ activated complex ”, a configuration of high energy from which 
atoms may be redistributed among two or more molecules. 


3. The equation of state of a disordered assembly 

The partition function for an assembly of N atoms in a state of perfect 
order, as described above, is where / is the contribution of eaoh atom 
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owing to its vibration in its cell. It is a function of the volume v and 
temperature T of the assembly, given by 

/ « (2nmkTjh 2 )*vf exp[~ & 0 /NkT] f ( 1 ) 

where vf is an average volume, swept out by an atom in its cell, and is 
obtained by weighting each element of volume in the cell by a Boltzmann 
factor appropriate to the energy, measured relative to the energy at the 
centre of the cell. 0 O is the energy of the system when the atoms are all in 
their equilibrium positions. Both vf and 0 O are given in terms of interatomic 
forces in Paper I, equation (48), or Paper II, equations (3), (5) and (7). 

It is now necessary to find how the partition function of the assembly 
is to be modified to take account of the migration of the atoms. The partition 
function f N just given applies to a system of N atoms each in a similar cell, 
the position of each cell being fixed. 

According to the model described in the preceding section there is one 
a-site and one //-site per atom, and the degree of order of any configuration 
of the assembly may be specified by the number of atoms N a on a-sites (or, 
more accurately, vibrating about a-sites) and the number N fi on /J-sites. 
We introduce a symbol Q to denote the degree of order, defined as 

Q-NJN, 1 -Q-fy/N. (2) 

If we assume that for given values of N a and N fi the atoms are distributed 
at random among the lattice sites so that the state of disorder is homo¬ 
geneous throughout the assembly, then, when the number of y?-sites adjacent 
to any a-site is z , the number of occupied jff-sites near any one atom on an 
a-site is 2(1 — Q). Similarly the number of occupied a-sites round any 
occupied /?-site is zQ. Suppose that the energy of interaction of each pair 
of atoms in adjacent a- and /?-sites is W This will be a function of the distance 
between the two sites and therefore of the volume of the solid as a whole. 

The average energy of an atom in an a-site as a result of its 2(1-Q) 
neighbours will thus be 

W a -zW(l-Q), (3) 

while the average energy of an atom in a /?-site will be 

** W„ « zWQ. ( 4 ) 

The energy required on the average to take an atom from an a-site and 
place it on a /?-@ite is thus 

AW = W fi -W x ™zW( 2 Q-\). 


<«) 
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This is equal to zW in a state of complete order (Q = 1 ), as it should be, 
and is zero in a state of complete disorder (Q — $). 

The total energy of interaction due to the disorder is given by 


N a W a =» NpWp = zNWQ( 1 - Q), ( 6 ) 


and the number of ways of distributing the atoms among the sites so that 
there are N a on the a-sites and on the ft-sites is 


y{Q) - 


N\ N\ 

(N-NJ\N x \(N-N fi )\N fi \ 


I N\ 

{(NWimi-Qn 


(7) 


The factor to be introduced into the partition funotion to take account 
of disorder is thus 

y(Q)exp[-zNWQ(l-Q)/lcT]. 

If we now associate a partial partition function / with an atom in every cell 
whatever its position, we have for the partition function of the assembly, 
when each atom is vibrating in a cell and the cells are disordered 

F Q =f N y(Q)exp[-zNWQ(\-Q)lkT]. ( 8 ) 

For a given volume, temperature and energy of interaction W this function 
has a maximum for a definite value of Q, given by 


zW(2Q-l) 
2k T 


log4>-log(l-4?)> 


(9A) 


or (2Q — 1) ■= t&nhzW{2Q— l)[4kT. (9B) 

The justification for this method of calculating the degree of disorder 
and its relation to the Bethe method are discussed in a recent paper by 
Kirkwood ( 1938 ). 

This equation is always satisfied by Q = £, but when zWjikT > 1, there 
will be another root greater than £, and it can easily be shown that when 
it exists it corresponds to the maximum value of the partition function, 
but that when it does not exist Q = £ gives a maximum value. When WjkT 
is very large Q = 1 approximately, and the order is nearly perfect, but when 
W/kT < 4/z, then Q ** and there is complete disorder. We note that Q 
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is a function of WjkT only, whether IF is a function of volume or not. 
The free energy (V — T 8) is then given by 

-A/NkT = (llN)\og(F Q ) m%x 

= -(A' + A*)INkT, (10) 

where -A'jNkT = log / (10A) 

and (10B) 

the value of Q in the latter expression being given in terms of WjkT by 
equation (9A). The free energy thus consists of two parts, one (A*) being 
that appropriate to an ordered assembly of vibrating atoms and the other 
(A") an extra contribution due to the disorder of the centres about which 
the atoms vibrate. 

The internal energy and entropy can be deduced from equation (10) and 
we find contributions due to order (V\ S') and disorder ( U ", S") as follows: 



U = U'+U", 

(u) 

where 

U' = NkT*y^Mf\ v , 

(11 A) 


U" = zNWQ(l-Q), 

(11B) 

and 

8 = S'+8", 

(12) 

where 

8’ = NkT ~ (log/) + A r log/, 

(12A) 


S” = -2(l-Q)log(l-Q)-2QlogQ. 

(12B) 

The pressure also can be expressed as a sum of two terms, one giving 
the pressure of an ordered assembly (p') and the other the extra pressure 
due to a state of disorder. Thus 


prxp'+p", 

(13) 

where 


(13A) 

and 


r 



(13B) 
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since W for this model is a function of volume alone, and the last term 
vanishes in virtue of the maximum property of A* with respect to Q for 
given volume and temperature. 

If we denote by n” the number of pairs of atoms in adjacent a- and /?-sites, 
we have 

p* « - n"{dWjdv ), »' - zNQ(l-Q). (14) 

This is the same as the equation obtained in Paper III, equation (3'40). 
Since Q (and therefore n”) is a function only of WjkT from equation (9B), 
and W is a function only of volume, it follows that for a given temperature 
n” is a function only of volume. For small volumes W is presumably large 
owing to atomic repulsive forces and n" is small, while for large volumes W 
must become small and then n" reaches an asymptotic value of zN/ 4. The 
other term which occurs in p" will, however, decrease as the volume increases 
provided the forces contributing to W are repulsive. It follows that p” 
rises from zero for small volumes to a maximum and then diminishes to 
zero again as the volume becomes large. This is illustrated in fig. 1. 



Fick 1. The pressure due to disorder (p*) as a function 
of volume for a given temperature. 
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The method used in this paper gives n" as a discontinuous function of 
volume and temperature, the maximum value being attained quite sharply. 
This corresponds to the sharp disappearance of long-range order in Bragg 
and Williams’ theory of binary alloys. This feature is responsible for the 
points of discontinuity L and M in fig. 1 and the peak in fig. 4. 

In the particular case when W varies as some inverse power of the distance 
we can write 

W ~ W 0 (vjvy 9 (15) 



Fig. 2. The pressure as a function of volume for a given temperature; the lower 
curve gives p' t the pressure for a state of order, the upper one p the sum of p' and p* 
(of.fig. 1). 
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and we find p* = ——. (16) 

v 

Since U"jNkT is a function only of WjkT , it follows that p*v/NkT is a 
function only of W 0 /kT and v 0 /v, and hence that * s a function only 

of the “reduced” temperature kT/W 0 , and “reduced” volume v/v 0 . Since 
p^v Q jNW Q may be regarded aB a “reduced” pressure, this implies a law of 
corresponding states. 



Fig, 3. The free energy as a function of volume. Curves I, IT and III correspond to 
A'jNJcT, A/NkT and A*/NJcT respectively. The points A , B, C correspond to the 
same points as in fig. 2. 

The equation of state of the disordered assembly thus contains a new 
term ( p*) which has a profound effect on the shape of the isotherm, as can 
be seen in fig. 2 . This curve gives the isotherm for argon for the temperature 
at which it melts at zero pressure. The corresponding values of the free 
energy are shown in fig. 3, which has minima at A and C and a maximum 
at JB. This curve is for the assembly when it is homogeneous throughout its 
volume. But since the substance will have less free energy by following the 
straight line path from A to C, this will represent the actual course of the 
change. The point A corresponds to a state of comparative order and can 
be inferred from the value of n" shown in fig. 1 , and the point C to one 
of nearly complete disorder. The former we associate with the solid just 
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before it melts and the latter to the substance just after melting. Any 
point on the straight line AC (figs. 2 or 3) will correspond to a mixture of 
two phases and the transition from A to C may be described as a state of 
disorder gradually sweeping through the assembly. 

It has been shown in former papers that the repulsive fields of argon may 
be represented by a potential field falling off as the inverse twelfth power 
of the distance and so we put 


W - W 0 (vJv)K (17) 

For any precise definition of W of this kind, the free energy due to disorder 
can be worked out as a function of v/v Q and kT/W 0 , This is illustrated in 
fig. 4 where a series of contours of constant values of A" are shown. 

The complete equation of state is then given by 

pvjNkT - v~logf+ 4zW 0 (v 0 lv)*Q(l - Q)/kT, (18) 

and for the model described above z (the number of adjacent sites) is 6. 
The value of log/ has been found in Paper I, and hence if W 0 is known we 
can determine the complete isotherm. Alternatively, if we choose W 0 so 
that the melting temperature is given correctly at any given pressure, say 
zero pressure, we can obtain the relation between pressure and volume for 
any temperature. This has been done for argon and a typical isotherm is 
given in Table I. We see from the table that the pressure vanishes at 
v/v 0 - 1*078, and 1*214, these being the volumes of the solid and liquid 
respectively; the free energy for the two phases is equal at these volumes so 
that they can coexist. From the table we can also calculate the entropy of 
fusion which is found to be 1‘70&. 


Table I. Isotherm for argon at 83*8° K 


V 


7»> 0 

-A 

S 

v o 

\ v ) 

NkT 

NkT 

k 

1*0259 

0*96 

1*050 

12*638 

3*805 

1*0540 

0*90 

0*354 

12*656 

4*121 

1*0846 

0*85 

- 0*067 

12*660 

4*489 

1*1180 

0*80 

-0*198 

12*654 

4*918 

1*1548 

0*75 

-0*012 

12-648 

5*438 

1*1892 

0*7071 

0*410 

12*655 

5*957 

1*1951 

0*70 

0*300 

12*657 

5*993 

1*2404 

0*65 

-0*343 

12*655 

6*265 


In Table II we compare the results obtained by the method of this paper 
and those obtained in Paper III, and they are seen to be very similar. W 0 , 
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determined by the method just described, is given in this table in terms 
of 0 O , one of the constants used in former papers to describe the interatomic 
forces. Thus the repulsive force between two atoms is 0 o ( ?J o/ v ) 4 - Both the 
method of this paper and Paper III determine W 0 to be approximately 



0 10 20 30 


-— V/V Q 

Fig. 4. Contours of the free energy due to disorder {A"), expressed as a function 

of volume and temperature. 
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equal to 0 O . It follows that the energy of interaction W assumed in this 
paper (and defined more particularly by equation (17)) is equal approxi¬ 
mately to the repulsive part of the field of a pair of atoms. 


Table II. The calculated and observed properties 

OF ARGON ON MELTING 


wj </> 0 

Volume increase on melting at 
zero pressure (83-8° K) 
Entropy change on melting at 
zero pressure (83-8° K) 
Pressure of melting at 90*3° in 
dynea/cm.* 

Coefficient of expansion (liquid) 


Paper III 

This paper 

Obs. 

1048 

0-928 

— 

12-8 % 

13-5 % 

12 % 

1-74JS: 

l-70/fc 

1-6 6k 

294 x 10* 

280 x 10* 

291 x 10« 

0-0049 

0-0040 

0-0046 


4. The melting temperature in terms of interatomic forces 

It is instructive to examine a little more closely the properties of some of 
the functions used above. We have seen that for the type of field specified 
by (15), p"v/NkT is a function only of W 0 /kT and vjv. More generally this 
is true for any type of interaction which can be written in the form 

W = W 0 G(vM> (19) 

where 0 is any function of vjv 0 . Thus we can write 

p’ftlW.-r'(»lv. 9 kTIW % ) 9 ( 20 ) 

where F " is a definite function of v/v Q and kT/W 0 , which may be regarded 
as known. 

From equation (13 A) we can infer a similar kind of relationship for 
p'v/NkT. Thus we have 



a relation which has been considered in some detail in earlier papers (cf. 
equation (19), Paper II). It takes the form 

p'v __ 1 ( v dx v 3<P 0 
tt?** 1 + xdi~NkT~dv' 


(22) 
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where % the fraction of the specific volume v *, which may be regarded 
as “available” to each atom (that is x — v*/v*); 0 o has already been defined 
in equation (1). For interatomic forces of the type 

0 H(r/r {0 ) = 0 o H(tV”o)> (23) 

if being any suitable function, it may be shown that x is a function only of 
</> 0 /kT and v 0 /v (cf. equation (6), Paper II), and the same is true also of 
& 0 /NkT. It follows that p'vjNkT is a function only of <f> 0 fkT and 
so that we have 

P' v ol<f>o - F'(v/v 0i kT/<f> 0 ), (24) 

the right-hand side being the same function for all substances for which the 
forces are of the same type. 

The total pressure thus depends on temperature and volume according 
to the relation 

P-P’ +*>" - (AK> *>/*. MVtfo) + (W) *>/»•. * TO- (25) 

This is generally valid for the model and the type of forces described. 

So far we have not assumed any correlation between W 0 and but if we 
now suppose that W Q is proportional to <f> 0) as indicated by the case of argon 
(or more generally a function of ^ 0 ), we have 

P~(<t>oh’t)nvlv 0 ,kTI$ 0 ). (26) 

In particular for zero pressure we have a functional relationship between 
vlv 0 and kT/(f> 0 , Now, as the discussion in the preceding section has shown, 
the function p> when plotted for a constant temperature, is of such a form 
that for some values of p there are three values for v/v 0 . For example the 
isotherm, which corresponds to melting at zero pressure, crosses the axis 
of v in three points. From equation (26) it follows that the values of v/v 0 
at these points depend only on kT/$ 0 . The smallest of these refers to the 
volume of the solid just before it melts, the greatest to the volume of the 
liquid just after melting. Let their values be oc 8 and a t respectively and let 
the corresponding value of kTj<j> 0 be ft. Then these quantities are constants 
applicable to any system for whioh the model and the force fields are 
appropriate. Under these conditions the temperature of melting at zero 
pressure is directly proportional to ^ 0 , thus 

T m - fifal*. (27) 

For the relation between W 0 and 0 O given in the last column of Table II, 
and the type of forces used in Papers I, II and III (erf. eqn. (30) below), 
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we find /? ** 0*7 approximately. In Table III we give the values of the 
melting temperature derived from this formula for a number of other 
substances, the calculated values referring to zero pressure, and the observed 
to a pressure of 1 atm. (The theory indicates that the effect of so small 
a pressure will be small.) The values of 0 O are taken from a recent paper 
(Lennard-Jones 1937 , Table II). Though the theory cannot be expected to 
apply to light elements such as helium and molecular hydrogen, where 
quantum effects are likely to be important, the results of the calculation 
for hydrogen are included as a matter of interest. The behaviour of helium 
at low temperatures is, however, so anomalous that it is beyond the scope 
of this paper to deal with it. The calculated values for the other molecules 
are seen to be of the right order of magnitude; in fact, the agreement may 
be regarded as surprisingly good for molecules of this type, seeing that there 
is a distinct possibility that the contributions of rotation and vibration 
to the energy may be changed when melting takes place. So far as we are 
aware, the above formula for the melting temperature is the first to be given 
in terms of interatomic forces. 


Table III. Calculated and observed melting temperatures 
(at zero pressure) 



0 o 

T m 

( = 0-7^/*) 

T m 


f 

1 

o 

0 o/* 

calc. 

obs. 

Neon 

4-88 

35-3 

24-7 

24*4 

Argon 

16-50 

118-5 

(83-8) 

83-8 

Nitrogen 

13-24 

96 

67-2 

63*2 

Carbon monoxide 

13-36 

96-4 

67*5 

73 

Methane 

19-70 

* 142-2 

99-5 

89 

Hydrogen 

4-25 

30-7 

21*5 

14 


It should be mentioned that this formula does not seem to be valid for 
oxygen. The calculated melting-point (using <f> 0 /k = 122*5) comes out to 
be 85*8° abs., whereas the observed melting-point is 46° abs. It is known, 
however, that oxygen is anomalous in other respects. Thus the liquid is 
strongly magnetic and there are probably forces of a kind which have not 
been dealt with in this theory. 

For the same model ot l and a B are also constants and we find that 
a # « I *078, <x t s= 1*213, so that the percentage change of volume on melting is 

(v,-v,)jv, - (a,-a,)/a a> (28) 

and (v,-v 0 )lv 0 = 1-078, (vj—t> e )/v 0 « 1*214. (28A) 



Critical and co-operative phenomena 479 

If we denote by the volume of the solid at the absolute zero (neglecting 
quantum corrections), these relations become (since = 0-913t> 0 ) 

(t> # —)! v i — 1 -180, (v l -v 1 )/v i = 1-328. (28B) 

By using the values of v„ deduced from the second virial coefficient (Lennard- 
Jones 1937 , Table II) we can deduoe the values of v, and v s and compare 
them with experiment. A table of values is given below. 


Table IV. Calculated and observed volumes before 

AND AFTER MELTINO 


Hydrogen 

v t (calc.) 

16*16 

v t (obs.) 

Vj (oalo.) 

18*20 

Oj (obs.) 

Noon 

13*45 

14*0 

15*15 

10*2 

Argon 

20*31 

25*1 

29*63 

28*0 

Nitrogen 

33*38 

29*5 

37*59 

31*9 


The theory predicts that, if a is the coefficient of thermal expansion of 
the liquid just above the melting-point, a = O-48fc/0 o . In the next table 
we give the observed and calculated values of a for some liquids. 


Table V. Calculated and observed coefficients 

OF THERMAL EXPANSION OF LIQUID STATE 



T 

m 

a cale, 

(= l/3T m ) 

a calc. 

( = 0*48 A# 0 ) 

°k>ba. 

Argon 

83*8 

0*0040 

0*0040 

0*0045 

Nitrogen 

63*2 

0*0053 

0*0050 

0*0059 

Carbon monoxide 

73 

0*0045 

0*0049 

0*0049 


Since, as we have seen, the melting temperature is also proportional to 
</> 0l we infer that, if this theory were correct, the coefficient of thermal 
expansion of the liquid would be inversely proportional to the melting 
temperature; in fact, we find 

«-l/TO, (28C) 

very nearly. The data available are not sufficiently extensive to test 
this result, though the observations given in Table V indicate that it is 
roughly true. 
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5. The significance of Lindemann’s formula- 

THE MELTING TEMPERATURE 


Lindemann in 1910 gave an elementary theory of melting, in which he 
assumed that the motion of the atoms in a solid could be represented by 
a set of simple linear oscillators, each having the same frequency. By 
making the further assumption that melting occurred when the amplitude 
of vibration was a definite fraction of the distance between neighbouring 
atoms and that the average kinetic energy of each atom at melting was 
I IcT, a formula was obtained for the melting temperature of the type 

T m = Cv'VlM, (29) 


where v is the frequency of vibration, V tn the volume of the solid at the melting 
temperature, M the molecular weight and C an empirical constant (de¬ 
pending on the relation of the amplitude of vibration to the interatomic 
distance in the solid). By fixing C for one solid a relation can be obtained 
which agrees surprisingly well with the observations for a number of sub¬ 
stances. It is to be observed, however, that this formula is not so much 
a formula for the melting temperature as a correlation between two observ¬ 
able 7 7 m and v, both of which should in a more fundamental theory be 
expressed in terms of interatomic forces. 

A formula for the frequency of vibration of each atom in a solid, assuming 
each to be moving in a static field as in Einstein’s theory, can easily be found 
in terms of interatomic forces. If the potential energy of two atoms can 
be expressed as a sum of two terms, one representing repulsion and the 
other attraction, and both inverse powers of the distance, as has been 
supposed in earlier papers, we can write 


*- 



(30) 


Then -10 O | is the potential energy of a pair of atoms in equilibrium in 
their mutual field, and r 0 their corresponding distanoe apart. The potential 
of any one atom in a solid, when all the atoms are at their equilibrium 
positions and the distance between nearest neighbours is a, is given by 

<P 0 - ^(«). (31) 

a summation over all the other atoms. If this atom be moved from itB 
equilibrium position a distanoe r, the potential energy, averaged over 
a sphere of that radius, is equal to (Paper I, equation (59)) 




ls j-SV,2S<4-) 


/oo\ 
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and for the type of field above, thiB becomes 

4> r = 0 o + l*T a , 

— -> 

a summation over all the lattice points surrounding any one. This sum¬ 
mation can be effected and we can write 


k * 


mi<*•> 


where C n+i and C m+2 are certain numbers. 
Now the crystal spaoing is determined by 


do 0-0, 

and this gives (r 0 ja) n - m = G m jC n . (35) 

It follows that k — C n m | 0 O \l r b (36) 

where C n m is a pure number depending only on the indices n and m. Thus 

(37) 

The frequency of vibration is then determined by the relation 

(2ttv) % * k/M, 

where M is the molecular weight, and so 


a formula involving only atomic constants. 

In particular if n — 12 , m ** 6 , as used in former papers, we find for a 
face-centred cubic lattice (Lennard-Jones and Ingham 1925 ) 


C n>m - 483-7. 

Now at the end of the last section we have found that the melting tem¬ 
perature T m is proportional to 10 O |, provided that W 0 is proportional to 
1 0 O |. The volume per atom v* in a face-centred cubic lattice is 2 and so, 
using equation (35), 




(39) 
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The Linderaann formula ( 29 ) then follows withf 

C - ( 2 nf (fi/k) ( 40 ) 

Sometimes the frequency v of the formula is equated to the maximum 
frequency v m of Debye’s theory of specific heats. The frequency calculated 
above might, however, with greater accuracy be regarded aB an average 
value, and equated to p, where 

- v - J p*dpjj p*dp = £i> m . 

The melting formula can then be expressed in the form 

0 = A[TJM*V*]i, ( 41 ) 

where A is a numerical constant and 

O = hvjk, 

and M* is the molecular weight in atomic units. Using the results of the 
preceding section, we find a calculated value for A of 187 * 1 . Actually for 
a number of solids a value of 163 gives better agreement with experiment. 

6. The existence of a critical temperature for melting 

A subject of considerable interest is the behaviour of the melting curve 
at very high temperatures and pressures. Experimental observations by 
Bridgman (1914, 1915, 1934) and by Simon, Ruhemann and Edwards (1929, 
1930) are available over a very large pressure range, and several suggestions 
have been made as to the way in which these should be extrapolated. The 
suggestions are fully disoussed in an article by Bridgman (1934). Two 
plausible hypotheses have been advanced. One is that the melting curve 
ends in a critical point just like the boiling curve, and that above this there 
is a continuous passage from solid to liquid. The other is that the melting 
curve rises to indefinitely high temperatures and pressures, so that, however 
high the temperature, a pressure can be found great enough to force 
crystallization with a finite change of volume. Bridgman is of the opinion 
that the experimental evidence is strongly in favour of the latter hypothesis, 
but Simon (1937) thinks that the former oannot definitely be excluded, 
Recently Frenkel (1937) has, on theoretical grounds, put forward a third 
hypothesis that there is a lower critical temperature below which a oon- 

f We are indebted to Mr J. Comer for pointing out to us the possibility of deducing 
Lindemann’s formula from our theory of melting. 
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tinuous transition between the liquid and the solid phases is possible. As 
the transition would take place at a negative pressure it would be very 
difficult to observe experimentally. 

It is not possible to predict the existence of such a critioal temperature 
from this theory except by numerical calculations in particular cases. We 
do find, however, that above a certain temperature T c given by 1 - 1 0 o /fc, 
the isotherms lose the sigmoid shape characteristic of a change of phase, 
just as the isotherms of a gas do above the critical temperature. At any such 
temperature there would not (according to this theory) be any sharp tran¬ 
sition such as is normally observed when a solid melts or a liquid freezes. 
There would, however, be a definite degree of order (or disorder) appropriate 
to every point on the isotherm. At large volumes there would be complete 
disorder, at very small volumes almost perfect order. An arbitrary definition 
could be adopted as to the degree of disorder to be associated with a liquid, 
for example the disappearance of long-range order. This does, in fact, occur 
in melting at a volume intermediate between that of solid and liquid, and 
at the critical temperature occurs at the critical point. But it would be 
difficult to correlate such a change with a definite or sharp change in 
observable properties. The transition from solid to liquid (or order to dis¬ 
order) would be a continuous one and would be a function of pressure 
(or of volume). 

The pressure necessary to raise the melting temperature to the critical 
one of IT <f> 0 /k is considerable. In the case of argon, for which the critical 
temperature is i 32° abs. and the ordinary melting temperature 84° abs., 
the pressure required is 2400 atm. approximately. This figure is, how r ever, 
less than pressures which have actually been applied to argon without 
reaching a critical temperature. Bridgman ( 1934 ) has carried out experi¬ 
ments on the melting of argon and nitrogen at very high pressures (up to 
6000 atm.) and at temperatures more than twice the melting temperature 
at zero pressure. He found that the change of volume on fusion (Av), and 
the entropy of fusion (T$) both diminish as the temperature increases, 
but that the latent heat of fusion (TAS) remains approximately constant, 
and that pAv appears to tend to a constant limit, so that he believes there 
is no evidence for critical temperature for melting. 

We cannot therefore attach undue importance to the predictions of the 
theory at high pressures and temperatures. The prediction of a critioal 
temperature may be accidental to the particular model we have chosen. 
In view of possible applications of a theory of melting to problems of 
geophysics and other branches of physics, improvements of the theory to 
render it more reliable at great pressures are clearly desirable. 
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Interaction between adsorbed substances of simple 
constitution, and insoluble monolayers 

By N. K. Adam, F.R.S., F. A. Askew and K. G. A. Pankhukst 

From the Chemical Departments , University College , London , 
and University College, Southampton 

(Received 30 December 1938) 

Extensive studies of the effect of injecting soluble, capillary active sub¬ 
stances underneath insoluble monolayers made in recent years (Hughes 
1935; Schulman and Hughes 1935; Schulman and Rideal 1937; Schulman 
and Stenhagen 1938) have shown that many rather complex, and very 
easily adsorbed substances can either penetrate an insoluble monolayer, 
or in some cases displace the monolayer from the surface of the solution. 
Sodium cetyl sulphate is exceptionally active in penetrating monolayers. 
Quite recently Bilham (1938) has investigated the reason for the excep¬ 
tionally low cohesion found by one of us (Adam 1930), with films of long- 
chain, insoluble amines on acetate buffer solutions of pH about 4; these are 
gaseous films with very much less lateral cohesion than films of the same 
amines on other acid solutions of equal or greater acidity. He has shown 
that the low cohesion is due to the adsorption of acetic acid at the surface, 
from the buffer solution. He also found that sodium ethyl sulphate has 
a similar destructive action on the cohesion of amine films. 

In the work here described, we study the effect of placing insoluble 
monolayers on the surface of solutions of simple, capillary active substances, 
principally butyl alcohol, butyric acid, and phenol. Equilibrium between 
the monolayer and the adsorbed solute appears to be reached very quickly 
in these cases; generally there is no change in the surface pressure or potential 
more than about 10 sec. after the area of the film is changed, and a minute 
always sufficed for the attainment of a final value for the surface pressure 
or potential, which did not change for an hour or so, provided, of course, 
that the film was not collapsing. 

Experimental details 

Surface pressure and surface potential were measured on the solutions 
in the usual way (cf. Adam 1938, pp. 27-44). A silica trough and valve 
electrometer were used for all the potential measurements; in some experi- 
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ments, when surface pressure only was measured, a paraffined brass trough 
was used. Surface-pressure measurements were taken down to a few 
hundredths of a dyne per centimetre, the use of a sensitive instrument 
being absolutely necessary for this work, as often no effect at all on the 
pressure was observed below 1 or 2 dynes. In the case of solutions of butyl 
alcohol, if the experiments were conducted in the open laboratory, evapora¬ 
tion of the solute from the surface was sufficient to cause serious local 
disturbances of the surface, and to make accurate work impossible at low 
surface pressures. By placing the apparatus inside the Faraday cage 
generally used for the surface potential work, and having two small dishes 
of butyl alcohol on the floor of the cage, these disturbances were stopped. 
The air was probably not nearly saturated with the vapour of butyl alcohol, 
as the cage is far from gas-tight; and it was ascertained that the amount of 
butyl alcohol which distils over into water in the trough, under these 
conditions, was insufficient to affect the properties of a monolayer of myristic 
acid. 

The «-butyl alcohol was fractionated to boil within 1 ° (115-116° uncorr.); 
the phenol was of AnalaR quality and the butyric acid was the purest 
obtainable from Messrs British Drug Houses, Ltd. All the solutions con¬ 
tained N/50 hydrochloric acid, except in one instance mentioned below. 

The effect of the capillary active solutes on the surface tension of water 
has been obtained from “International Critical Tables”, or determined by 
the drop-volume method. The effect of the solutes on the air-liquid contact 
potential of the water, which may be called the “surface potential” of the 
solution, AV, was determined with a polonium-coated air electrode as 
described by Sawai ( 1935 ). Table I gives the values, — Ay being the lowering 


of surface tension by the solute. 

Butyric acid 

Ooncon- . _ 

Table I 

Butyl alcohol 


Phenol 

tration 

Av 

— Ay 

AV 

-Ay 

AV 

-Ay 

0/ 

/ 0 

mV 

dynes/cm. 

mV 

dyne s/cm. 

mV 

dynea/om. 

OI 

23 

2*1 

43 

26 

27 

1*3 

0*3 

130 

6-3 

129 

7*8 

36 

40 

0-5 

171 

9*5 

165 

11*7 

42 

6*7 

1*0 

198 

15*0 

209 

19*8 

44 

12*3 

2*5 

— 

— 

— 

— 

51 

22*4 


Results 

Figs. 1-6 show how the adsorbed solutes, butyl alcohol, butyric acid, and 
phenol, affect insoluble monolayers of substances with long hydrocarbon 
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chains. Where curves are dotted, some collapse was taking place, so that 
potentials and pressures are less accurate and too small. Areas are plotted 
horizontally, surface pressures vertically in the lower and the inset curves 
(the inset curves referring usually to smaller pressures and larger areas 
than the main curves); surface potentials are plotted vertically in the 
upper part of the figures. 



Sq. A per molecule 


Fig. 1 . Myristic acid on butyl alcohol solutions, 22° C. 

Myristic acid, C 13 H 27 COOH 

Pigs. 1 and 2 show myristic acid films on butyl alcohol and butyric acid. 
The effect of the adsorbed solute is to increase the surface pressure at large 
areas, but to decrease it at small areas. Considering first the areas above 
50 sq. A (the limiting area* of myristic acid, a liquid expanded film on N/50 

* “Limiting area” here, as in previous papers, means the area of the coherent 
film at the lowest attainable pressure, i.e. the surface - vapour pressure. 






488 N. K. Adam, F* A, Askew and K. G. A. Pankhurst 


hydrochloric acid alone), on N/50 acid alone the surfaoe pressure is nearly 
constant at 0*18 dyne/cm. up to 800 sq. A, and there are violent fluctuations 
of potential, if the air electrode is moved over the surface, as the surface 
is a two-phase one, with islands of coherent liquid expanded film in equili¬ 
brium with vapour film. The effect of the adsorbed solute is to destroy the 
cohesion of the myristic acid film. Even on the 0*1% solutions the surface 



Fig. 2. Myristic acid on butyric acid solutions, 20-22° C. 

pressure is more than doubled, and is no longer nearly constant; also the 
fluctuations of potential in this range of areas were reduced to less than half 
the usual amount for a two-phase surface film, when the concentration was 
0-1 %; and on all stronger solutions the fluctuations were no larger (about 
5 mV) than is usually found for a gaseous film. These facts show that the 
film has become vapour expanded; that the cohesion of the insoluble mono- 
layer is much impaired on all solutions, and if the solution is over 0*1 % 
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concentration in the capillary active solute, sufficiently so to break up 
coherent islands of insoluble film. It is clear that, when the surface pressure 
is less than 1 dyne/cm., the adsorbed solutes butyric acid and butyl alcohol 
penetrate the insoluble monolayer of myristic acid and destroy its cohesion. 

At areas less than about 45 sq. A, however, the surface pressure is less 
on the solutions than on N/50 hydrochloric acid alone. This difference 
increases, as the area is decreased, down to about 30 sq. A, when the curves 
on the solutions begin to run roughly parallel to the curve on N/50 hydro¬ 
chloric acid alone, at a distance below it which increases with the concentra¬ 
tion of the capillary active solute. The curves retain their normal shape, 
however, the liquid expanded curve appearing little changed except that its 
compressibility is rather greater than in the absence of the adsorbed solute; 
the usual sharp discontinuity at the right-hand end of the transition between 
the expanded and condensed states is found, and indeed the area at which 
this discontinuity occurs is not much changed. This points to the state 
of the insoluble monolayer being very little altered by the presence of the 
adsorbed molecules, when the surface pressure is greater than about 
5 dyne/cm. Penetration is inappreciable at these higher pressures. 

The downward displacement of the pressure curves probably means that 
the molecules of the adsorbed solute are being displaced from the surface 
by the insoluble monolayer. Remembering that the surface behind the 
floating barrier, in the instrument used for measuring surface pressures, 
is covered by the adsorbed film which has a surface pressure equal to the 
lowering of surface tension, -Ay, for the solution as given in Table I, 
the observed surface pressure plotted in all the figures is less than the 
total surface pressure of the film-covered surface by -Ay. If there were 
complete displacement of the adsorbed solute, the insoluble film exerting 
the same pressure as it would in the absence of any solute, the surface- 
pressure curves would all be displaced downwards by an amount equal to 
— Ay. If, on the other hand, there were no displacement of the adsorbed 
solute, which continued, in the presence of the insoluble film, to exert the 
same pressure on the floating barrier as in its absence, the curves on the 
solutions would coincide with those on N/50 hydrochloric acid alone. Com¬ 
parison of the amount by which the curves in figs. 1 and 2 are displaced 
downwards, with the values for - Ay in Table I, shows that the downward 
displacement is very approximately half — Ay. It appears, therefore, that 
there is some displacement of the adsorbed butyl alcohol and butyric aoid, 
but that the displacement is not complete. 

The surface-potential curves confirm this displacement; they are all 
moved downwards by an amount which again is usually less than A V for 
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the solution, The downward displacement of the potential curves is a fairly 
large fraction, in these two cases, of AV for the solution, varying from 
60 to nearly 100 % of AV, 

We conclude therefore that, at areas less than 45 sq. A and pressures 
greater than 5 dynes/cm., penetration of the insoluble film by the adsorbed 
molecules is not great, but that more than half the adsorbed molecules 
are displaced from the surface by the insoluble film, A closer estimate than 
this of the extent of displacement can hardly be attempted at present, 
owing to the probability of interaction between the dipoles of the adsorbed 
molecules and the insoluble molecules altering the contribution made by 
either to the total surfaoe potential (Schulman and Rideal 1937 ). Since, at 
areas larger than 50 sq. A, the potential curves are still displaced down¬ 
wards, it is probable that there is some displacement of adsorbed molecules 
from the surface, even when other adsorbed molecules are penetrating the 
film sufficiently to destroy its cohesion. 

On phenol solutions (fig. 3) there is much more penetration, and apparently 
much less displacement of adsorbed molecules. The surface pressure is 
never lowered, even at high pressures, by the adsorbed solute, and the 
characteristic form of the liquid expanded curve with its sharp commence¬ 
ment of transition to the condensed curve has disappeared. The cohesion 
of the film is thus impaired up to high surface pressures (fig. 3); the surface 
pressure is never lowered, even at high pressures, by the adsorbed molecules, 
and the characteristic form of the liquid expanded curve with the sharp 
discontinuity where the transition to the condensed film commences has 
disappeared. The cohesion of the film is thus impaired, up to high surface 
pressures, to some extent; and at low pressures, the potential fluctuations 
were found to have completely disappeared, even on the 0-1 % solutions. 
The inset curve for the 0-5% solutions shows a pressure-area relation 
approaching fairly closely to that of a perfect gaseous film, for which (at 
room temperature) the product of pressure and area should be 400. The film 
has thus become a gaseous film, with very small corrections to the perfect 
gaseous state due to lateral adhesion between the molecules of myristic 
acid. 

The potential curves of fig. 3 show that, at all areas up to 70 sq. A, and 
probably beyond this area also, the total surface potential due to the 
insoluble and the adsorbed film is less than the sum of the contributions 
made by each separately, the difference being not far short of the value 
of AV for phenol solutions. This may indicate some degree of displacement 
of the phenol molecules from the surfaoe, or alternatively interaction 
between the phenol and the myristic acid sufficient to neutralize the effective 



Interaction between adsorbed substances 


491 


dipole moment, resolved perpendicular to the surface, of the phenol mole¬ 
cules which remain in the surface. 



Fig. 3. Myristic acid on phenol solutions, 22° C. 


Other fatty acids 

Four saturated acids, from 12 to 22 carbon atoms long, and the un¬ 
saturated oleic acid, were also examined on the same three solutes in dilute 
hydrochloric acid. Fig. 4 shows the results obtained with the 16 carbon acid, 
which is a condensed film on dilute acid alone, on phenol solutions. Table II 
shows the surface pressure obtained on these acids, and on all the other 
substances examined, at the two areas of 100 and 400 sq. A, its purpose 
being mainly to show the closeness of approach of the film to the perfect 







492 N. K, Adam, F. A* Askew and K. G* A. Pankhurst 


gaseous state. For a perfect gaseous film, the pressure at 100 sq. A should 
be 4 dynes and at 400 sq. A 1 dyne/cm. 



The penetrating power, as indicated by the disruption of cohesion of the 
insoluble film, is greatest usually with phenol, not very much less with 
butyric acid, and a good deal less with butyl alcohol. Butyl alcohol also 
tends to cause collapse of the film more easily than the other two solutes. 
The penetrating power and disruption of cohesion diminishes as the chain 
length of the acid in the insoluble film is increased, but it is appreciable, 
provided the surface pressure measurements are sufficiently delicate, even 
with behenic acid and 0-1 % butyl alcohol. Confirmation of the extent 
of disruption of cohesion was obtained by noting the concentration of solute 
required to abolish the fluctuations of potential in different parts of the 
surfaoe, which occur with all these acids very markedly, except with l&uric 
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acid. Phenol reduced the fluctuations, with all the fatty acids, to a fairly 
low value even at 0-1 % with all the acids; but concentrations of butyl 
alcohol of at least 0*5 % were necessary to bring these fluctuations down to 
less than 10 mV with palmitic acid. 


Table II. Surface pressures at large areas 


Total Butyl alcohol Butyric acid Phenol 

no. of N/50 ,-*- > ^ . . . *•■■■■■ -—> ■-*■ . 

carbons Area HC1 0*1% 0*3% 0*5% 01% 0*3% 0*5% 1*0% 0*1% 0*3% 0*5% 1-0% 


Laurie acid 

12 

100 

0*46 

1*02 

1*25 

— 

1*0 

1*62 

— 

— 

0*79 

1*60 

2*42 

— 



400 

0*29 

0*30 

0*40 

— 

0*38 

0*53 

— 

— 

0*40 

0*60 

0*72 

— 

Myristie acid 

14 

100 

0*21 

0*62 

1*10 

0*72 

0*93 

— 

2*00 

[1*62] 

0*42 

106 

3*20 

[3*21] 


400 

0*18 

0*42 

0*52 

0*08 

0*55 

— 

0-80 

[0*88] 

0*34 

0*28 

0*80 

[0*60] 

Palmitic arid 

16 

100 

0*07 

0-27 

0*30 

10*06] 

0*37 

0*73 

0*93 

0*18 

1-39 

2*30 

— 



400 

0*04 

0*11 

0*10 

[0*04] 

0*26 

0*42 

0*55 


0*12 

0*43 

0*73 

— 

Behenic acid 

22 

1(H) 

0*05 

0*27 

0*26 


0*36 

0*59 

— 

— 

0*25 

0*29 

0*42 

— 



400 

0*01 

0*07 

0*07 

— 

0*16 

0*80 

— 

— 

0*08 

0*09 

0*08 

— 

Oleic acid 

18 

100 

0*12 

0*23 

0*27 

— 

0*45 

0*88 

— 

— 

0*21 

— 

2*14 

— 



400 

0*06 

0*19 

0*21 

— 

0*23 

0*49 

— 

— 

019 

— 

0*47 

— 

Hexadecy] alcohol 

16 

100 

0*02 

0*08 

0*05 

[0*01] 

— 

— 

0*62 

— 

— 

— 

— 

— 



400 

0*02 

0*08 

0*05 

f0*011 

— 

— 

0*35 

— 

— 

— 

—- 

— 

Chimyl alcohol 

— 

UK) 

Oil 

0*22 

0*44 

10*16] 

— 

— 

— 

— 

— 

— 

— 

— 



400 

0*09 

0*17 

0*25 

10*02] 


— 

— 

— 

— 

— 

— 

— 

p-Nonyl phenol 

— 

100 

0*08 

— 

0*28 

— 

— 

0*70 

— 

— 

— 

0-81 

— 

— 


400 

0*06 

— 

0*05 

— 

— 

0*48 

— 

—^ 

— 

0*40 

— 

—- 

p-Hexadecy 1 phenol 

— 

100 

0*07 

— 

0*03 

— 

— 

0*37 

— 

— 

— 

0*16 

—. 

— 


400 

0*03 

— 

0*03 

— 

— 

0*10 

— 

— 

— 

0*09 

— 

— 

Cholesterol 

— 

100 

0*04 

0*11 

0*23 

0*05 

— 

— 

— 

— 

0*170 

0*37 

0*68 

— 



400 

0*02 

0*01 

0*03 

0*01 

— 

— 

— 


0*005 

0*08 

0*14 

— 

Coproatenone 

—- 

100 

0*02 

0*02 

001 

003 

— 

— 

— 

— 

0J70 

0*37 

[20] 

— 


400 

0*01 

0*01 

0*01 

0*01 

— 

— 

— 

—■ 

0*005 

0*08 

0*32 

— 


At pressures higher than 2 dynes/cm., butyl alcohol has very little effect 
on the curves of palmitic or behenic acids, except to cause a small amount 
of collapse, especially with palmitic acid. Butyric acid similarly has very 
little effect on these acids except at low pressures. Phenol has some ex¬ 
panding effect, as shown by fig. 4, up to 10 dynes/cm. or more on palmitic 
acid, and the same effect is appreciable, but smaller, with behenic acid. 
Laurie acid is somewhat expanded by all three solutes, most by phenol; 
lauric acid is, however, a gaseous film even on dilute acid alone. Measure¬ 
ments on this acid are less accurate, as it is appreciably soluble, particularly 
in solutions containing butyl alcohol. 

The unsaturated oleic acid is penetrated to nearly the same extent, by 
all three solutes, as palmitic acid, from which, however, it differs in being 
a liquid expanded instead of a condensed film. Butyl alcohol and butyric 
acid have practically no effect on the surface pressure above 1 dyne; phenol 
causes appreciable expansion up to 15 dynes/cm. if present in 0-5 % con¬ 
centration. The concentrations required to destroy fluctuations of potential 
are the same as with palmitic acid. 
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Hexadecyl alcohol 

Butyl alcohol causes rapid collapse, and scarcely penetrates at all. At 
large areas the pressure is increased by at most three-hundredths of a dyne, 
an amount barely outside experimental error; and fluctuations remain large 
even up to 0*5 % concentration. 

Hexadecyl alcohol is somewhat penetrated by butyric acid; our experi¬ 
ments are incomplete here but the surface pressure is increased several 
times and the fluctuations much diminished, at areas of the order 100- 
400 sq. A, with 0*5 % solutions of butyric acid. 



Fig. 5. Chimyl alcohol on butyl alcohol solutions, 24° C. 
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Chimyl alcohol 

Chimyl alcohol is a-hexadecyl glyceryl ether, C 16 H 33 OCH 2 .CHOH. 
CHgOH, Knight ( 1930 ) showed that it forms a liquid expanded film of 
limiting area 70 sq. A. Fig. 5 shows that there is a small amount of penetra¬ 
tion, confirmed by the fact that fluctuations are reduced to small values 
even on 0*1 % butyl alcohol. At pressures greater than 1 dyne, penetration 
becomes inappreciable, and there is evidence from the lowering of both the 
pressure and the potential curves that considerable displacement of the 
adsorbed butyl alcohol from the surface takes place, when the insoluble 
film is put on. No other solutes have yet been tried with chimyl alcohol. 

Dibasic ester , C 2 H 6 OOC. (CH a ) n . COOC 2 H 6 

This ester, which on water alone forms a gaseous film with but little 
lateral adhesion between the molecules (Adam and Jessop 1926 ), remains 
gaseous and but little changed on butyl alcohol solutions; the film is much 
less stable, however, the butyl alcohol causing rapid collapse. The surface 
potential curves are displaced downwards, indicating partial displacement 
of the butyl alcohol from the surface, but owing to the collapse of the films, 
the results are very approximate here. 

p-Hexadecyl and nonyl phenols 

Fig. 6 shows surface pressures on these substances. Hexadecyl phenol is 
a condensed film of limiting area 24 sq. A (Adam 1923 ), and is not per¬ 
ceptibly penetrated by butyl alcohol (0*3 %). There is very slight penetration 
by the same concentration of phenol, and rather more by butyric acid. 
The p-n-nonyl phenol, a liquid expanded film of limiting area 39 sq. A 
(Adam, Berry and Turner 1928 ), is slightly penetrated by butyl alcohol, 
and a good deal more, forming a vapour expanded film, by butyric acid 
and phenol, butyric acid having slightly more effect at areas over 130 sq. A, 
and phenol a greater penetrating power at smaller areas. 

Myristic acid on amino-acid solutions 

Valine, (CH 3 ) a 0H a .CHNH 2 . COOH, in 0*5% concentration, without 
hydrochloric acid (pH 6-5), and a-amino ^-butyric acid (0*5 % in N/50 HC1, 
pH 2 * 6 ) had no perceptible effect on myristic acid films. 

Cholesterol and coprostenone (fig. 7) 

Cholesterol, on water a condensed film of limiting area 40*8 sq. A (Adam 
and Rosenheim 1929 ), is very slightly penetrated by butyl alcohol, the 
surface pressure being slightly increased ; there is no appreciable penetration 
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at pressures above 0-4 dyne. The cohesion is not, however, destroyed 
sufficiently to remove the fluctuations of potential at areas greater than 
45 sq. A. Phenol penetrates more, but only at pressures below 1-6 dynes; 
and the fluctuations remain quite large, showing that the cohesion is not 
destroyed to any very large extent. 



Fia. 6. p-Hexadocyl and p-nonyl phenol, 20° C. 


The displacement of the potential curves of cholesterol, downwards, by 
butyl alcohol is practically the same, for each solution, as AV in Table I 
(except in the case of the 1*0 % solution, when it is larger, possibly owing to 
slight collapse of the film). This probably indicates that the very solid and 
coherent film of cholesterol displaces the butyl alcohol molecules com¬ 
pletely from the surface, at pressures greater than 1 or 2 dynes/om. 

Rather curiously, the potential curves of cholesterol, on phenol solutions 
up to 2-5 %, not shown in the figure, are very nearly identical with the 
potential-area curve on N/50 hydroohlorio acid. This indicates that there 
is practically no displacement of the phenol molecules away from the surface, 
the adsorbed film of phenol contributing an amount to the total surface 
potential, equal to that which it would contribute in the absence of the 
insoluble monolayer. 
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With coprostenone, the ketone obtained on oxidation of cholesterol, the 
pressure-area curve obtained on water is that of a coherent film, rather 
compressible, with limiting area 59 sq. A (Adam and Rosenheim 1929 , 
p. 26). Butyl alcohol produces no perceptible increase of surface pressure 
at any areas, and fluctuations are unimpaired; hence there is no penetration 
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even at the lowest pressures. At areas less than 59 sq. A, the pressure and 
the potential curves are both displaced downwards by an amount equal to, 
or in some cases slightly greater than, the values of — Ay and AV given 
for the various solutions in Table I. The displacement of the butyl alcohol 
from the surface by the coprostenone is thus practically complete. The 
explanation of a displacement of the pressure curves downwards by more 
than — Ay, or of the potential curves by more than AV, may be that the 
films are collapsing. 

A few experiments, incomplete as yet, indicate that phenol penetrates 
coprostenone, increasing the surface pressure and diminishing the fluctua¬ 
tions at areas greater than 60 sq. A. These will be continued as soon as 
possible. 

Films on concentrated salt solutions 

Some experiments were done on 34 % ammonium sulphate solution, which 
has a surface tension higher than that of water by 8-5 dynes/cm., and 
a surface potential, AV, of —48 mV. The experiments were difficult, on 
account of traces of grease adhering to the salt, which was finally almost 
completely removed by repeated washing with very carefully distilled 
acetone. Myristic acid, chimyl alcohol, and the dibasic ester mentioned 
above were examined on this solution. The surface pressure was raised 
approximately 4 dynes/cm. above that on dilute hydrochloric acid, i.e. 
about half the amount by which the surface tension of water is raised by 
this concentration of salt. No marked change in shape of the curves was 
observed, but experiments were not taken down below ^ dyne pressure. 

This probably indicates that the ammonium and gulphate ions, which 
cause the increase in surface tension of the water, have their field of force 
partially screened by the monolayer; if the field had been completely 
screened, the observed surface pressure would have been 8*5 dynes higher 
than on dilute acid alone; had there been no screening the observed pressure 
would have been unchanged by the salt in solution. Similar screening of 
the field of force of ions, at a surface, was shown in the work of Koaakewitsch 
( 1928 ) (of. Adam 1938 , p. 126). 


Discussion 

In every case, with these simple adsorbed molecules, and when the whole 
of the evidence, including very low surface pressures and the relation of 
pressure to area over a large range of areas, is considered, penetration of 
the film has but one effect, namely, to disrupt the cohesion of the insoluble 
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monolayer and make it more or less gaseous. Penetration naturally becomes 
less the greater the natural cohesion, as indicated by the smallness of the 
surface vapour pressure, of the film, but it is quite rare for no penetration 
to be detectable at the lowest pressures, with adsorbed molecules such as 
butyric acid. Our experiments show little evidence of any very specific 
interaction between the active groups in the monolayer and in the adsorbed 
Bolute. As a general rule, phenol shows greater penetrating power than 
butyric acid, and butyric acid than butyl alcohol; and though the relative 
penetrating and disrupting power does depend somewhat on the constitution 
of the insoluble monolayer, it is very difficult to relate the penetrating power 
with any likely chemical reaction between the adsorbed and the insoluble 
molecules, except in one or two instances. There does not appear to be any 
evidence of stoichiometric com plex formation between the adsorbed and the 
insoluble molecules in these simple cases. 

Neither is there any obvious relationship between the work gained when 
a gram-molecule of the solute passes from the interior to the surface and the 
penetrating power of these three solutes. The values for the work of adsorp¬ 
tion, at an air-water surface, calculated by Langmuir’s approximate method 
in which the concentration in a surface region (here assumed to be 4-5 A 
thick) is compared with that in the interior, and Boltzmann’s theorem 
applied (Langmuir 1917 ), are, using the values for surface tension given in 
Table I: 


Work of adsorption at air-water surface, 20° C 

cal./mol. 

Butyl alcohol 3000 

Butyric acid 2970 

Phenol 2780 

The solute which has the greatest penetrating power has actually the 
least decrease in free energy, on passing from the interior to an air-water 
surfaoe. 

It is possible that the nature of the hydrocarbon part of the molecule is 
very important in determining j>enetration, and that it is the aromatic 
nature of phenol which gives it its penetrating power; but this requires 
further test. 

Collapse of the films usually begins at lower pressures on the capillary 
active solutions than on N/50 acid alone. Butyl alcohol is particularly prone 
to cause oollapse of the films. This acceleration of collapse may be regarded 
as a displacement of the insoluble monolayer from the surfaoe by the 
adsorbed solute; we have not yet attempted a quantitative study of it. 
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Summary 

The interaction between simple capillary active solutions and insoluble 
monolayers has been studied by measuring the surface pressure and surface 
potential of the insoluble monolayers, put on the surface of the solutions. 
Equilibrium is established practically instantly. Penetration generally, but 
not invariably, occurs at surface pressures of the order of a few tenths of a 
dyne per centimetre, phenol having, as a rule, the greatest penetrating power, 
butyric acid the next greatest, and butyl alcohol the least, of these three 
capillary active solutes. The principal result of penetration is to disrupt the 
cohesion of the insoluble film, turning a normally coherent film into a vapour 
expanded or gaseous one. Penetration may continue up to much higher 
surface pressures, but more frequently, when the film is compressed, pene¬ 
tration diminishes or ceases altogether, and the adsorbed film is then usually 
displaced more or less completely from the surface by the insoluble film. 
No evidence has been found of stoichiometric complex formation between 
the adsorbed and the insoluble in molecules, these cases; and the evidence 
of specific interaction between the active groups in the insoluble and the 
adsorbed film is in these cases very scanty. 
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The effect of electrolytes upon the interfacial 
tension between water and dekalin (i trans- 
decahydronaphthalene) 

By W. L. Guest and W. C. M. Lewis, F.R.S. 

Chemical iMboratory , Liverpool University 

{Received 16 February 1939) 

It has been shown by Evans ( 1937 ) that the effects of the alkali metal 
chlorides at a hexane-water interface are markedly similar to the effects of 
the same salts on the surface tension of water as determined by Heyd- 
weiller ( 1910 ) and Schwenker ( 1931 ), i.e. the tension apparently increases 
steadily with concentration. Hence, from the Gibbs adsorption principle, 
the salt is negatively adsorbed throughout. The recent work of Jones and 
Ray (1937) has, however, demonstrated that the sur face tension of the salt 
solutions examined by them first decreases with increase of concentration, 
passes through a minimum and subsequently increases beyond the value 
possessed by pure water. 

On general grounds it would be expected that phenomena similar to 
those observed by Jones and Ray at the free surface should likewise be 
exhibited at an interface. In an attempt to investigate this point interfacial 
tension data have been obtained for the interface dekalin (fran^-decahydro- 
naphthalene)/water, using salts of various valence type. 

Experimental 

The interfacial tension measurements were carried out in the Drop Volume 
Stalagmometer as described by Evans ( 1937 ). It is similar to that described 
by Dedrick and Hanson ( 1933 ). The apparatus, including the needle valve, 
was of Pyrex glass, excepting the dropping tip itself which was of quartz. 
The whole apparatus was rigidly mounted in an air thermostat, by which 
means the temperature was maintained constant at 25*0 ± 0-05° C. All 
observations were performed from outside the thermostat, including control 
of the rate of formation of the drops. The two phases were kept in the thermo¬ 
stat for 12 hr. before measurements were made, in order to ensure that they 
were in temperature equilibrium. As the aqueous phase was the denser, the 
pipette was filled with this phase up to the mark, the tip being immersed 
in the dekalin. 
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Tlie apparatus constants were redetermined. They were found to be in 
good agreement with those obtained by Evans. 

The interfacial tension y is calculated by means of the equation 

v V{dt-di)9 
7 2nR\jr 9 

where V is the volume of each drop, d x and d a the densities of the two phases, 
R the radius of the tip-face, g the gravitational constant and i/r the fraction 
of the ideal drop which actually falls. The values of i/r were obtained from 
the data of Harkins and Brown ( 1919 ). 

As laboratory distilled water gave results which varied on occasion by 
as much as 0*20 dyne/cm., the water used throughout the research was 
distilled water which had been redistilled from quartz. This gave a satis¬ 
factory product, its interfacial tension against dekalin being reproducible 
to ± 0*01 dyne/cm. 

As the densities of solutions of some of the salts used in the present work 
were not obtainable from the International Critical Tables, and as inter¬ 
polation of the density-concentration figures to the required concentration 
in certain other cases is not justified, the majority of the densities have been 
experimentally determined, using a Sprengel pyknometer of 23 ml. capacity. 
They are reproducible to 0*00005 g./ml. 


The salts employed 

Lithium chloride and aluminium chloride. —Kahlbaum. The chloride 
content of the stock solutions was determined. 

Barium chloride— A.R. preparation. 

Lanthanum chloride —B.D.H. Estimation of the chloride content showed 
its composition to be LaCl 3> 6 H a O, On crystallization from water, white 
deliquescent crystals were obtained. Crystallization did not alter the inter¬ 
facial tension. The chloride content of the stock solutions was determined* 

Potassium chloride and potassium iodide —A.R. preparations thoroughly 
dried before use. 

Potassium thiocyanate —A.R. preparation. The thiocyanate content of the 
stock solutions was determined. 

Lithium iodide was prepared by neutralization of hydriodic acid by 
lithium carbonate (Kahlbaum). The neutralization was considered to be 
complete when the pK of the solution reached 5*80, the jpH of the water 
employed being 5*88. The solution was evaporated and chilled quickly in 
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a freezing mixture. The filtered colourless deliquescent needles were washed 
with small quantities of ice-cold water and dissolved in water. This was the 
stook solution. The iodide content of the solution was determined. 

Lithium thiocyanate was prepared by neutralization of thiocyanic acid 
with lithium carbonate. Thiocyanic acid was prepared by the method 
described by Gluud, Keller and Klempt ( 1926 ). This gave a solution con¬ 
taining 18-20% HSCN. The solution was neutralized immediately with 
lithium carbonate, and evaporated down on a water-bath. As the salt has a 
strong affinity for water, the saturated solution could not be crystallized 
by simple evaporation at atmospheric pressure. The water was removed by 
evaporation under reduced pressure, the water condensing in an ice-cooled 
suction flask. In this way the salt was crystallized out. It was washed with 
a little ice-cold water, and extracted with alcohol. It was recrystallized, 
and dried in a vacuum oven for 48 hr. under 2 mm. Hg pressure, over con¬ 
centrated sulphuric acid. A stock solution was made, and estimated by 
titration against standard silver nitrate.* 

Purification of dekalin 

The initial material was B.D.H. dekalin (purified). This was tested spec¬ 
troscopically, and was found to contain approx. 8 % of tetrahydronaph- 
thalene and 0*04 % of naphthalene. The purification consisted of treatment 
with concentrated sulphuric acid, followed by distillation of the washed and 
dried product, then treatment with 20 % fuming sulphuric acid, again 
followed by distillation of the washed and dried dekalin. Spectroscopic 
examination of the oil after the concentrated acid treatment showed that 
it contained 0*4 % of tetralin and 0 04 % of naphthalene. Further treatment 
with concentrated acid failed to effect any improvement. Similar examina¬ 
tion of the product after the fuming acid treatment showed that all tetralin 
and naphthalene had been removed. At no stage in the purification were 
any absorption bands other than those of tetralin and naphthalene recorded. 

The criterion of advancing purification was spectroscopic, but the criterion 
of ultimate purity was constancy of the interfacial tension against water. 
Further treatment with either concentrated or fuming acid failed to alter 
the interfacial tension. It is tliis latter point which is important. 

Decahydronaphthalene exists as two isomers, cis - and tram-. According 
to PuchaUk ( 1933 ), both cis- and tram - forms have apolar molecules, and 
this is supported by the work of Sutton, New and Bentley ( 1933 ) and by 

* The preparations of lithium iodide and lithium thiocyanate were carried out in 
Conjunction with Mr D. I. Breese of this laboratory. 
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Fairbrother ( 1933 )* Thus, from this point of view, it was immaterial whether 
either of the two isomers or a mixture of the two had been obtained. A com¬ 
parison of the properties of the dekalin in question, however, with the 
properties of the two isomers showed that the trans - modification had 
resulted from the acid treatment. 

Dekalin tends to undergo autoxidation (cf. Castiglioni 1934 ). That some 
such change was occurring was evidenced by the fact that investigation of 
the interfacial tension between the pure product and water showed a 
continuous falling off with time of exposure to air and light. Thus the initial 
value of 50-94 dynes/cm. falls after 20 days to 50*17 dynes/cm. The difficulty 
was surmounted by shaking the autoxidized dekalin twice with concentrated 
sulphuric acid and washing to neutrality with water. The interfacial tension 
had then reverted to that of the unautoxidized oil. Further experiments 
showed that, no matter what the degree of autoxidation was, treatment 
with concentrated sulphuric acid and subsequent washing with water 
always gave a product having an interfacial tension against water of 
50-94 + 0*01 dynes/cm. at 25° C. This treatment was therefore carried out 
before each determination of the tension. 


Interfacial tension data 

With regard to the actual determinations of drop volume, all the results 
quoted were obtained with a drop time of 4 min. or more. In order that the 
interfacial tension between water and dekalin may be reproducible, the 
drop time has to be at least 4 min. The curve connecting drop size and drop 
time was found to approach a limiting value for the drop size, which altered 
inappreciably after the time stated. 

The mean results given in Tables I and II for the solutions investigated 
are reproducible to ± 0*02 dyne/cm. Each result is the mean of at least 
three or four independent determinations. Inspection of these tables shows 
that in the case of KC1 the interfacial tension rises with increase in con¬ 
centration of the salt. If a minimum exists in the very dilute region, analo¬ 
gous to that observed by Jones and Ray for the air-water surface tension, 
it is too small to be detected by the present method, which, though yielding 
more accurate interfacial tension values than any hitherto obtained, cannot 
claim the degree of accuracy attained by Jones and Ray for surface tension. 
The behaviour of BaCl a is very similar to that of KC1. LaCl s exhibits a 
small but definite initial fall in interfacial tension before starting on its 
upward course with increase in concentration. As a slight hydrolysis may 
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be expected in the case of this salt additional data are given later in which 
the solution is kept at constant pH (= 3) by addition of hydrochloric acid. 
These results confirm the existence of the minimum. In the case of A1C1 S 
at least one minimum is exhibited. This salt however is known to undergo 
appreciable hydrolysis and it is probable that the irregularities recorded in 
the last column of Table I are to be attributed in part to colloidal products 
of hydrolysis. 

Table I 


Concentration 

Intorfacial tension 

in dynes/cm. at 25° 

C 

of electrolyte 
in g.equiv./l. 





KC 1 

BaCl 8 

LaCl 3 

AlCi, 

0-00 

50-94 

50-94 

50*94 

50*94 

0*005 

50*95 

50-94 

— 

— 

0-0075 

50*95 

50-95 

50*79 

— 

0-01 

50*95 

50-96 

50*91 

— 

0-015 

— 

— 

50*88 

50*44 

0-02 

50-98 

50-98 

— 

50*84 

003 

— 

— 

50*93 

50*87 

0*05 

50-99 

51*01 

50*97 

50*83 

0-075 

— 


— 

50*79 

0-10 

61*03 

61*05 

— 

— 

0*15 

51*12 

— 

51*10 

60-82 

0-17 

— 

— 

— 

50-86 

0*20 

51*15 

51*15 

*— 

60-91 

0*30 

— 

— 

51*24 

61*00 

0*40 

51*40 

51*37 

51*32 

61*22 

0-50 

51*51 

•— 

51*39 

61*36 

0-00 

— 

51*60 

— 

— 

0*00 

51*88 

51*87 

— 

— 

1-00 

52*10 

52*06 

— 

— 



Table II 



Concentration 

Intorfacial tension in dynes/cm. at 25° 

’C 

of electrolyte 
in g.equiv./l. 





KI 

KSCN 

Lil 

LiSCN 

0-00 

50*94 

50*94 

50*94 

50*94 

0-01 

50-91 

50*77 

— 

50*09 

0-02 

— 

— 

— 

60*74 

0*04 

— 

50*80 

— 

50*63 

0-05 

60*88 

— 

— 

— 

0*076 

— 

50*75 

— 

— 

0*10 

50*80 

50*65 

50*67 

60*00 

0-20 

50*82 

50*31 

50*47 

49*30 

0*30 

50*79 

50*05 

50*28 

— 

0*36 

— 

— 

— 

48*65 

0*40 

50*76 

49*83 

50*11 

— 

0*60 

50*73 

49*02 

49*00 

48*19 
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Table II contains the data for the iodides and thiocyanates of lithium and 
potassium. In all these four cases there is a fall in tension, ascribable to the 
anion. There is a hint of the existence of a minimum in the case of the thio¬ 
cyanates but this is doubtful. It is evident that the behaviour of even 
univalent electrolytes at an interface is far from simple. 

Discussion of results 

Of the theories put forward to account for the effect of simple salts on the 
surface tension of water, we shall consider first that due to Wagner ( 1924 ) as 
modified by Onsager and Samaras ( 1934 ). This theory is based on mirror 
image electrostatic repulsions of ions from the interface and requires that 
even over the lowest concentration range, the surface tension should rise 
with increase in concentration. Fig. 1 shows the theoretical predictions of 
Onsager and Samaras, in relation to the experimental results of potassium 
chloride and other univalent salts on the interface water/dekalin. It will 
be observed that in the case of KC1 the experimentally determined tension 
rises linearly and to a much greater extent than that predicted by the 
Onsager-Samaras theory. Evans has observed a similar discrepancy at the 
hexane/water interface. As pointed out by Evans ( 1937 ) the most serious 
limitation to this theory is its neglect of the pre-existing electrical double 
layer at the interface. 

In connexion with the air/water surface tension, as already mentioned, 
Jones and Ray ( 1937 ) have shown that addition of simple salts first brings 
about a decrease in the tension which then passes through a minimum in 
the region of 0*001 equiv./L and subsequently increases with increasing 
concentration. Such behaviour cannot be accounted for at all on the basis 
of electrical image considerations. It is obvious at the same time that such 
considerations are incapable of explaining the behaviour of salts such as 
KI, KSCN, Lil and LiSCN at the water/dekalin interface. A tentative 
theory has however been advanced recently by Dole ( 1938 ) which accounts 
semi-quantitatively for the Jones and Ray results. In the deduction of this 
theory, the non-aqueous phase does not play any speoific part. It is of 
interest to see to what extent the theory of Dole may be applied, even in a 
formal manner, to the results cited in the present paper. 

The main idea of the Dole treatment is that the forces in the first adsorp¬ 
tion layer are much more important for the understanding of the Jones and 
Ray effect than the weaker, relatively long range mirror image forces of 
Onsager-Samaras. To account for the existence of the Jones and Ray 
minimum, Dole finds it necessary to assume the existence of a special 



507 


Effect of electrolytes upon interfacial tension 

orientation of water molecules in a limited number of locations or active 
spots on the water surface, and in such configuration that negative ions will 
be attracted to these spots. From the quantitative application of this 
postulate, it is necessary that there be about four such configurations for 
every 100,000 water molecules. On testing the theory using the Jones and 



Fig. 1 . The effect of univalent salts on the interfacial tension between dekalin 

and water at 26° O. 

Ray results no detectable variation in the number of active spots with 
increase of concentration is demanded and Dole concludes that there is 
some other factor such as an electrical effect, causing saturation of the 
surface at about 0-001M, which is the concentration at which the Jones 
and Ray minimum is deepest, i.e, negative ions will be adsorbed at the 
surface until all the active spots on the time average are occupied. At this 
point) the surface tension-conoentration curve should go through a minimum, 
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and at higher concentrations, sinoe no more negative ions can be adsorbed, 
the tension will rise as a result of repulsion of anions as well as cations from 
the surface probably in virtue of the Wagner electric image forces. On the 
above basis Dole is led to the following equation for the variation of surface 
tension with concentration: 


y-7o 


RTk(v- + v*)c- 


aRT{v~ -f y + ) 
v~ 



kcv~ "| 

^Tht J> 


where y 0 and y are the surface tensions of water, and of solution containing 
c mol./I. respectively; v~ the number of negative ions into which one 
molecule of the salt dissociates ; a the number of active spots in units of 
mol./sq. cm.; t = 1000& = thickness of surface adsorption layer in cm.; and 
W~ is the adsorption potential of negative ions per mol,, i.e. it is the work 
necessary to bring a mole of negative ions from the interior to the surface 
layer. 

The terms a, W~, and k are treated as constants, being given by the 
equation 

a = c m kv~, 


where c m is the concentration at which the minimum in the surface tension 


occurs. W~~ is given by W~ = i?Tlog c 


kv~c x 




where P 


ire, 


and 


L«(« p 

where c, is the concentration at which the surface tension becomes equal to 
that of pure water after passing through the minimum. It will be noticed 
that of the three constants, W~ is independent of the actual value of k, and 
also that the predicted value of (y — y 0 ) is directly proportional to k. Thus, 
from a knowledge of the valence type of the salt and of the values of c m and 
c x , the values of (y — y 0 )/k can be computed. 

In order to reproduce the data of Jones and Ray in the dilute region, 
Dole found it necessary to assume that the value of t (=* 1000&) is equal to 
the thickness of a monolayer of water moleoules together with the thickness 
of the adsorbed ions. The value 2-76 A (the diameter of a water molecule) 
failed to give agreement between theory and experiment. Thus for KC1 and 
CsNOj, t = 7 A reproduced experimental data, whilst for K s S0 4 , t =* 10A 
gave similar agreement. Dole justifies these figures by the statement: 
“The values of ( are reasonable and of the right order of magnitude: for 
example, the diameter of the water moleoule plus that of the chloride ion 
is 6*4 A and t has a larger value for potassium sulphate, m one might 
expect.” 

Turning to the application of Dole’s theory to the caae of the water- 



509 


Effect of electrolytes upon interfacial tension 

dekalin interface, the first point to be considered is the choice of the thickness 
t (» 1000 &) of the interfacial layer. 

At concentrations well above the minimum interfacial tension Dole’s 
equation reduces to 

7 ~ 7 o “ (^ + + v”) RTkc . 

Applying this to the data for KC1 it is found that t = 2-35 A, which agrees, 
within the experimental error, with the diameter of a single water molecule 
(2*76 A). For BaCl 8 where the interfacial tension-concentration curve is 
likewise linear up to the highest concentrations investigated it is found that 
/ = 3*1 A. For LaCl 3 over the range 0*02-0*05 M, t — 3*7 A, over the range 
0*05-0* 10 M, t « 2*8 A, and over the range 0 * 1-0*15 M, t * 2*4 A. In a series 
of experiments referred to below in which lanthanum chloride was in¬ 
vestigated at constant pH (= 3), substantially the same values for t were 
obtained. The foregoing values are not only reasonable in themselves but 
agree approximately with the value obtained (by direct application of 
Gibbs’s adsorption equation) by Goard ( 1925 ) for KC1 at the water-air 
surface (t = 4 A), and by Harkins and Gilbert ( 1926 ) for CaCl 2 , likewise at 
the water-air surface. 

Of the results quoted in Table I only those for lanthanum chloride exhibit 
a definite minimum. To test the applicability of Dole’s theory in the case of 
LaCl s as carefully as possible it was thought to be worth while to repeat the 
capillary measurements for this salt at a constant pH, so as to avoid any 
possible effects due to hydrolysis. The pH chosen was 3, obtained by addition 
of HC1. The results at constant pH are given in Table III. The values of 
c m and c 2 are: c m = 0*004M, c x * 0*035M, W - - 3895 cal./g. ion: 

Setting t ** 2*76 A, a * 31 x 10 ~ u (in mole/cm. 2 ). 

Setting t = 4*00 A, a = 48 x 10 “ u . 

The theoretical predictions using these values of t are given in the fourth 
and fifth columns of Table III. (For comparison it may be mentioned that 
in the case of KOI at the water-air surface, Dole himself calculates 
W~ » —2500 cal./g. ion. On the basis of f ~ 7 A, a«7x 10 ~ w .) 

Inspection of Table III indicates general applicability of Dole’s theory 
to this case, somewhat better agreement with experiment being obtained 
with t set equal to 4 A than with t = 2*76 A. Both values are reasonable in 
themselves and of the order of magnitude to be expected on general grounds. 
Actually, t t though treated as a constant, is likely to diminish as concen¬ 
tration is increased. 
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Incidentally, a comparison of the capillary behaviour of lanthanum 
chloride at the natural pH and at pH — 3 respectively shows a similarity 
in behaviour, the two curves being parallel over a wide range of concen¬ 
tration of salt. The curves cannot be superimposed, however, by making 
the initial tension the same at zero salt concentration; the curve in presence 
of the acid lies below that in its absence. 


Table III. Lanthanum chloride at pH - 3 (25° C) 


Molar cone. 

Interfacial 
tension in 

(r-r«) 

(y-r<>) 

theor. 

(y-y#) 

theor. 

of LaCl 3 

dynes /cm. 

exp. 

£= 2-76A 

* = 4*00 A 

0000 

50*98* 

0*00 

0*00 

0*00 

0*002 

50*90 

- 0*08 

-0*059 

- 0*086 

0*004 

50*85 

-0*13 

-0*061 

- 0*089 

0*005 

50*86 

-0*12 

-0*061 

- 0*088 

0*006 

50*86 

-0*12 

- 0*060 

- 0*087 

0*010 

50*88 

-0*10 

- 0*055 

-0*079 

0*020 

50*92 

-0*06 

- 0*035 

-0*051 

0035 

50*98 

0*00 

0*000 

0*000 

0*050 

51*02 

+ 0*04 

4-0*037 

4-0*054 

0*080 

51*12 

+ 0* 14 

4-0*114 

+ 0*165 

0*130 

51*27 

4*0*29 

4-0*246 

+ 0*366 

0*170 

51*34 

+ 0*36 

4*0*352 

+ 0*510 


* This value differs from that of pure water, the difference being due to the 
presence of 1<U 3 N hydrochloric acid. 


Measurements similar to those described have been carried out with 
lithium chloride* likewise at a constant pH ( = 4). At the dekalin-water 
interface it was found that the quantities significant for the Dole theory had 
the following values: c m - 0015M, c x ~ 0*045M, W~ — — 1100 cal./g. ion: 

Setting t = 2*76 A, a = 41*4 x 10~ 14 (in mole/cm. 2 ). 

Setting t * 4*00 A, a - 60*0 x 10“ 14 . 

The theoretical predictions using these values of t are given in the fourth 
and fifth columns below, together with the experimental results. 

Inspection of Table IV shows that formally there is general agreement 
with the Dole theory particularly if c is set equal to 4 A. At the higher con¬ 
centrations, however, the theoretical and experimental curves tend to 
diverge as in the case of LaCl 3 and as Dole himself found for salts at the 
water-air surface. It is difficult to decide therefore to what extent Dole’s 

* This salt has been shown by Evans ( 1937 ) to exhibit a minimum at a hexane- 
water interface. 
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considerations can be regarded as affording a satisfactory explanation of 
the behaviour of salts consisting of ions which are not capillary active in 
the accepted sense of the term. No existing theory will account for the 
relatively marked lowering of tension which is exhibited by the salts col¬ 
lected in Table 11. The behaviour of the latter group merits a brief comment. 


Table IV. Lithium chloride at pH = 4 (25° C) 


Molar cone. 

Intorfacial 
tension in 

(y~7o) 

(y-7o) 

thoor. 

(y-r») 

theor. 

of LiCl 

dynes/cm. 

exp. 

t s 2*76A 

t = 4*00 A 

0*000 

50*95 

0*00 

0*00 

0*00 

0*010 

50*92 

-0*03 

— 0*02 

-0*03 

0*015 

50*91 

-0*04 

- 0*02 

-0*03 

0*020 

50*91 

-0*04 

- 0*02 

- 0*026 

0*030 

50*92 

— 0*03 

-0*015 

-0*02 

0*040 

50*94 

-0*01 

- 0 005 

- 0*006 

0*045 

50*95 

0*00 

000 

0*00 

0*075 

51*00 

-f 0*05 

+ 0*03 

+ 0*045 

0*100 

51*03 

+ 0*08 

+ 0*06 

+ 0*085 

0*160 

61*11 

+ 0*16 

+ 0*12 

+ 0*175 

0*200 

51*19 

+ 0*24 

+ 0*18 

+ 0*205 


The salts referred to are the iodides and thiocyanates of potassium and 
lithium. Their behaviour indicates that positive primary adsorption of 
iodide and thiocyanate ions occurs at the “oil” surface.* The fact that, 
both for iodides and thiocyanates, the lithium salt produces greater positive 
adsorption than the potassium salt is suggested to be due to the difference 
in hydration of the lithium and potassium ions. The more hydrated ion, 
lithium, may be considered as causing a partial dehydration of the iodide 
(or thiocyanate) ion in the boundary layer, thus permitting greater primary 
adsorption of these anions than in the corresponding concentration of 
potassium salt. 

In view of the positive adsorption exhibited by the anion in the above 
cases it follows that the charge density of negative electricity upon the 
dekalin is increased beyond that existing prior to addition of the salt. It is 

* The dekalin interface is negatively oharged to begin with (as shown by electro¬ 
phoresis measurements). If a positive ion were primarily adsorbed upon the interface 
the interfaoial tension would tend to rise which would mean thermodynamioally 
that the positive ion would bo desorbed. In the case of an anion, however, additional 
primary adsorption would be accompanied by a further decrease in tension at such 
a surface. Such adsorption is therefore possible. In the case of lithium ohloride which 
exhibits an initial positive adsorption, such adsorption is therefore to be ascribed to 
the chloride- ion the oapillary activity of which is enhanced by the dehydrating 
influence of the lithium ion which is not itself primarily adsorbed but accumulates 
presumably in the outer sheath of the Helmholtz double layer. 
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of interest to calculate the extent of this additional charge density at a 
selected concentration. This has been done for the concentration 0-2 M, the 
results being as follows: 

Additional charge 
Salt density in e.s.u. 

KI 700 

Lil 4,500 

KSCN 8,500 

LiSCN 10,000 


Summary 

1. The interfacial tension between dekalin (£raw«-decahydronaphthalene) 
and aqueous solutions of the following salts has been determined as a func¬ 
tion of concentration at 25° C: KC1, LiCl, Bad*, LaCl 3 , A1C1 S , KI, KSCN, 
Lil, and LiSCN. 

2. The last four salts are capillary active in the sense that the interfacial 
tension falls with increase in concentration of the active individuals, namely 
iodide and thiocyanate ions. Such capillary activity is specific, there being 
no theoretical explanation available at the present time to account for the 
behaviour. 

3. Of the five chlorides examined, two of them, namely LiCl and LaCl a 
exhibit a minimum in interfacial tension in the dilute region followed by 
a rise beyond that given by water alone in contact with dekalin. The exist¬ 
ence of the minimum is accounted for, in a formal manner at any rate, by 
the theory advanced by Dole to account for the minimum observed by 
Jones and Ray at a region of still greater dilution (0*001 N) in the case of 
simple salts at the air-water surface. In the case of KC1 and BaCl a which 
apparently do not exhibit a minimum, the influence exerted upon the 
interfacial tension is so minute (at great dilution) that the existing experi¬ 
mental technique is not sufficiently precise to permit of the application of 
the theory of Dole. 

4. In the region of higher concentration where the chlorides referred to 
exhibit an increase in tension with increase in concentration the discrepancy 
between the values observed and those calculated (either on the theory of 
Dole or on that of Wagner-Onsager-Samaras) is similar to that exhibited by 
simple salts at the air-water surface. 
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The absorption of neutrons of medium energy 

By J. H. £. Griffiths 
Fellow of Magdalen College , Oxford 

{Communicated by F. E. Lindemann , F.R.S.—Received 8 November 1938) 

Introduction 

The process of absorption of slow neutrons by many elements has been 
extensively studied, but similar experiments with fast neutrons (Dunning 
1935 ) are more difficult to interpret since the absorption cross-section is 
very small and the neutrons from many of the available sources are not 
homogeneous. In the case of fast neutrons also, scattering and inelastic 
collisions are usually as probable as absorption. 

This difficulty does not arise if the absorption of a neutron leads to the 
formation of a radioactive isotope. In such cases the relative values at any 
rate, of the absorption cross-section for different elements may be obtained 
by comparing the activities produced in these elements under standard 
conditions. This paper contains the results of measurements of this type 
(Booth and Hurst 1937 ; von Halban and Kowarski 1938 ) giving the relative 
values of the absorption cross-section for several elements for the neutrons 
produced by the action of radium y-rays on Be. These neutrons are pro¬ 
duced by the two y-rays of 1*8 and 2*2 x 10 ® meV and should therefore 
consist of two groups of neutrons of energy 0*04 and 0*45 x 10 ® meV. 
Similar results have recently been published by von Halban and Kowarski 
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( 1938 ) who used the neutrons formed by the action of the y-rays from 
ThC" on deuterium. 

In the energy region covered by both these experiments the nuclear 
excitation levels should, according to current theory, lie sufficiently close 
together for no resonance effects to be apparent, and the absorption cross- 
section should therefore be a smooth function of both energy and atomic 
weight. As an approximation Bethe ( 1937 ) gives for the absorption cross- 
section 

„ 1 \ r„ 

(n - y) 2 ME(r n + I\)D' y) 

where E is the neutron energy, /’„ and I\ the average value of the partial 
widths of the excitation levels due to neutron and y-ray emission respectively, 
and D is the average spacing of the levels in this energy region. 

Assuming r r p which it should be in this region, and putting with 
Bethe ( 1937 ) P n = 10 - 3 2?*, we have 


2 x 10~ ai 




The full curve in the figure gives the values of o- (n y) derived from this as 
a function of A, the atomic weight, using the values of D (in volts) given 
by Bethe and putting E — 4 x 10 4 eV, since the neutrons of energy 46 x 10 4 eV 
should be less numerous and less effective. This is a smooth curve showing 
a increasing with A. The experimental results also show a general increase 
of cr with A but very wide fluctuations from element to element occur. The 
possible reasons for these deviations are discussed later. 


Experimental 

Foils ( 7-2 x 6 cm.) of the element (or compound) to be investigated were 
placed inside a Be cylinder (length 6 cm., inner radius 1-3 cm., outside 
radius 3 cm.) with the radium (0-5 g.) in the centre. Their activity was then 
measured by a thin-walled (0-037 g./cm.® electron metal) Geiger tube 
counter ooupled to an amplifier and multiplier circuit (Griffiths 1937 ). 
Corrected for insufficiently long exposure and decay between exposure and 
counting this gives the initial activity N impulses/min. This activity is 
proportional to the absorption cross-seotion, and in the case of thick foils 
to the hardness of the /?-raye. The absorption coefficient of the /0-rays was 
determined by interposing between the foil and the counter, foils of Cu, 
Sn or Pb; using that absorber which is nearest in atomic weight to the 
emitter, since it was usually not possible to obtain thin foils of the emitter to 
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use as absorber of the /7-rays. Thus the absorption coefficient measured in 
this way is as nearly as possible the same as the absorption coefficient of the 
emitter itself* 

The results of these /7-ray absorption measurements show an exponential 
decrease in intensity down to at least 20 % of the full activity. From these 
measurements the half-value thickess (<J g./cm. 2 ) is found and the absorp¬ 
tion cross-section for neutrons is then proportional to NA jS for a thick foil, 
where A is the atomic weight. All other factors are the same for all elements. 

Assuming an exponential form for /?-ray absorption, corrections, mostly 
small, were then made for insufficiently thick foils, particularly when only 
a small amount of the substance was available, and for the absorption of the 
/7-rays in the wall of the counter. The thickness of the counter wall was 
measured after the experiments were completed and found to be 0*037 
g./cm. 2 . Corrections were also made for slight variations in the size of the 
foils and for the amount of the particular isotope concerned which is present 
in the element or compound, when this is known from other evidence. In 
the case of Sb, Eu, Ir and T1 it is not certain which isotope is concerned. 
The two isotopes of Sb and Eu are of almost equal abundance; in the other 
two cases two values of the cross-section are given. 

Results 

The results are given in the table and shown in the figure. 

The periods of the radioactive isotopes are given in column II, and in 
cases where the period was measured the probable error is also given. In 
column III, N is the number per minute counted and corrected as above. 
Column IV gives 8, the half-value absorption thickness of the /7-rays in 
foils of the element in brackets; column V is the cross-section in units of 
approximately 10~ 26 cm. 2 of the process (n,y) for the neutrons used, which 
may be compared with von Halban’a figures given in the last column which 
refer to neutrons of different energy but in the same energy region. Since 
the energy of the neutrons in these experiments was smaller than in von 
H&lban’s, his values have been multiplied by the theoretical factor 
yjiEJEt )« 2*4 to correct for the difference in energy. 

All the elements investigated have odd atomic number. Where radio¬ 
active isotopes are produced in even atomic numbered elements it is usually 
somewhat uncertain which isotope is concerned. 

The results might be affected by slow neutrons scattered from the walls 
of the room, etc., and to test this possibility measurements were made of the 
ratio of the activities of a foil activated inside the Be block to that obtained 
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Table I 

<r (Halban) 
a {n,y) x <J{E v jE t ) 


Nucleus 

Period 

N 

8 g./om.* 

10~ M cm. 4 

10” 4 * oin. 4 

y»» 

3’5m. ± 0*5m. 

274 

0-137 (Cu) 

0*21 ± 0*02 

0*2 

Mn w 

2* 5 hr. 

486 

0-125 (Ou) 

0*45 ± 0*04 

0*2 

Cu 84 

12*5 hr. 

53 

0-02 (Cu) 

0*35 ±0*08 


Cu* 6 

5 rn. 

221 

0-14 (Cu) 

0*21 ±0*02 

0*2 

As 7 * 

26 hr. 

3170 

0-155 (Cu) 

3*2 ±0*2 

2*0 

Br 80 

18 m. 

4*2 hr. 

2270 

1234 

0-085 (Cu) 
0-085 (Cu) 


3*8 

Y B0 

60 hr. ±3 hr. 

78 

0-078 (Sn) 

0*19 ±0*02 


Ag 108 

2*3 m. 

2850 

0-065 (Sn) 

10 ±0*6 

7*2 

In 118 

54 m. 

735 

0-038 (Sn) 

4*7 ± 0*4 


8b 181 ' 114 

2*5 d. 

1572 

0-063 (Sn) 

6*3 ±0*6 

2*6 

I 128 

25 m. 

2095 

0-081 (Sn) 

6*9 ±0*4 

4*2 

La 140 

42 hr. ± 1 hr. 

94 

0-062 (Sn) 

0*4 ± 0*05 


Pr 142 

19 hr. ± 1 hr. 

324 

0-090 (Sn) 

1*1 ± 0*04 


E u i6*. 184 

6 hr. ±0*5 hr. 

2070 

0-072 (Sn) 

9*5 ± 0*5 


Yb 180 

2*5 hr. ±0*25 hr. 
3 mo. ±10d. 

32 

1180 

0-041 (Sn) 
0-04 (Sn) 



Lu 178 

3*5 hr. ± 0*3 hr. 

1640 

0-036 (Sn) 

17 ±1 


j r i»a, 194 

19 hr. 

2235 
or 3535 

0-070 (Pb) 

or20 j ±06 


Au 128 

2*7 d. 

870 

0-027 (Pb) 

13 ±0*8 

5*5 

l X'|204, 

2*5m. ± 0*5m. 

173 
or 74 

0-06 (Pb) 

?.’?[• ±0-3 
or 0*6} 

0*2 



Atpm/c Numbea 
Fig. 1 



The absorption of neutrons of medium energy 517 

when activated outside the block. If slow neutrons were present in large 
numbers this ratio should be smaller than the theoretical value and should 
be different for different elements. It was found to be « 2*5 for I, In and Ag, 
which approximates closely the theoretical value, so that it was concluded 
that the effect of slow neutrons could be neglected. It was also found that 
negligible activity was produced by the y-ray source alone. 


Discussion 


It will be seen that there is substantial agreement between the relative 
values obtained here and those obtained by von Halban with neutrons of 
energy 2*2 x 10 s eV. This agreement indicates that the variation in cross- 
section is not due to resonance effects as in the case of slow neutrons but is 


due either to a variation in the factor 


r r i 

1 n x f 


(A+/;jD 


or to the formation 


of 


isomeric radioactive isotopes. 

The only factor in this expression which should vary from element to 
element is D the average level spacing and this depends on the energy of 
excitation, i.e. on the difference of mass defect between the parent and 
product nucleus. The values of D used in the theoretical formula are 
obtained by taking an average value of this mass defect difference, whereas 
in fact fluctuations occur. Very roughly, a difference in excitation of 2 meV 
or a difference of mass defect of 0*2 x 10“ 4 would be sufficient to alter the 
cross-section at A = 100 by a factor 4, whereas deviations up to a factor 50 
were observed. Whether this is the only reason for the variations in cross- 
sections cannot yet be determined, since the mass defects of the heavy 
elements are not known sufficiently accurately. 

There is also the possibility that the elements having very low values of 
<r may form an isomer whose period is too long or too short to be detectable 
with ease, or whose /?-rays are very soft. Thus with Tb, the known period of 
2*5 hr. was observable but gave a very low value of cr, A long irradiation 
however, showed the existence of another and stronger activity of period 
about three months. The /?-rays from the two forms appeared to be of about 
the same energy and they are probably isomers. Y, La and Pr have also been 
exposed for a long time but here no second period was observed. 

Of other nuclei, T 1 (2-5 m. period) gave a low value of cr and showed 
practically no water sensitivity; the 1*5 hr. period could not be detected 
{Preiswerk and v. Halban 1935 ; Maclennan, Grimmet and Read 1935 ). 
No activity could be found corresponding to the absorption of a neutron 
by the second isotope of Eu. Bi must also have a very low cross-section 
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since it is well known (Preiswerk and v. Halban 1935) that the reaction 
Bi (n,y)->RaE does not take place to any measurable extent. The cross- 
section for these nuclei seems to be too small to be accounted for by the simple 
theory even when allowance is made for possible mass defect differences. 

The absolute value of the cross-section may be estimated from a knowledge 
of the number of effective y-rays emitted by the radium, the cross- 
section for the process Be (y,n), the geometry of the apparatus and the 
efficiency of the counter. This can only give the order of magnitude. Using 
the value 2 x 10~ 27 cm. 2 (Frisch, v, Halban and Koch 1937) for the cross- 
section of the Be (y, n) process, the cross-section for silver (w, y) becomes 
1 x 10~ 25 cm. 2 , whereas Dementi and others (1937) obtained the value 
5*3 x 10 ~ afi cm. 2 forthesameprocessand the theoretical valueis 2 x 10 ~ 85 cm. 2 . 
For the neutrons of energy 2*2 x 10 5 eV produced by Th C" y-rays on D, von 
Halban and Kowarski (1937) obtains 3 x 10~ 26 cm. 2 for the absorption cross- 
section of Ag and the theoretical value is 8 x 10“ 26 cm. 2 . 

It appears then that while the theoretical formula gives a cross-section 
of the right order of magnitude for some nuclei, it does not explain the large 
fluctuations which occur. This is only to be expected because of the crude 
averaging which has to be employed in the theory. There are also nuclei 
for which the value of cr seems to be too low to be accounted for by the 
fluctuations in mass defect. 

In conclusion I would like to thank Professor F. A. Lindemann, F.R.S., 
for the constant interest he has displayed in the research and Dr Sfcilard 
who collaborated with me in the early part of this work. I am also very 
grateful to Dr J. K. Marsh for the loan of samples of the rare earths. 

Summary 

The absorption of neutrons produced by the y-rays of radium on Be in 
eighteen elements has been investigated by comparing the activities of the 
artificially radioactive isotopes produced. The absorption coefficient of the 
/?~rays has also been found which enables the relative values of the neutron 
absorption cross-section to be calculated. The results are compared with the 
theoretical prediction of a smooth increase of cross-section with atomic 
weight and some reasons for the large differences obtained are discussed. 
The absolute value of the cross-section is estimated as 1 x 10** 26 cm, 8 for 
silver compared with the theoretical value of 2 x 10~ 26 cm. 8 . 
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Studies in the viscosity of colloids 

I. The anomalous viscosity of dilute suspensions 
of rigid anisometric particles 

By J. R. Robinson, Laboratory of Colloid Science, Camfrridge 

(Communicated by Eric K. Rideal, F.R.S.—Received 5 December 1938 ) 

1 . Introduction 

The laminar flow of a Newtonian liquid is a process the nature of which is 
so far obscure, but which is characterized by the fact that its maintenance 
requires the expenditure of energy at a rate proportional to the volume of 
the liquid and to the square of the velocity gradient maintained in it. The 
oonstant of proportionality varies from one liquid to another, and is called 
the coefficient of viscosity. 

This definition of visoosity is equivalent to the more common one in terms 
of tangential force per unit area and velocity gradient. But it is wider in 
application, and particularly convenient for our purpose, for it enables 
allowance to be made for the extra expenditure of energy which is involved 
when particles are suspended in the liquid. By adding this new quantity 
to the rate of expenditure proper to the flow of the solvent alone, it is possible 
to arrive at the rate at which energy must be expended in maintaining the 
flow of the whole system, and so at what may be called an overall visoosity 
ooeffioient. It will be seen that the specific visoosity represents just this 
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extra expenditure of energy which results from the presence of the suspended 
particles. 

The energy expended in maintaining the relative motion of neighbouring 
regions of the liquid is ultimately dissipated as heat. In what follows, 
therefore, we shall conform to common usage, and speak of the rate of 
dissipation of energy, rather than of its rate of expenditure. 

There are two ways in which the interaction between the particles and the 
liquid phase might be considered. We might suppose that the particles did 
not affect the various components of the field of flow. This involves relative 
motion between the surfaces of the particles and the immediately con¬ 
tiguous liquid, in the maintenance of whioh energy will be dissipated* Or 
we might suppose the liquid to adhere at all points to the particle surface, 
and modify the equations of flow to suit this boundary condition. The field 
of flow then suffers distortion as a result of the presence of the particles 
within it, and again an additional dissipation of energy results. 

The latter, purely hydrodynamic, method is the more rigorous, though 
its development is beset by greater difficulties. Since the former method 
leads to easier methods of calculation and to a clearer physical picture, we 
shall use it here, pointing out, however, that we are merely using the idea 
of the relative velocity as a simple model of the more complicated interaction 
through distortion of the flow. Fortunately, the results obtained by the two 
methods are not greatly different, so that for the purpose of the present 
preliminary investigation the chosen method is adequate. The whole field 
is reviewed by Burgers (1938), while Guth (1936) gives a valuable discussion 
of the hydrodynamic approach. 

Since the classical work of Einstein (1905) on the viscosity of suspensions 
of rigid spherical particles, various attempts have been made to extend the 
treatment to elongated particles. Jeffery (1923) considered particularly the 
equations of motion of ellipsoidal particles. Eisenschitz (1931) gave a purely 
hydrodynamic treatment, retaining Einstein’s simplifying assumptions, 
except in so far as the particles were taken to be ellipsoidal instead of 
spherical. Later, in 1933, he extended this treatment to take account of 
an overwhelmingly intense Brownian movement, imposing random orien¬ 
tation on the particles. Guth (1936) has considered in greater detail the 
problem, still not completely solved, of the superposition of the hydro- 
dynamic orientating and the Brownian disorientating effects. 

Meanwhile, Kuhn (1932a) has used the relative viscosity method applied 
to a model particle represented as a rigid string of beads, and Huggins 
(1938) has extended this treatment by considering a more generalized form 
of particle. Both Huggins and Kuhn assume random orientation. Their 
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equations, like those of Eisenschitz, predict that the relative viscosity of 
a suspension shall depend sharply upon the shape of the particles; but they 
do not find it to be a function of the rate of shear. 

Yet there seems no a priori reason to suppose that the additional rates of 
dissipation of energy, arising from the presence of the particles through 
their interaction with their immediate environment, should be proportional 
to the square of the velocity gradient. (Here is intended the mean velocity 
gradient, observed macroscopically for the system as a whole.) If they are 
not so proportional, the overall viscosity coefficient will no longer be a 
constant. In the commonly accepted sense, such a quantity is not a viscosity 
coefficient at all, and to emphasize this it is usually called an “apparent” 
viscosity. It will still, however, be a measure of the rate of dissipation of 
energy in the system per unit volume and (velocity gradient) 2 . Since this 
is what a viscometer actually measures there may be less objection to calling 
it a viscosity than is often supposed. The Newtonian liquid then appears 
as a special case for which the rate of dissipation of energy per unit volume, 
divided by the square of the velocity gradient, happens to be independent 
of the velocity gradient. In a system wherein the extra rate of dissipation 
of energy due to the suspended particles rises more slowly than the square 
of the velocity gradient, the measured viscosity will fall as the rate of shear 
used in the measurement is raised. 

Such systems are well known, and are said to exhibit anomalous viscosity. 
Typically they are suspensions of markedly anisomotric particles. It has 
not always been realized that the phenomenon of viscous anomaly can 
occur in very dilute systems,* as well as in those sufficiently concentrated 
for it to take the form of what has been called “structure visoosity ”. The 
experimental part of the present work shows plainly that such anomalous 
behaviour may occur in dilute systems. 

It is to systems of just this type that the theoretical equations mentioned 
above are intended to apply. They are therefore unsatisfactory in two 
respects. In the first place, they fail to account for the anomaly which 
is one of the more striking features of the viscous behaviour of the suspen¬ 
sions. This, as we shall show, arises from the fact that no account is taken 
of the variation of the state of orientation of the particles with the rate of 

* There is, however, in an article by F. Eirich and H. Mark (Ergebn. exakt, NcUunv. 
15, 1 , 1936 ), a suggestion that anomaly may arise from purely hydrodynamic 
orientation of rod-shaped particles, and that in sufficiently dilute solutions only 
this type of anomaly is to be expected. The article gives a general review of the 
interactions of suspended particles with the solvent and with other particles. On 
the above points see especially pp. 27 and 29. 
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shear. It is assumed that the vigour of the Brownian motion is sufficient 
to ensure completely random, or, at most, very slight orientation. (It should 
be mentioned here that Guth and Burgers do remark that variation in 
orientation leads to an ambiguity in the viscosity formulae. They do not, 
however, suggest that this fact is related to the known phenomena of viscous 
anomaly.) Using a method of calculation due to Kuhn (1933), it was found 
in the present work that at a rate of shear of 5 cm./sec./cm., the orientation 
of the particles in a 0-02% sol of tobacco mosaic virus was about half 
completed. Most measurements of viscosity appearing in the literature are 
made in capillary viscometers at rates of shear several hundreds or thousands 
of times greater than this. Hess and Gundermann (1937), using X-ray 
crystallography for its detection, reported nearly complete orientation of 
the particles in sols of mercury sulphosalieylic acid and of vanadium 
pentoxide flowing through a capillary tube, at what they described as low 
rates of shear. (The mean velocity gradient seems to have been several 
thousand cm./sec./cm.) It is true that they were using more concentrated 
suspensions, so that mechanical interference between the particles may have 
been influential, but extensive orientation is clearly indicated. 

In the second place, one of the uses of the theoretical formulae is to enable 
the shapes of particles to be deduced from the viscosities of their suspensions. 
In anomalous systems the measured viscosity is not a simple property of 
the suspension, but is also a function of the method, and of the rate of shear 
used in its measurement. It is not certain what figure for the viscosity is 
to be employed in deducing the shape factor from the theoretical equation. 
Certainly it would seem that formulae assuming random orientation are 
not to be applied indiscriminately to the interpretation of data obtained 
through the use of flow viscometers. 

The aim of the present work is the elucidation of the nature of the 
phenomenon of viscous anomaly. The present paper is concerned only with 
a particularly simple case, namely, that of the anomaly arising in dilute 
suspensions of rigid, anisometric particles. 

For the additional dissipation of energy which raises the overall viscosity 
of the suspension above that of the solvent might arise in several ways, 
of which we may mention 

(1) Interaction of individual particles with the immediately surrounding 
liquid. 

(2) Interaction between particles through interpenetration of their asso¬ 
ciated regions of disturbed flow. 

( 3 ) Mechanical interference between particles. 

( 4 ) Deformation of particles, whether arising through forces exerted on 
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them by the liquid, or by other partioles when there is mechanical inter¬ 
ference. 

By our stipulation that the particles shall be rigid we seek to eliminate 
completely the fourth of these possibilities. The condition that the sus¬ 
pensions shall be dilute aims at eliminating the third possibility completely, 
and at so reducing the second that it shall be insignificant in comparison 
with the first, which alone remains effective. Throughout, our concern is 
with particles of a colloidal order of magnitude. Their peculiarity is that 
they are subject to comparable extents alike to hydrodynamic orientating 
and to Brownian disorientating forces. It is to the interplay of these 
opposing tendencies that we turn in seeking an explanation of the viscous 
anomaly. 


2. Method 

In 1929, Kroepelin pointed out that the rate of shear (velocity gradient) 
is the essential variable determining the viscosity of an anomalous liquid. 
If the suspension be dilute and the particles rigid, there is only the state 
of orientation of the particles which might conceivably be affected reversibly 
by the velocity gradient. Included within the class of anomalous liquids 
is the smaller class of suspensions which show double refraction of flow. 
In these we have a means of following the progress of the orientation through 
optical measurements, together with the possibility of correlating the vis¬ 
cosities at various rates of shear with the corresponding states of orientation. 

Undoubtedly the simplest means for the detection of double refraction 
of flow is to cause the liquid to flow through a capillary tube, which is 
observed between crossed Nicol prisms. This method was used by Freund- 
lich, Stapelfeld and Zocher (1924) for measuring the intensity of the double 
refraotion, in their classical work on vanadium pentoxide sol. It has the 
disadvantage that the results are not easy to interpret, for the double 
refraction of flow is found to depend sharply upon the rate of shear. In 
a capillary tube the rate of shear varies from a high value near the walls 
to zero on the axis, as shown by Lawrence (1935), who observed the distri¬ 
bution of the rate of flow, and by Eirioh, Margaretha and Bunzl (1936), 
who observed the variation in the orientation of the partioles in their model 
suspensions, across the lumen of the tube. Optical observations are therefore 
inevitably made through a series of layers for which the values of the 
required quantity are different. 

For the measurement of the viscosity of an anomalous system, the 
capillary flow method is equally unsatisfactory. In such a system the 
viscosity depends upon the rate of shear, and therefore has an indefinite 
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number of different values at different points aeross the lumen of the tube. 
It is impossible to know simply, if at all, the precise meaning of measurements 
made with such instruments. Moreover, in such viscometers the rate of 
shear is on the average very high. The particular systems here studied 
already show considerable orientation at very low rates of shear, so that for 
the investigation of the variation of orientation and conjugate quantities 
in suoh systems, it is necessary to work in the region of low velocity gradients. 

The Couette viscometer is a familiar 'instrument, at least in theory, 
though its use is all too rare. Here the variation in shear across the annulus 
is very much less than that across the lumen of a capillary, and it is possible 
to make viscosity measurements at low and more readily controllable rates 
of shear. 

A similar arrangement, in which the liquid under investigation is con¬ 
tained in the annular space between a pair of coaxial cylinders, of which 
one rotates whilst the other is held stationary, has been used for the measure¬ 
ment of double refraction of flow by a number of workers. (See, for example* 
von Muralt and Edsall, 1930, on the muscle globulin, myosin, and various 
papers on other proteins by Boehm and Signer, who have also studied 
polystyrenes by this means.) Freundlieh, Stapelfeld and Zoeher used it 
in their work for the determination of the angle of isocline, for no other 
method will serve. Here, the ray of light used in the optical measurement 
passes through the annulus parallel to the common axis of the cylinders. 
Its path is through a layer in which the rate of shear is uniform, a condition 
unattainable by the capillary flow method. 

It may be well to give some description of the optical phenomena observed 
in such an arrangement. If the whole annuluB is viewed between crossed 
Nicols, or Polaroid screens, the four arms of a black cross, called the cross 
of isocline, are seen against a light background. The dark brushes or arms 
of the cross mark the regions where the optic axis of the flowing liquid is 
parallel to the plane of polarization either of the polarizer or of the analyser. 
Thus, in fig. 1, where the outer cylinder is shown as rotating, and the planes 
of polarization of the polarizer and of the analyser are indicated by A A* 
and PP\ the optic axis of the fluid at H lies along either IJ or TV'. OB 
is the radius through the brush on which H lies, and SL is the direction of 
the streamlines at H. The position of the cross is specified by means of the 
angle of isocline, whioh is usually defined as the larger of the two angles 
made by the brush with the two planes of polarization. It is commonly 
denoted by and from the definition is represented in fig, 1 by the angle 
IHB, which is greater than BHJ'. It will be seen that the angle of isocline 
is the angle between the brush and the optic axis to which it corresponds, 
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and also that it must be between 45 ° and 90 °. On the assumptions, which 
we shall always make, that the birefringence of the particle is not due to 
strain, and that the optic axis of the particle corresponds with its geometric 
axis, as it is likely to do for very long and thin particles, it will also be seen 
that the particles along the brush HB are orientated parallel to IJ, Later 
we shall find it more convenient to speak of orientation with respect to the 
streamlines, which gives a more general statement, applicable all over the 


A 



A 

Fig. 1. The black cross of isocline. 


annulus. We call the angle whioh a partiole makes with the streamlines of 
the undisturbed flow in its immediate neighbourhood 0 . Reference to fig. 1 
shows that an angle of isooline rjf will correspond to orientation at an angle 
$(» 90 — ijr) to the streamlines. 

The strength of the double refraction is measured by means of a suitable 
compensator on the region midway between two brushes. This corresponds 
to the diagonal setting of the object which is used in examinations with the 
polarising microscope (see, for instance, Ambronn and Frey 1926). 
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With the cylinder apparatus two distinct optical measurements are made 
first, of the angle of isocline, which gives the direction of the orientation, 
and secondly, of the strength of the double refraction, which gives a measure 
of the intensity of the orientation. 

If measurements of viscosity and of orientation are to be correlated, they 
must clearly be made at identical rates of shear, as well as under identical 
conditions of flow. This requirement is best met by making them simul¬ 
taneously. In the apjjaratus here used, the inner cylinder, instead of being 
rigidly fixed, hangs on a torsion wire carrying a mirror, and serves as the 
inner cylinder of the viscometer, so that simultaneous measurements are 
made. The outer cylinder is the rotating one. G. I. Taylor (1936) has shown 
that the flow is most stable with this arrangement. 

The viscometer was constructed to the specification of Dr A. S. C. 
Lawrence. The annulus is M 36 cm. wide, and the inner cylinder 20*7 cm. 
long, with a diameter of 3*455 cm. The outer, rotating, cylinder, has a base 
of plate glass, the rest of the cylinders being of stainless steel. The viscometer 
is mounted in a vertical optical bench, so that light passing between a pair 
of Nicol prisms passes through the annulus. A quarter wave plate can be 
inserted between the viscometer and the analyser, for use in the method of 
compensation due to de Senarmont, which is described in the monograph 
of Ambronn and Prey (1926), as well as in the paper of von Muralt and 
Edsall (1930), who also used it. 

The direction of the optic axis is usually found by rotating the object 
between crossed Nicola. The object here is the mass of liquid contained 
between the cylinders of the viscometer, and cannot conveniently be so 
rotated. The Nicol prisms are therefore mounted so that they can be rotated 
simultaneously, keeping them crossed. The isocline position is found by 
rotating the pair of Nicols, kept crossed, until a brush of the cross of isocline 
is brought into that part of the annulus through which the axis of the 
optical system passes. Rotation of the pair of Nicols, still crossed, through 
45 ° then gives the diagonal setting; and after insertion of the quarter wave 
plate orthogonally to the Nicols, the double refraction is measured by 
rotating the upper, analysing, Nicol alone until extinction is again obtained. 
The disks which carry the Nicol prisms are divided not into 300 °, but into 
400 divisions. Readings are stated in these divisions, of which 100 make 
a right angle, unless otherwise indicated. 

The drive is provided from a constant-speed motor through a series of 
pulleys and a pair of cones coupled by a belt to give a wide variation in 
speed in small steps. 

As visoosity depends markedly upon temperature, arrangements have 
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been made for its control. The outer cylinder runs in Nujol contained in 
a cylindrical brass case around which is wrapped a coil of compo piping, 
through which a pump maintains a flow of water from a thermostat. Tem¬ 
perature may readily be controlled to one-twentieth of a degree Centigrade, 
which is adequate, as it is not claimed that other measurements are so refined 
as to demand more stringent control. 

The cylinders are longer than is usual with apparatus of this kind. As 
dilute suspensions and small rates of shear are used this greater length is 
desirable on account of the increased sensitivity to which it leads. Guard 
rings are not used. They would not solve difficulties arising from end-effects 
in optical measurements, and by reducing the effective length of the 
cylinders they would reduce the sensitivity of the viscometer. If absolute 
measurements are made, more labour is involved, for the effective length 
of the cylinders, which depends both upon the speed and upon the viscosity, 
must be determined. Accuracy, however, does not suffer. In the calibra¬ 
tion of the instrument, absolute determinations were made of the viscosity 
of water at a series of temperatures. The results stand in good agreement 
with accepted values, as Table I shows. 


Table I. Calibration of the viscometer 


Viscosity 

Temp. of water Accepted value* 

0 C centipoises eentipoises 


11*4 1*254 1*258 

13*5 (rough dot.) 1*178 1190 

13*9 1*179 1*179 

16*6 1*094 1*097 

17*95 1*064 1*062 


* From tables in the monographs of Hatschek ( 1928 ) and of Barr ( 1930 ). 


In practice the instrument has usually been used rather for relative 
measurements. 

It is intended to publish a detailed description of the apparatus in 
another place, as it would take up too much space here. 


3. The nature of the orientation 

The double refraction of flow of a dilute colloidal solution might arise 
from the orientation of anisometrio particles, or from the deformation of 
the particles by forces arising through their interaction with the liquid 
phase, Or from a combination of these mechanisms. It is believed that for 



528 


J. R. Robinson 


the systems studied in the present work, only the former of these alter¬ 
natives applies. Kuhn (1933) gives a method for the calculation of the 
birefringence to be associated with eaoh particle in the suspension. Calcula¬ 
tions, as he describes, applied to the results obtained with the virus and 
with mercury sulphosalicylio acid, indicated that the birefringence of the 
individual particles remained unchanged, as increasing the rate of shear 
raised the double refraction of flow of the suspensions as a whole. 

A detailed discussion of the nature of the orientation cannot be given here, 
but an attempt will be made to present briefly a general picture of the pro¬ 
cess. This is all the more necessary as the recent work on the nature of the 
orientation seems to have been largely ignored in England. (For a more 
detailed review see Burgers (1938), as well as the various references quoted 
during the discussion.) 



INNER 



STREAMLINES 



F 10 . 2. Mechanism of orientation. 


We start from the lucid method of exposition adopted by Kuhn (1932a), 
considering for simplicity only a two-dimensional model. So far a three- 
dimensional treatment with consideration of Brownian movement has not 
been found possible mathematically. 

Consider a model particle consisting of two spheres joined by a link to 
form a dumbbell, placed in a flowing liquid where the velocity gradient w q, 
as shown in flg. 2. The spheres are of radius a, and their centres are 21 apart. 
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If the particle is, as shown, inclined at an angle d to the streamlines, then 
it is clear that its two ends are in regions of fluid moving with different 
velocities. If the spheres were not linked, A would move faster than the 
centre 0 by the amount ql sin ( 9 , and 0 would move faster than B by the 
same amount. The two spheres would move apart with the relative velocity 
2 ql sin 6 . This they will tend to do, but as they are linked two consequences 
must follow. 

First, the field of flow must be distorted, which we shall represent by 
saying that there will be a relative velocity between each sphere and the 
liquid immediately surrounding it. We do this simply because it is easier 
to evaluate the interaction between the sphere and the liquid by supposing 
a relative velocity with respect to an undistorted field, than to calculate 
the distortion of the field and its effect on the particle. We shall say then, in 
effect, that each sphere is dragged through the liquid by the link, in which 
there must be an appropriate tension. 

Secondly, even if the spheres were not coupled, the line AB would swing 
into the direction of the streamlines. As they are coupled, the whole 
particle must rotate about its centre in the direction of the arrows, while 
the centre 0 moves with the liquid. 

Kuhn shows that the angular velocity of the rotation has the instan¬ 
taneous value 

dd a 2 sin 2 0 + 6 2 pos 2 0 

dt ~~ q a*+ 6* • 

This is the angular velocity with which the particle swings through the 
position inclined at the angle 0 to the streamlines. If the lateral dimension 
of the particle be neglected, the above expression reduces to the simpler 
form 

dd , 

5r = -?Bin*<9, 

which may serve as an approximation for indefinitely long particles. 

These expressions mean that long particles suspended in a liquid in 
laminar flow move as a whole with the fluid layer in which they are, rotating 
the while continually, rapidly when they lie athwart the Btreamlines, 
slowly when they lie along them. 

This preoessional motion, diflioult to describe clearly, may readily be 
demonstrated by the arrangement shown in fig. 3 . Two cones are connected 
by a large number of parallel belts, and driven by an electric motor. There 
results a sheet of belts, each moving a little faster than its neighbour on 
one side and a little slower than its neighbour on the other side. This is 
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a model of a velocity gradient. The belts represent in direction, the stream¬ 
lines, and in speed that of the liquid in its laminar flow. A strip of card, 
placed on the sheet of belts at A to represent a particle in suspension, passes 
through the positions B and C, to D, turning as it moves along. It is easily 
seen that the turning is much more rapid when the strip lies athwart the 
belts than when it lies nearly in their direction. 



Fig. 3. Model for demonstration of hydrodynamio orientating field. 


Similar precessional motions may be observed in model suspensions. 
Early in the present work this was found to be so for a suspension in glycerol 
of the small rods formed by cutting glass wool with scissors, observed in 
a rough cylinder apparatus with glass cylinders. As the rods moved in three 
dimensions the motion described was rather that of the projections of the 
particles on the horizontal plane than of the particles themselves. They 
swept out double cones in their motions, but the longer ones deviated little 
from the horizontal plane. Only a few, and those very short, remained 
parallel to the common axis of the cylinders as was predicted by Jeffery 
(1923) and demonstrated experimentally by G. I. Taylor (1923). 

In a very beautiful and detailed series of studies on model suspensions, 
carried out in Vienna by Eirioh, Margaretha and Bunzl (1936), it was found 
that the behaviour predicted by Jeffery and Taylor was in the main only 
that of particularly short particles, whose axial ratios were not more than 
3: 1. Guth (1936) has found reason to criticize Jeffery’s prediction on 
theoretical grounds, and has also shown that the observed behaviour of 
the particles might be expeoted from strict hydrodynamic considerations. 

This precessional motion of the particles leads in effeot to their orientation. 
If we oonsider at any moment the number of particles likely to be inclined 
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at a given angle to the streamlines, we shall expect to find most actually 
along the streamlines. This is the direction through which they pass most 
slowly when they reach it. 

So far only the hydrodynamic aspect of the problem has been considered. 
But if the particles are of the colloidal order of magnitude, the influence 
of the Brownian motion upon the hydrodynamic orientation must be con¬ 
sidered. Various workers have approached the problem by regarding the 
hydrodynamic orientation as a concentration in the direction of the stream¬ 
lines, and the Brownian motion as an angular diffusion process tending 
continually to disperse the concentration. It is easy to see that Brownian 
motion will reduce the density of the orientation. More particles will, as it 
were, diffuse away from the direction of the streamlines than from any other 
direction, simply because there are more in that direction to diffuse. By 
an argument due originally to Zocher, and expounded by Haller (1932), 
it is also fairly easy to see that the direction of the orientation will be 
affected. For the angular diffusion of particles away from the concentration 
in the streamlines may be either clockwise or counter-clockwise in fig. 2. 
Particles which diffuse counter-clockwise will have their velocity of diff usion 
augmented by the hydrodynamic field, and their total angular velocity 
will be higher than it would have been under hydrodynamic forces alone. 
Those which diffuse clockwise will be opposed by the field, and their velocity 
will be less than it would have been under hydrodynamic forces only. The 
position for which the angular velocity is a minimum, which is also the 
most probable position, and therefore the direction of orientation, will thus 
be shifted in a clockwise sense out of the direction of the streamlines. 

This simple scheme may be treated quantitatively, and it then leads to 
an expression for the distribution function, p( 0 ) y which is defined by the 
statement that p{ 6 ) dd shall be that fraction of the whole number of particles 
whose directions lie in the vanishingly small range between 9 and d + dd . 
The equation for p{ 6 ) is found to be 

D - q sin* $ - q sin 2 6 p( 0 ) = 0. 

Boeder (1932) arrived by a different and less simple method at an identical 
equation, and performed its integration numerically, displaying the results 
obtained from it in the form of curves. These, adapted from his paper, are 
shown in fig. 4 . The rates of shear are expressed in terms of the quantity 
«, » q/D, where q is the velocity gradient, and D is the diffusion coefficient 
of the particle. D is proportional to the absolute temperature, and also 
inversely proportional to the viscosity of the solvent, and to the cube of 
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the length of the particle, so that raising the temperature, which increases 
the vigour of the Brownian motion, will increase the value of the velocity 
gradient necessary to produce a given degree of orientation. 

The general character of the orientation predicted is easily seen from the 
curves. When there is no shear, Brownian motion, acting alone, produoes 
random orientation, and all directions are equally probable. When very 
low rates of shear act in conjunction with the Brownian motion, the most 



Fra. 4. Statistical orientation: distribution curves, adapted from Boeder. 

probable position makes an angle of a little less than 45 ° with the streamlines 
(corresponding to an angle of isocline of a little over 45 °). The probability 
associated with this position is very little greater than that associated with 
any other position. Orientation is slight, and the double refraction of flow 
is low. At higher rates of shear the most probable position approaches the 
streamlines (angle of isocline approaches 90 °), and at the same time the 
associated probability increases, and the double refraction of flow beoomes 
greater. The peak of the probability curve beoomes sharper and higher as 
it moves over to lower values of 6 . 
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We have here a picture of a dynamic mechanism of orientation, which 
treats all the particles alike* The most probable position is not that in which 
some of the particles come to rest, but that through which they all pass most 
slowly. Such a conception of the nature of the orientation process is in 
general agreement with the observed variation of the optical properties of 
the suspensions as functions of the rate of shear. 

It will be our aim in the theoretical section of the paper to correlate changes 
in the rate of dissipation of energy in the suspensions with the variations 
in orientation which result from changes in the rate of shear. We shall 
thereby show that this conception of orientation will account not only for 
the optical properties of the suspensions, but for their anomalous viscosity 
also. 


4. The results and their significance 

The measurements here recorded have been made upon dilute suspensions 
of tobacco mosaic virus protein, and of mercury sulphosalicylie acid. 

The virus was kindly supplied by Dr N. W. Pirie. The general properties 
of this material have been described by Bawden and Pirie (1937), whilst 
its study by means of X-rays has been carried out by Bernal and Fankuchen 
(1937), They point out that the long, tapering structures formed by the 
material, which have been called crystals, ought more strictly to be called 
paracryetals, since there is regularity of arrangement in their cross-section, 
but not along the long axis. The paracrystals are believed to consist of long, 
rigid rods, closely packed side by side, but irregularly spaced in the direction 
of their length. These rods are believed to exist free in solutions of the virus, 
and, by their orientation on streaming, to give rise to the strong double 
refraction of flow which is one of their more striking properties. Such 
solutions are well suited to serve as suspensions of the type required for the 
present investigation, provided that they give effects large enough for 
measurement at a concentration which may fairly be regarded as dilute. 

The virus used was dispersed in distilled water at a protein content of 
0-02 % by weight. During further dilution in eight stages to 0-005 % the 
angle of isocline was found to depend only upon the velocity gradient, and 
not upon the dilution, whilst the double refraction of flow at a given rate 
of shear was proportional to the concentration. Table II shows the double 
refraction of flow at various concentrations for this virus solution at a tem¬ 
perature of 20 * 2 ° C and a velocity gradient of 3*7 sec.' 1 . In the second 
column the double refraction is expressed in scale divisions of the analyser 
per 1 cm. depth of the solution. A rotation of 200 scale divisions would 
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correspond to a path difference of one wave-length of the sodium light 
used. The third column gives the double refraction divided by the 
concentration. 


Table II. Double refraction of flow and concentration 
C oncentration 


0 / 

/o 

D.R.F. 

D.R.F./c, 

0*02 

2*78 

139 

0*0143 

2*04 

143 

0*010 

1*43 

143 

0*0083 

1*20 

145 

0*0077 

1*125 

146 

0*0067 

0*975 

145 

0*00525 

0*71 

136 


From this it may be inferred that the particles are influenced only by the 
surrounding fluid and not by their neighbours. There is strong confirmatory 
evidence in the observation of Bawden and Pirie (1937, p. 315 ) that spon¬ 
taneous birefringence first appears in virus solutions at a concentration of 
1*6%. Spontaneous birefringence is taken to be a sign of mutual inter¬ 
ference between the particles which prevents their assuming a random 
orientation. By working at a concentration of 0*02% we should be in 
a region remote from complications of this kind. 

It may be mentioned finally that in his report, Burgers gives a criterion 
for a dilution sufficient to exclude serious effects due to mutual interactions 
between particles. If the lengths of the particles are L A, and there are 
n particles in each cubic centimetre of the suspension, then, he says, nLP 
must not exceed IQ U . Assuming for the virus a molecular weight of the 
order of 40 , 000 , 000 , an axial ratio of the order of 40 , which is perhaps a fair 
figure, and a length of the order of 4000 A, this quantity for the 0*02 % 
solution is of the order of 10* 3 . 

It should be mentioned here that since the virus preparation was not 
perfectly fresh, and as ageing effects are not absent, the results obtained 
may not satisfactorily be used for the characterization of the virus. For 
that purpose the repetition of the measurements with a fresh preparation is 
intended. This is no contra-indication to the use of the solution for the 
purpose to which it has in fact been put. All that is required is a dilute 
suspension of rigid rods, and that is provided. 

Mercury sulphosalicylic acid, of which a sample was kindly sent by Dr 
Emil Hatschek, forms sols of which the viscosity is high and anomalous, 
and which show a strong double refraction of flow. These two effeots are 
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greatly augmented on ageing. A sol aged for six months was used at a con¬ 
centration of 0*04 %, and gave results very similar to those obtained with 
the virus. The work of Hess and Gundermann (1937) would seem to indicate 
that these sols are suspensions of anisometric crystals. 

The general character of the results may be summed up at the qualitative 
level in the statement that in a given suspension, factors which influence 
both the viscosity and the double refraction of flow always influence them 
in opposite senses. At constant temperature, increasing the rate of shear 


RELATIVE VISCOSITY. 



DOUBLE REFRACTION. 


Fig. 5. 0*02 % tobacco virus; relative viscosity ( ®) and double refraction of flow ( 4 -). 
-at 14*4° C.-at 19*0 U C. 


increases the double refraction of flow, and reduces the viscosity. At a con¬ 
stant rate of shear, raising the temperature reduces the double refraction 
of flow, and raises the relative viscosity. The suspensions are remarkable 
in the possession of a positive temperature coefficient or relative viscosity. 
This can mean only that the term added to the overall viscosity as a result 
of the presence of the particles must increase as the temperature is raised, 
unlike the viscosity of the solvent alone, which decreases. The following 
considerations will make clear the significance of this observation. 

Fig. 5 shows the viscosity and the double refraction of flow of the 0*02 % 
virus suspension, as functions of the rate of shear. This is expressed in the 
diagrams by w, the angular velocity of the outer cylinder of the viscometer. 
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The dimensions of the apparatus are such that the mean rate of shear in 
the middle of the annulus, at which point the optical measurements are 
made, is 1 • 8 w. w is in radians per second, and the rate of shear is then also in 
absolute units. Fig. 6 shows the variation of the angle of isocline with the 
rate of shear, also at two temperatures. 

The factor 1*8 was calculated on the assumption that a Newtonian liquid 
filled the annulus. That the same figure may be used when the liquid between 
the cylinders is anomalous is not self-evident. In this case the distribution 



Fig. 6. 0-02 % tobacco mosaic virus; angle of isocline. 

of the velocity and of the velocity gradient across the annulus will be 
different, in some such way as has been suggested by Philippoff (1936). 
The matter has been experimentally studied by first obtaining the double 
refraction of flow as a function of the mean rate of shear, using the apparatus 
in the ordinary way. Then,at each of a series of speeds, the double refraction 
of flow at various points in the annulus was measured, and used to give an 
indication of the distribution of the rate of shear across the annulus. Fig. 7 
shows some of the results obtained with a mercury sulphosalicylio add sol 
showing a considerably more marked anomaly than the suspensions whioh 
supplied the results used in the present paper. It will be noted that though 
the distributions both of the velocity and of the rate of shear are modified 
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as a result of the anomaly in the manner indicated by Philippoff, yet the 
values at the centre of the annulus do not differ greatly from those calculated 
for a Newtonian liquid. The use of the factor 1*8 is therefore much less 
misleading than might have been thought. 

The curves show clearly that as the orientation becomes more marked 
(as shown by increasing double refraction and angle of isocline) the viscosity 
falls. (Since this work was carried out Buchheim and Philippoff (1938) have 
published a preliminary paper showing that a similar relation holds in more 



Fiu. 7. Flow between coaxial cylinders (0 08 % mercury sulphosalicylic acid); 

o> = 4*28 radians/sec. 

concentrated systems for structure viscosity. They worked at much higher 
rates of shear, and the optical measurements were made in a cylinder 
apparatus, whilst the viscosity was measured in a capillary instrument. 
The mean rates of shear were calculated, however, and double refraction 
and viscosity figures were compared at corresponding values of the mean 
shear in the two instruments.) 

Prom this relation between the viscosity and the state of orientation we 
may immediately make at the qualitative level several deductions which will 
aid the presentation of the remaining results by indicating their significance. 

It has already been mentioned that when the temperature is raised the 
vigour of the Brownian motion is increased, so that the orientation which 
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the hydrodynamic forces alone would produce is the more vigorously 
opposed. In consequence of this, for a given rate of shear, both the angle 
of isocline and the double refraction should be less at a higher than at a lower 
temperature. Figs. 5 and 6 show clearly that this is so, and the same has 
been found generally by other workers. The form of the curve giving the 
temperature coefficient of the double refraction of flow as a function of the 
rate of shear may also be predicted roughly. A given rise in temperature 
will produce a definite increase in the vigour of the Brownian motion. At a 
low rate of shear the hydrodynamic orientating field is weak, and the effect 
of the increased Brownian motion will be considerable. As the double refrac¬ 
tion is only small the reduction thus occasioned may be a considerable 
fraction of the whole. At high rates of shear, on the other hand, the hydro- 
dynamic field is stronger, and the effect of the rise in temperature would 
be expected to be less. At extremely high rates of shear where hydrodynamic 
forces are preponderant, no appreciable effect of the rise in temperature 
would be anticipated. The temperature coefficient of the double refraction 
of flow should be negative, and should fall as the rate of shear is increased. 
Fig. 8 shows that this is so for the virus suspension. Other virus preparations 
and many sols of mercury sulphosalicylic acid have yielded precisely similar 
curves. 

It is of interest to note that when this prediction was first made, the deter¬ 
mination of the temperature coefficient had not been carried out, but 
von Muralt and Edsall (1930) had published a pair of curves showing the 
double refraction of flow of a myosin sol at two temperatures. It was possible 
to make a rough calculation of the temperature coefficient from their data. 
The curve obtained is similar to that in fig. 8. 

The observed behaviour of the double refraction of flow is clearly in accord 
with expectations based upon such a conception of orientation as was out¬ 
lined in the previous section. Similar relations as regards the temperature 
coefficient might not be expected if the double refraction arose through 
the deformation of the particles as has been suggested by Kuhn (19326). 
On that view the deforming force is proportional to the viscosity of the 
solvent, and as this is Newtonian it is independent on the rate of shear, but 
reduced by raising the temperature. The temperature coefficient of the 
double refraction of flow should then merely reflect that of the viscosity 
of the solvent, and the marked variation with the rate of shear would not be 
expected. 

The temperature coefficient of the viscosity of the suspension is more 
complex in its temperature relations. Since it has been invariably found that 
an increase in the degree of orientation is accompanied by a reduction in 
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the (anomalous) viscosity, the temperature coefficient of the relative vis¬ 
cosity will be expected to be positive, that is, the relative viscosity of the 
suspension at a given rate of shear should be higher at a higher than at 
a lower temperature. This striking prediction was verified when the measure¬ 
ments shown in fig. 5 were made. It will be noted that, though the absolute 
viscosity of the 0-02 % virus solution is less at the higher than at the lower 
temperature, the relative viscosity is higher at. the higher temperature. This 
result has been obtained consistently a number of times with the same virus 



Fio. 8. Temperature coefficients of relative viscosity ( ®) and of 
double refraction flow (+ ); 0-02 % tobacco mosaic virus. 

sample, as well with another virus sample and with several sols of mercury 
sulphosalicylic acid. That only the relative viscosity will show the rise with 
temperature is to be expected. The rising specific viscosity is masked by the 
falling viscosity of the pure solvent, so that the absolute viscosity still shows 
a negative temperature coefficient of viscosity, though one less numerically 
than that of the solvent. 

Again, there is a marked dependence upon the rate of shear, though its 
form is different from that for the temperature coefficient of the double 
refraction of flow. As before, the effect of temperature will be expected to 
be slight at extremely high rates of shear, where the hydrodynamic forces 
are dominant. But this time the effect of temperature will also be expected 
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to be slight at very low rates of shear. Orientation is then slight, and the 
viscosity little different from that corresponding to zero shear and random 
orientation ; even a complete suppression of the small degree of orientation 
would change the viscosity but little. At intermediate values of the rate of 
shear the temperature coefficient would be expected to have a greater value. 
The final prediction is that the temperature coefficient of the relative vis¬ 
cosity shall be positive, rising to a maximum value at moderate rates of 
shear, and then falling away again as the shear is continually increased. 

Fig. 8 shows that this prediction also is experimentally verified for the 
virus. This type of curve is consistently obtained, alike with the virus and 
with the dilute sols of mercury sulphosalioylie acid. 

The verification of these qualitative predictions supports the thesis that 
the dynamic mechanism of orientation from which they were deduced pro¬ 
vides a common basis for the comprehension of the optical and of the 
viscous behaviour of suspensions of the type considered. It remains to show 
in more detail that the variation of this orientation with the rate of shear 
can account in some more quantitative manner for the variation of the 
viscosity, that is, for the anomaly itself. This, by means of an approximate 
treatment, is attempted in the next section. 


5. Theoretical discussion of the nature of the 

ANOMALOUS VISCOSITY 

This section is largely tentative, and aims rather at making clear the 
general nature of the mechanism than at developing it in detail. 

We may begin by relating the definition of viscosity, with which this 
paper commences, to that in common use. 

Consider two areas, each A , parts of parallel laminae in a Newtonian 
liquid in laminar flow, and let q be the velocity gradient. The distance be¬ 
tween the laminae shall be a. According to the usual definition of viscosity 
the force required to maintain the relative motion of these areas is Aqrj. 
The relative velocity between them is aq . The rate at which work is done on 
the volume of liquid between them will be the product of the force and the 
velocity with which it moves its point of application, which is 

aq x Aqifj = Aaqhj. 

But Aa is the volume of fluid between the areas, so that the rate of dissipation 
of energy in the flow is 

r>q*V. 


(1) 
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If V c.c. of some solvent be contained in a Couettc viscometer, this 
expression will give the rate of dissipation of energy necessitated by its 
flow. If a much smaller volume, v , of particles of another substance be now 
dispersed in the solvent, we may express the extra dissipation of energy 
thereby arising by some such expression as vF(q)> supposed proportional 
to the amount of substance added if the suspension be kept sufficiently 
dilute. Then for the total rate of dissipation of energy we shall have 


E = tJq q*V + vF(q), 


( 2 ) 


Here the suffix 0 is used to emphasize the viscosity of the pure solvent. 
F(q) is some function of the velocity gradient which may include terms 
representing one or more of the four means of additional dissipation of 
energy mentioned in the introduction. For the systems we are now consider¬ 
ing it will contain a term only for the first of those four possibilities, namely, 
for the extra dissipation of energy arising through the interaction of the 
particles with their fluid environment. 

By analogy with (1), we have for the overall viscosity of the whole sus¬ 
pension, 

l'{V + v)tf-i.tfV + vF(q). ( 3 ) 


Now if v is very small in comparison with V, putting vjV ~ we shall have 


or 


V = ?o{ 1 + 


VoQ* i ’ 


V'rel 


<pF(q) 

Vo f ' 


( 4 ) 

( 5 ) 


What follows is an approximate attempt to calculate F(q) as the rate of 
dissipation of energy involved in maintaining the processional motions of 
the particles. The suspension is assumed to be so dilute that only the inter¬ 
actions between individual particles and the fluid need be considered; it is 
then only necessary to carry out the detailed calculations for one particle. 
The effect of the whole number is found by summation, with averaging where 
necessary. 

In the section on orientation it was pointed out that a particle like that 
shown in fig. 2 would be submitted to a strain in the direction of its long axis 
when precessing in the flowing liquid. Kuhn showed that the relative 
velocity between each sphere and the surrounding liquid has, whilst the 
particle is swinging through the position given by the angle 6 between its 
axis and the streamlines, the instantaneous value sin# cos 6 . He took 
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the tension in the link to be equal to the force, calculated from Stokes’s 
law, which is necessary to maintain this relative viscosity. This is equal to 
6 nai) 0 lq sin 6 cos <?, 

The rate of dissipation of energy associated with each sphere will be the 
product of this force and the relative velocity. Its instantaneous value 
will be equal to 6/ny 0 aZ^ a sin 2 6 cos 2 6 . For the entire particle, consisting 
of two such spheres, the rate of dissipation of energy will be 

1 2 nr} 0 aPq 2 sin 2 0 cos 2 0 . (6) 

This is merely an expression for the rate of dissipation of energy appro¬ 
priate to one particle in a particular position. There remains the problem 
of deriving from it an expression for the dissipation rate due to all the 
particles in the suspension. Kuhn assumed, as has been mentioned, that 
the orientation would deviate so little from random that the summation 
w ould only involve averaging for all values of 6 . On this assumption his 
viscosity formula is derived, and naturally it does not predict a variation 
of the viscosity with the rate of shear. But evidence has been presented 
that the assumption of random orientation, though it may be valid if the 
particles are very small, cannot be made for the systems here studied 
experimentally. These show very marked orientation at the rates of shear 
employed. We must attempt to take account of the progressive orientation 
of the suspended particles as the rate of shear is increased. 

If the distribution function p(Q) were known explicitly, the way would 
be easier. It would only be necessary to multiply expression (6) by p( 6 )d 0 , 
and then to integrate over all values of 6 , assuming that the integration 
could be performed. 

An expression which links the orientation with the rate of shear is lacking. 
An inelegant, but possible, device, applicable to systems for which we have 
them, is to use the optical data, measured as functions of the rate of shear, 
to indicate the progress of the orientation. This, measuring the orientation 
instead of calculating it from first principles, we shall attempt. The predicted 
variation of viscosity w ith the rate of shear may then be compared with 
the viscosity measured at the same time as the optical properties. 

Kuhn (1933) gives a method of finding the maximum double refraction 
of flow which would correspond to complete orientation. For the 0*82 % 
virus sol this maximum double refraction would be given by 240 scale 
divisions of the analyser, which may be seen from fig. 5 to be a reasonable 
limiting value for indefinitely high values of the rate of shear. That about 
one-half of this value is attained at the higher rates used in the experiments 
lends weight to the statement that random orientation is not to be assumed. 
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Denoting this (calculated) maximum double refraction by A mr and the 
observed double refraction at any rate of shear by A, we might suppose that 
at the given rate of shear, a fraction AjA m of the total number of particles 
is orientated in, which means passing through, the isocline position. If 
there are altogether n particles, we shall assume that at any moment n(A /A m ) 
are to be found in the isocline position. It will simplify calculation to assume 
that the remainder are distributed evenly over the remaining positions. 
They will give rise to a rate of dissipation of energy to be found by multi¬ 
plying their number, which is w|l — “j, by the average of expression (6) 
over all relevant values of 6 . 

The particles in the isocline position present more difficulty. What rate 
of dissipation of energy is to be ascribed to a particle in this position? It 
is not simply to be obtained by writing 8 * 90 ° — ^ in expression (6). For 
the particle in passing through the isocline position does not possess the 
velocity given by the hydrodynamic equation. It is indeed simply because 
the particle has not this velocity, but a lower one, that the position concerned 
is an isocline position. On the basis of the hydrodynamic equations alone, 
the isocline position for an indefinitely long and thin particle would always 
be parallel to the streamlines; and the rate of dissipation of energy asso¬ 
ciated with it would be zero. For a particle lying along the streamlines has 
its ends in regions moving without relative velocity. In fact, when Brownian 
motion is significant, the angular velocity will not be given at all by the 
equation 0 = -gsin 2 0 . A dissipation rate which is based on the hydro- 
dynamic formula for the angular velocity with which a rod swings through 
a given position ought not to be used. 

We might, however, suppose that the particles in the isocline position 
remain there, and calculate the work done in moving the liquid past 
them. This is not to sponsor a return to a static picture of orientation. 
It is more convenient for the calculation, however, to suppose that the 
liquid moves relatively to the particles than that they move relatively 
to it. 

Admittedly this is a crude approximation. But the results of the method 
to be developed differ little from those of the one which has been rejected, 
and which had been worked out in detail first. The present method is pre¬ 
ferred because it leaves less doubt about the treatment of the isocline 
position. Both methods are so rough that there is little to choose between 
them on grounds of accuracy. In either case the treatment is two-dimen¬ 
sional, and represents a distorted field by the relative velocity which would 
result from considering the field undistorted. 
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If, as before, the particle consists of two linked spheres, and if it remains 
fixed with its axis inclined at an angle 8 to the streamlines, while its centre 
moves with the liquid, the relative velocity between each sphere and its 
surroundings will be given by Iq sin 0 , and the corresponding rate of dissipa¬ 
tion of energy for the whole particle will be 

1 2n7} 0 aqH 2 sin 2 6 . (7) 

As we shall be concerned with extremely elongated particles we shall follow 
Kuhn, and use a rigid string of beads instead of a dumbbell for the model. 
The particle will then he represented by a straight row of spheres, each 
of radius a, and with their centres 4a apart. 2 1 will still denote the length 
of the particle, which will include 2 l/4a spheres instead of only two. 

When such a particle lies with its axis inclined at an angle 8 to the stream¬ 
lines, the rate of dissipation of energy associated with a sphere distant y 
from the centre of the string will, by analogy with (7), be given by 

tinVo a( l 2 y 2 sin 3 O' (8) 

The length y of the string includes y/4a spheres. In integrating to find the 
effect of all the spheres, we must put dn — dyj4a. Thus the rate of dissipa¬ 
tion of energy due to all the spheres in one half of the string, from the 
centre to one end, will be 

<\m? 0 aq* sin 2 ^J * ^ni} 0 q 2 l z sin 2 6^; 

whence the rate of dissipation of energy for the whole particle considered 
as a string of beads is 

7T7}QqH z Hin 2 0. (9) 

If now there are n particles, contained in V c.c. of the suspension, we will 
suppose that n(AjA m ) remain in the isocline position. For these, 0** 90° - ft. 
We are assuming that as the rate of shear is altered, more or less of the 
particles, as it were, pause completely in the position for which 0=* 9Q 0 -*ft: 
whereas actually all of the particles pause there more or less completely. 

The rate of dissipation of energy provoked by the particles in the isocline 
position is thus 

n ™ rry^qH 2 sin 3 (90 - ft) = n ~ n7) 0 q 2 l* cos 2 ft . (10) 

dm 

So many inaccuracies have already been introduced by the method of 
calculation that we shall assume the rest of the particles to be distributed 
evenly over all values of 0, rather than taking some more accurate but also 
more complex distribution. The appropriate rate of dissipation of energy 
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is found by averaging expression (9) over all values of 6 , and multiplying 
by the number of particles. 

It is more oorrect formally to multiply (9) by p(8) dd , and then to integrate 
over all values of 0. As our assumption is equivalent to writing p(0) = 1 /jt, 
the result is the same. The integral is 


f n Vo si ** 2 d-dd — 7j 0 qH s f sin 2 6 dd 

Jo n Jo 

* \7T7i Q qH*. ( 11 ) 

The limits shown are adequate. Integration from 0 to 2n would count the 
particles twice. 

The number of particles not in the isocline position is — and 

expression ( 11 ) gives the rate of dissipation of energy proper to each of 
these. The rate of dissipation of energy arising from all particles not in the 
isocline position is therefore 

( 12 ) 


The total rate of dissipation of energy due to all particles is the sum of the 
expressions ( 10 ) and ( 12 ), which is 


lnm) 0 q 2 l 3 (l - I?-+ cos 2 xjr^ - £?i 7 ^ 0 g 2 ( 3 £l 


'1 — 2 cos 2 ij/) . (13) 


It will, be noted that this rate of dissipation of energy is proportional to 
the viscosity of the pure solvent, and not to that of the suspension. It is 
extremely important to realize that the presence of the particles occasions 
no mysterious increase in the viscosity of the surrounding liquid. Micro¬ 
scopically considered, the particles perform their movements of precession 
in the pure solvent. It is with the field of flow of the solvent that they inter¬ 
fere. The increase in viscosity is purely a macroscopic phenomenon. 

In this connexion it is interesting to note that Dr E. Stenhagen (private 
communication) has found that the velocity of migration of nucleic acid 
in an electric field is independent of the overall viscosity of the solution 
as measured in a viscometer. Here there is no velocity gradient in the 
liquid, and the particles move without precession. The high viscosity is 
only observed in the viscometer, where the flow is associated with pre¬ 
cession, the maintenance of whioh requires the expenditure of energy. 
Similar considerations apply to the motion of particles sedimenting in the 
ultraoentrifuge, where again it is the viscosity of the solvent which is 
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important. It is, however, to be noted, as Burgers ( 1938 ) points out, that 
in this type of motion concentration effects appear in weaker solutions. 
The fields of flow associated with the particles extend further through the 
liquid when it is at rest than when there is a velocity gradient maintained 
in it. There is then a greater likelihood of interference between particles 
as a result of the interpenetration of their individual fields. 

Expression (13) may be rewritten in terms of the axial ratio of the par¬ 
ticles. This is denoted by / and defined as Ija. The volume of the particle 
of which each string of beads is a model is na*2L As there are n particles in 
V c.c. of suspension, their volume, v s is 2 n/ 7 ra 2 , so that nnl * * |vi 2 /a a = £v/ 2 , 
and (13) becomes 

i / 8 F 1 — j-(l-2cos*^)J. (14) 

This rate of dissipation of energy (the expression has the dimensions ML*T™*) 
is equivalent to the term vF(q) in equation (3). So that equation (4) 
immediately gives the overall viscosity as 

4 = %{l + W 2 [l-£(l-20O8^)]j. (15) 

while equation (5) gives the relative viscosity in the form 

^ 1 = l+W a [l-£-(l- 2 cos^)J. (16) 

The point, made earlier, that the specific viscosity (defined as 1 ) 
represents the extra dissipation of energy resulting from the presence of 
the particles, is here brought out clearly. 

We shall not follow the example of Kuhn, and add the Einstein term, 
2-50, to the right-hand side of equation (16). It is true that the formula so 
treated would better fit the experimental results for nearly spherical par¬ 
ticles, but this factor was calculated by Einstein on the assumption that 
the spheres are independent, and those used in the model are linked. As 
concerning the general shape of the particles as a whole, the approximate 
calculations apply only for large values of /, and there seems little to be 
gained by an artificial addition to an equation to improve its agreement 
with experiment in a range of values to which it ought never to be applied. 
If / = 10 , equation (16) gives the relative viscosity as of the order of 1 + 25^ 
for low rates of shear, and the inclusion or omission of a term of 2*50 can 
be expected to make far less difference than the errors dependent upon the 
approximate method of calculation. Huggins ( 1938 ) has objected on 
theoretical grounds to the inclusion of the term in Kuhn’s equation. 
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The predicted relative viscosity has its highest value when the rate of 
shear is indefinitely low. Then the double refraction of flow approaches 
zero, and, as the angle of isocline approaches 45°, the round bracket also 
tends to zero. As the rate of shear is raised, both the angle of isocline and 
the double refraction increase as the orientation becomes more marked, and 
the formula predicts a decrease in relative viscosity. For indefinitely long 
particles at indefinitely high rates of shear, we should have complete 
orientation, and the relative viscosity would fall to unity. The particles 
would then lie permanently in the streamlines, and as they would not 
interfere with the flow, there would be no additional dissipation of energy 
as a result of their presence. In terms of the formula, A/A m would tend to 
unity, and cos 2 to zero. But this would never be attained in practice. 
Real particles are not infinitely thin, and the onset of turbulence sets a limit 
to the speeds that can be used. 

The formula clearly predicts not only that the viscosity shall be higher 
than that predicted by Einstein’s formula, but also that it shall be anoma¬ 
lous. A detailed comparison of the observed with the calculated values 
must now be given. 

From the experimental curves of which figs. 5 and 6 are copies, the 
values of A and of ft were found at a series of values of u). For each of these 
rates of shear the value of the square bracket has been calculated. When 
<t) a* 1*6, for the 0*02 % virus solution at 14*4° C, the square bracket has the 
value 0*789. At this rate of shear the viscosity, ^' el , from fig. 5, is 1*23. 
The experimental relative viscosity curve is fitted at this point by writing 
= 0*23/0*789 * 0*2915. This value is retained, and, being multiplied 
by a value of the square bracket, gives, after addition of unity, the predicted 
relative viscosity at the corresponding rate of shear. In fig. 9 is shown 
the comparison of the observed and calculated values of the relative 
viscosity of the 0*02 % virus solution. The curve of the experimental results 
in fig. 9 is simply taken from fig. 5. 

Fig, 9 also shows an identical comparison for an aged 0*04 % sol of mercury 
sulphosalicylic acid. Here the sol is more concentrated, the anomaly is 
more marked, and the agreement less good; but the calculations from the 
optical measurements do predict the observed anomaly well so far as con¬ 
cerns its general character. 

It may also be mentioned that if expression (16) be differentiated with 
respect to temperature, we obtain the result 

^?-g*;[( 2 co«^-l ) g-2^ 9 i n2v^^]. (17) 
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From this formula the temperature coefficient of the relative viscosity of 
the virus sol has been calculated for the rates of shear used in the com¬ 
parisons already shown. The predicted curve is of the same general shape 
as that shown in fig. 8, but the maximum lies at about 2 radians per second, 
instead of about 1 as occurs in the experimental curve. Theory and experi¬ 
ment agree on the sign of the temperature coefficient, which is positive. 
No accurate agreement was expected in detail. But just this kind of be¬ 
haviour was predicted for the temperature coefficient on the qualitative 



Fig. 9. Observed (-) and calculated (-) relative viscosities. A , for (M)2 % 

tobacco mosaic virus at 14*4° C; for 0*04 % mercury sulphosalicylic acid at 
18-7° C. 

level, when it was said that there should be a maximum at some intermediate 
value of the rate of shear. What this intermediate rate of shear was, was 
unknown. That it would fall within the low range used in the experiments 
was uncertain. This it did, and the fact that the formula predicts as much is 
not without significance. 

Equation (16) suggests that the value of / is of the order of 80 for the 
virus particles, and 110 for the mercury sulphosalicylic acid sol. These are 
indications rather of the axial ratios of the corresponding models than of the 
particles in the suspensions. It is not claimed that they have any high 
degree of accuracy, for they depend upon the numerical coefficient of 
whereas the anomaly which is the main concern of the present paper does 
not, A more rigorous hydrodynamic treatment would have replaced the 
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simple dependence upon/ 2 by a more complicated one, rising less rapidly 
with/. The particles used were also unusually large absolutely. It is this 
fact which makes possible the carrying out of measurements at the low rates 
of shear used, so that the optical measurements may be made in an ordinary 
Couette viscometer. Most systems showing double refraction of flow which 
have been described in the literature required very much higher rates of 
shear for their orientation, and their viscosities have not been simultaneously 
measured. 

In conclusion I would express my thanks to all who, materially or by 
inspiration, have eased the way; among whom may be mentioned Professor 
E. K. Rideal who has continually encouraged, Dr A. S. C. Lawrence, with 
whom there have been many profitable discussions, and Dr Joseph Needham, 
who first suggested the biological problem which led to the undertaking of 
the work. For financial support I would thank the Governing Body of 
Emmanuel College, the Department of Scientific and Industrial Research, 
and the Electors to the Allen Scholarship. 


Summary 

The nature of the anomalous viscosity of dilute suspensions of rigid, 
anisometric, colloidal particles has been elucidated by a combination of 
simultaneous measurements of the optical and viscous behaviour of the 
suspensions with an approximate theoretical treatment. 

It is found that with increasing rates of shear the particles become more 
and more oriented, the orientation being measured in direction by the 
angle of isocline, and in intensity by the double refraction of flow. Mean* 
while, the overall viscosity falls towards that of the solvent. 

It is shown that the overall viscosity exceeds that of the solvent as a result 
of energy dissipated through the disturbance of the field of flow of the 
solvent by the preoessional motion which it imposes upon the particles. 
As increasing rates of shear are applied, the processional motions change 
in a manner which, statistically considered, constitutes the orientation of 
the particles. In the course of this orientation the extra dissipation of energy 
due to the particles becomes less in comparison with that involved in the 
flow of the solvent alone. This is the physical basis of the anomalous viscous 
behaviour of the systems studied. 
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The measurement of magnetic saturation intensities 
at different temperatures 

By W. Sucksmith 

H. H . Wills Physical Laboratory , University of Bristol 

(Communicated by A. M . Tyndall , —Received 12 December 1938) 

The magnetic properties of alloy systems have assumed increasing im¬ 
portance in recent years. In view of the extreme complexity of the different 
magnetic characteristics of these alloys, it is evident that a consideration 
of the more fundamental properties constitute the essential starting point 
for a systematic investigation. Whilst the behaviour in low magnetic fields 
may depend largely upon thermal and mechanical treatment, the intensity 
is known to show less variation, particularly if sufficiently high fields are 
employed. In the case of many so-called “hard” magnetic materials, 
however, some thousands of gauss are necessary to produce complete aline- 
ment of the elementary domains. If, further, only small quantities are 
available, the magnetic field required to overcome the shape factor and 
saturate the material makes the use of an electromagnet essential. The 
intensity must be measured over a range of temperatures up to the Curie 
point, so that the variation in the moment of the elementary magnets 
accompanying a change in structure can be followed. 

None of the existing methods appears suitable for rapid measurements 
on a large number of magnetic materials. A new method has been developed 
capable of measurements on a few cubic millimetres of substance to a high 
degree of accuracy at any temperature, and it seemed w orth while to deal 
with it in a separate communication. 

Existing apparatus and methods 

Two types of method for the measurement of saturation intensity in 
high fields are at present available, the torsion and the ballistic methods. 
The former utilizes the torque in a uniform field of an ellipsoid of revolution 
of the ferromagnetic material. The accuracy depends almost wholly upon 
the exactness of the ellipsoidal shape of the specimen whose size is of the 
order of 0x2x2 mm. The application of this to an extensive series of 
measurements is obviously impracticable, particularly in view of the widely 
varying physical properties often encountered in an alloy system. 
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The ballistic method, developed by Weiss and his co-workers, is based 
upon the change of flux when the ferromagnetic specimen is withdrawn 
from a region within a series of search coils between the poles of an electro¬ 
magnet. At room temperature the search coil can be made relatively small, 
and the specimen is withdrawn longitudinally through an axial boring in 
the pole pieces. At higher temperatures, however, the specimen must either 
be withdrawn from the furnace, or the specimen and furnace withdrawn 
as a whole. The former method is obviously out of the question for alloys 
whose magnetization depends upon heat treatment, whilst the latter pro¬ 
cedure presents considerable difficulty. In either case the search coils must 
be considerably larger in area than the cross-sectional area of the specimen, 
with the consequence that the flux due to the field is much greater than 
that due to the specimen. The satisfactory elimination of the magnetic flux 
is troublesome, and compensation must usually be carried out for each 
exciting current. 

Since high fields are necessary over and above the demagnetizing field, 
which may be a few thousand gauss, the pole gap of the magnet must be 
kept small. In such cases it is necessary to take into account the reaction 
of the magnetization of the specimen on the poles, the so-called “ image 
effect The effect of these magnetic images is to add to the change of induc¬ 
tion on removal of the specimen, the magnitude of the effect varying directly 
with the permeability of the poles and the flux of the images through the 
search coils. It may amount to 50 % of the flux due to the specimen alone 
(Weiss and Forrer 1929 ). Correction for the effect can be made by using 
a specimen of constant moment, i.e. a small coil carrying a steady current, 
though this is of necessity small compared with the moment of a ferro¬ 
magnetic body of similar dimensions. 

The above procedure was thought to be prohibitive for the study of 
a large number of magnetic materials on account of the difficulties and 
complexities involved, and a method was devised primarily to simplify 
the determination of saturation intensities at various temperatures. This 
was achieved, and it was found further in the course of development that 
the method is capable of high comparative accuracy. The following is an 
account of the now method. 

Description op method 

The principle involved is the measurement of the force on a ferromagnetic 
specimen placed in a non-uniform magnetic field, and is in some degree 
an adaptation of the writer’s apparatus for the measurement of magnetic 
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susceptibilities (Sueksmith 1929 , 1932 ; Sucksmith and Pearce 1938 ). In 
this case, however, the specimen must occupy a position such that the 
magnetizing field is sufficiently large, the gradient being constant and 
involving only a relatively small change in the absolute value of the field. 
This was achieved in the following way. The conical faces of the pole pieces 
of an electromagnet are machined so that they have three inclined plane 
areas (see fig. 1 a). The upper and lower of these, E and O t are perpendicular 
to the axis of the poles, whilst the middle area F is inclined at a slight angle 
(— 5°) to the other two. In fig. 1 b are shown diagrammatically the variation 
of the field H and the field gradient dHjdx with displacement along the 
vertical (x-axis). It will be seen that approximately in the middle of the 


X 



pole gap there is a maximum value of the field gradient. This is the position 
occupied by the specimen, which will experience a tractive force into the 
stronger field of magnitude MdHjdx , where M is the magnetic moment 
of the specimen. If the specimen moves only over a distance where the field 
gradient remains constant, the forces exerted on different specimens are 
directly proportional to their moments, thus enabling intensities of mag¬ 
netization to be compared. The chief difficulty encountered was to realize 
conditions so that the position of maximum field gradient did not change 
appreciably with the exciting current of the magnet. It was found that for 
the size of magnet employed (diameter of poles 10 cm. with 50,000 ampere- 
turns) with a diameter of the pole faces of about 3 cm., separated by a gap 
of 2 cm,, the position of maximum dH/dx remained appreciably constant 
for deflexions up to 1500 scale divisions in fields up to 16,000 gauss. Above 
this value the position of maximum gradient moved towards the wider 
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portion of the gap. With a maximum field in the gap of 18,000 gauss, the 
field where dHjdx again becomes zero (fig. 16) is 17,400 gauss, so that the 
position occupied by the specimen is in a field of about 17,700 gauss. For 
smaller exciting currents the gradient is roughly proportional to the field. 
The force experienced by the specimen is given by 



Fio. 2. 


where <r is the intensity for unit mass of a mass of substance m grams. 
Assuming a value of 900 gauss/cm. for dHjdx at H = 18,000 gauss (the 
example quoted above), the force experienced by an iron specimen of 
30 mg. is about 6 g. weight. A convenient method for measuring a force 
of this order of magnitude is that used in the writer’s apparatus (Sucksmith 
1929 , 1932 ; Sucksmith and Pearce 1938 ) for the measurement of magnetic 
susceptibility, the chief difference being that the mechanical sensitivity 
required is some fifty times smaller than is the case for paramagnetic sub¬ 
stances. The arrangement used is illustrated in fig. 2 . 

A circular ring, diameter about 5 cm., of phosphor bronze strip about 
3 x O'3 mm. is supported in a vertical plane at its highest point. To the 
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lower end of this is attached a molybdenum rod 30 .cm. long at the end of 
which is the specimen holder. The downward force due to the attraction of 
the specimen into the stronger field deforms the ring, thus displacing 
upwards the beam of light which is reflected in turn from the two mirrors 
A and B which are attached to the ring. The displacement of the image 
when A and B are at the position for maximum rotation is given by 


0140(42) + 2 d) r 2 dH 

v = - m - <m d** 


(i) 


where d =» distance between mirrors A and B } the former being D cm. from 
the image, r * radius of the phosphor bronze ring of Young’s modulus E 
and moment of inertia of cross-section I (Sucksmith 1929 ). 

Lateral constraint is effected by tw o flat spiral springs C and 2), which 
prevent the specimen being pulled in to one or other of the poles of the 
magnet. The addition of these to the restoring force does not affect the 
linearity of the relationship between the image displacement and the applied 
force. Oil damping is provided at the lower end of the ring, whilst cali¬ 
bration of the system can be carried out by means of the 10 g. weight W . 
This can be lifted from the moving system by means of a lever operating 
through a flexible vacuum-tight joint, so that the calibration can be made 
at any temperature. High-temperature measurements, carried out in vacuo , 
are made by the attachment of a cylindrical case fitting at 0 and H , which 
encloses the lower part of the apparatus and carries a narrow cylindrical 
water-cooled quartz tube furnace cemented into it at the lower end. The 
quartz tube, internal diameter 9 mm., carries a winding of nickel-chrome 
tape over its central 10 cm., and is thermally insulated from the water 
jacket with asbestos paper. A second water jacket prevents heat from the 
furnace reaching the flat spirals. The heat capacity of the furnace system 
is kept as small as possible so that temperature equilibrium can be reached 
quickly. Lew-temperature measurements are made by removal of the 
furnace unit and attachment at the ends of the rods E and F of a german 
silver tube closed at the lower end so that the specimen can be enclosed 
in a Dewar flask containing the appropriate cooling liquid. 

Platinum-iridium alloy (85:15 %) was chosen for the specimen holder, 
as it is not likely to be contaminated, has a magnetic susceptibility inde¬ 
pendent of temperature, whilst repeated heating at temperatures up to 
1000° C does not cause appreciable softening. The holder is a hollow cylin¬ 
drical box 4x2 mm. internal diameter, with lid, and fits in a sleeve of 
similar material attached to the molybdenum rod. 
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For temperature measurements the thermocouple wires are fixed to the 
platinum-iridium sleeve, and carried up the central molybdenum rod, being 
spiralled at the upper end where they leave the moving system. This 
intimate connexion between specimen and thermocouple enables equality 
of temperature to be reached quiokly. 


Results 

The displacement of the image is measured by means of a travelling 
microscope with vertical traverse focused upon the image instead of the 
usual lamp and scale. The position of the image, about 1 m. from the mirrors, 
can be read to 0*01 mm., so that, since this represents a 150-fold magnifica¬ 
tion of the actual movement of the specimen, 1500 scale divisions correspond 
to about 0*10 mm. movement of the specimen. This displacement, as will 
be seen from the data given below, does not in general involve any measur¬ 
able change in the field gradient, thus preserving the linear relationship 
between force and magnetic moment. 

At the highest field a small correction becomes necessary, but this is 
only operative if the deflexion is greater than about 700 divisions. 

Curves A to E (fig. 3) show the force on an iron specimen plotted against 
vertical position in the field for five different values of the applied field 
ranging from 4400 to 18,000 gauss. The force, which is proportional to 
dHjdx , is expressed in scale divisions deflexion of the image. The maximum 
movement experienced by the speoimen is about 0*1 mm, This causes no 
change in the gradient greater than 1 division except for the curve A at 
the highest field. Here the specimen moves into a position where the gradient 
is smaller by 3 parts in 1640. Hence the deflexion in this case must be 
increased by this amount. The error, it must be noted, varies with the square 
of the deflexion, and so is negligible in all cases for deflexions below about 
800 Beale divisions. 

In order to test the effect of accidental displacement in a horizontal plane, 
a constant field of 11,800 gauss was used and the magnet traversed either 
along or perpendicular to the lines of magnetic foroe, the specimen occupying 
the optimum position of dHjdx , i.e. 1*8 mm. (fig. 3). In both cases the 
gradient is a minimum at the symmetrical position and is constant to 
1 part in 1100 for displacements along the lines of force for the central 
2*5 mm. For displacements perpendicular to the field, the specimen being 
symmetrical between the poles, the foroe is equally constant over the 
central 4*5 mm., and rises only slowly beyond these values. 
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It is seen from the above that accidental displacement from the best 
position is not likely to cause appreciable error, particularly in view of the 
robust nature of the moving system. 

The optimum position of the specimen having been fixed, it is neoessary 
further to test the following points: (a) the uniformity of displacement with 
the force applied; (b) the equality of force ratio with mass ratio for a 
particular ferromagnetic specimen for all values of the magnetizing field 



Fig. 3. Vertical displacement of specimen. 

.<4 = 18,000 gauss D = 9000 gauss 

B- 16,400 „ E — 4400 „ 

C=ll,800 „ 

employed; (c) the equality of force ratio with intensity ratio for a given 
mass of specimen; (d) the independence of force with geometrical shape of the 
specimen; (e) general agreement of the results obtained with similar generally 
accepted data. 

The relation of force with displacement is easily established by adding 
weights to the system. For different weights up to 20 g., the deflexion 
per gram ranged between the limits 212 5 ± 0-15, thus showing that a linear 
relation exists for deflexions up to more than 4000 scale divisions. 

Table I shows representative data which cover the requirements of ( b) 
and (c) together with other relevant information. The deflexions of three 
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specimens, two iron, Fe A and FeB, 39-96 and 18-77 mg. respectively, and 
one nickel specimen 43* 66 mg. in weight, are given different vertical positions 
for a series of fields. The specimens were placed symmetrically between the 
magnet poles with their axes along the lines of magnetic force. The deflexion 
for each specimen, corrected for the effect of the carrier ( 1-11 scale divisions) 
is given under “r”. The appropriate correction for non-uniformity of 
gradient, where necessary, is given in brackets after the deflexion. It will 
be seen that at the position given as 1*8 mm., there is no correction except 
at the highest field. “ V ” is the deflexion calculated for 1 g. of the ferro¬ 
magnetic material, whilst the column headed “ R 99 is the ratio of the deflexion 
per unit mass of iron to that of nickel. The agreement in V for the two 
specimens of iron shows that the deflexions are strictly proportional to 
the masses for a given ferromagnetic material. The deflexion ratios vary 
between 2-128 and 2*133 for the three highest fields whilst the mass ratio 
is 2*129, Further, this agreement proves that there is no image effect of an 
order of magnitude great enough to affect the accuracy. Any magnetic 
images formed would react on the suspended specimen, the error being 
proportional to the square of the magnetic moment. The independence of 
deflexion per gram with magnetic moment shows that the effect is less 
than the experimental error. It will be seen that R is practically constant 
throughout and independent of the position, provided the necessary correc¬ 
tion for variation in gradient is maintained. If the mean position of maxi¬ 
mum dH/dx only is employed, it will be seen that a high order of accuracy 
for fields up to 16,000 gauss is obtained without any applied correction, 
the deflexion being directly proportional to the product of mass intensity. 

The most reliable values of the saturation intensity of iron and nickel 
are due to Weiss and Forrer ( 1929 ). At 20 ° C the intensities per unit mass 
are given by them as 217*8 and 64*65 for iron and nickel respectively. The 
iron was described as having no measurable impurity, and the nickel as 
99-91 % purity. The ratio of the intensities is thus 3*986. The iron used by 
the writer (Hilger) is given as 99-96 %, whilst two nickels from different 
sources (Hilger 99-97 % and International Nickel Corporation of America 
99*98 %) showed no detectable difference. The ratio taken from the three 
highest fields in Table I give a ratio of 3*946. This is about 1 % smaller than 
the value given by Weiss, an amount which is regarded as outside the 
experimental error for the specimens used. 

In the above set of readings roughly cut ellipsoids were employed, the 
larger iron and nickel specimens being 4*0 x 1*5 mm. and the smaller iron 
4*0 x 1*0 mm. Cylindrical specimens of these metals gave no detectable 
difference of the intensity in the higher fields compared with ellipsoids of 
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similar materials. Experiments have been carried out with powdered speci¬ 
mens, and it is found that in the case of very fine powders it is not possible 
to obtain complete saturation if the intensity is high on account of the 
large demagnetizing factor. Experiments with coarse powders (- 50 to 1 in.) 
gave results identical with those for the bulk metal if sufficiently high fields 
were employed. 

Table II 




H = 9000 

11,800 

H~ 16,400 

if =18,000 

Fe 

20° C 

840 

1217 

1502 

1616 

Fe 

—190° C 

857 

1238 

1526 

1643 

Ratio 


1*020 

1*017 

1*016 

1*017 

Ni 

20° C 

596 

860 

1062 

1144 

Ni 

- 190° C 

627 

905 

1117 

1202 

Ratio 


1*051 

1*051 

1*051 

1*052 


It remains to establish whether the rate of increase of cr with H affects 
the validity of the results. It is known that dajdH decreases with the 
absolute temperature, and Table II shows the deflexions in four different 
fields for a nickel and an iron specimen at room and liquid-air temperatures. 
The ratios of the intensity at - 190° C to that at 20° C are given in the table. 
The fact that they are constant shows that for the specimens employed 
da/dH is sufficiently small not to be detectable with the apparatus. It is 
reasonable to conclude, therefore, that the increase of cr for iron at the lower 

1 do* 

temperature is not greater than <M % for iron, i.e. - — < 10~ 7 , This is in 

<T all 

agreement with other work on the subject. The ratios of the intensity at 
- 190° C to that at 20° C are practically identical with the values given by 
Weiss and Forrer (1929). 

The method described above has been in use over a long period for 
a survey of the variation of the saturation intensity with temperature of 
the ternary alloy system Fe-Ni-Al. The results of the investigation will be 
published shortly. 
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The thermal and electrical resistance of 
bismuth single crystals 

The effects of temperature and magnetic fields 

By G. W. C. Kaye, O.B.E., M.A., D.Sc. 

Superintendent , Physics Department , National 
Physical Laboratory , Teddington, Middlesex 

(Communicated by C> 0 . Darwin y F.R.S.—Received 3 January 1939) 

The anomalous physical properties of bismuth, particularly as regards 
the reduction of the thermal and electrical conductivities in magnetic fields, 
have claimed the attention of a number of workers in the past. Most of the 
published data refers to the electrical conductivity, owing, no doubt, to the 
greater ease of measurement; and but little reliable work appears to have 
been done on the thermal conductivity, at any rate in the case of single 
crystals. Lounds ( 1902 ) carried out thermal-conductivity measurements 
employing magnetic fields up to about 5000 gauss, but the accuracy of his 
results was prescribed by the limitations of the method and the smallness 
of his crystals. Kapitsa ( 1928 ) undertook an extensive investigation on the 
electrical conductivity of single orystals using very intense momentary 
fields. Banta ( 1932 ) published thermal-conductivity values using fields up 
to 8000 gauss, while more recently de Haas and Capel ( 1934 ) have made 
thermal measurements, in the absence of a field, at liquid-air and liquid- 
hydrogen temperatures. 

The results of a preliminary investigation (Kaye and Higgins 1929 a) at 
the National Physical Laboratory on the change in thermal conductivity 
of bismuth single orystals in transverse magnetic fields were published in 
1929. In this work, specimens, which were cut in the form of disks 25 mm. 
in diameter and 2 mm. thick from a large crystal grown by Bridgman’s 
method ( 1925 ), were tested in a “plate” type of apparatus, field strengths 
up to 11,000 gauss being employed in a 38 mm. air gap. 

It will be recalled that bismuth crystallizes in the trigonal system, the 
principal axis (on the Bravais-Miller system) being trigonal, perpendicular 
to which are three binary axes including angles of 120 ° (fig. 1 ). The prin¬ 
cipal oleavage plane is perpendicular to the trigonal axis. Passing through 
the trigonal axis and each of the binary axes are three secondary clea vage 
planes each at right angles to the principal cleavage plane. The intersections 
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of these secondary planes on the principal cleavage plane are indicated 
by three systems of “lines” including angles of 60°: these lines, which are 
parallel to the binary axes, can be detected visually on the principal cleavage 
plane in favourable specimens. The crystalline symmetry of a bismuth 
crystal is that of a rhombohedron which closely approximates to a cube. 

The present paper describes an investigation, with which Mr W. F. 
Higgins was associated in its early stages, and which deals first with the 
temperature variation at moderate temperatures of the thermal and 
electrical conductivities (together with the Lorenz function) of bismuth 
single crystals. The major part of the paper is, however, concerned with a 


Trigonal axis 




Binary axes 



Fio. 1. Bismuth single crystal. The main trigonal axis is perpendicular to the prin¬ 
cipal cleavage plane. The three binary axes include angles of 120° and are at right 
angles to the trigonal axis. The three secondary cleavage planes pass through the 
trigonal axis and the binary axes and intersect the principal cleavage plane at right 
angles, the intersections or “lines” being parallel to the binary axes. 


study of the two conductivities in a range of magnetic fields, as influenced 
by the relative orientations of the field, the crystal, and the heat or current 
flow respectively. This section conveniently divides itself into the measure¬ 
ments of the conductivities with the magnetic field oriented (a) trans¬ 
versely, and (6) longitudinally to the direction of the heat flow or current 
flow. To facilitate comparison with the electrical resistivity, it will usually 
be more convenient in what follows, to refer not to the thermal conduc¬ 
tivity but to its reciprocal, the thermal resistivity. 

In view of the necessarily small size of the conductivity apparatus, par¬ 
ticularly in the magnetic observations, it was decided to take advantage of 
the simplification of the apparatus which would result from determining 
only the relative changes of conductivity. These relative values could be 
linked to the absolute values of the thermal resistivity which were de- 
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termined in the earlier laboratory investigation: published absolute values 
of the electrical resistivity were similarly available. 

1. Resistivity and temperature 

The experience gained since the earlier work at the Laboratory, in the 
techniques of crystal growing and small-scale conductivity measurement, 
suggested, however, that it might be advantageous to repeat the basic de¬ 
termination of the thermal resistivity in the absence of a magnetic field and 
that, incidentally, it would be of interest to ascertain the influence of tem¬ 
perature. For the purpose, a suitable “plate ” conductivity apparatus was 
employed of much the same type as in the work on longitudinal magnetic 
fields (p. 571). This was set up in a thermostatically controlled and well- 
stirred air enclosure, the temperature of which could be varied at will. 
The Kahlbaum bismuth, which was used in the work described in this 
paper, was of high purity, spectroscopic examination showing it to con- 
tain only traces of lead and copper, but not in sufficient quantity for 
chemical analysis. The density of the bismuth at room temperature was 
9-78 g.cm.~ 3 . 

The results at room temperature, which are given in Table 1, proved to 
be in good accord with those of the 1929 work. The thermal resistivity is 
greatest in the direction parallel to the trigonal axis.* Fig. 2 shows that 
over the range from room temperature to 160° C, the curves for the re¬ 
lationships between thermal resistivity and temperature are approxi¬ 
mately linear for heat flow both parallel and perpendicular to the trigonal 
axis, the latter having the greater (positive) temperature coefficient. If 
conductivity instead of resistivity is plotted against temperature, the re¬ 
lationships are more closely linear. 

The corresponding values in Table I for the electrical resistivity (specific 
resistance) at room temperature were measured by means of the apparatus 
described on p. 567. They are in good agreement with those of Kapitza ( 1928 ) 
and Bridgman ( 1925 , p. 350). The associated curves in fig. 2 , which are 
largely deduced from Kapitza*s data, again indicate an approximately 
linear relationship between electrical resistivity and temperature. The 
mean temperature coefficients (25-150° C) given in Table I, which are de¬ 
rived from the several curves in fig, 2, show that the electrioal coefficient is 
roughly twice the corresponding thermal coefficient. A rise of temperature 
tends to reduce the disparity between the resistivities in the two directions, 
the electrical resistivity more rapidly than the thermal. 

* do Haas and Capel ( 1934 ) find this to hold down to liquid -hydrogen temperatures. 
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Tefriperatu,re *C 


Fig. 2. Variation with temperature of thermal and electrical resistivity of a single 
bismuth crystal parallel and perpendicular to the trigonal axis. 

Table I. Thermal and electrical resistivity and temperature 

COEFFICIENTS OF A BISMUTH SINGLE CRYSTAL 

Mean temperature- 

Direction of heat Thermal resistivity, coefficient, a, in 

flow r, at 25° C r, = r 0 ( l + a<) 

|| trigonal axis 77 5 cal.- 1 cm. sec. °C c. 0*0019 

_L trigonal axis 45-2 cal,** 1 cm. sec, °C o. 0*0025 

Mean temperature - 

Direction of Electrical resistivity, p t coefficient, oc , in 

current at 26° C p t =/) 0 (i + a*) 

|| trigonal axis 1*44 x 10~ 4 ohm-om, c. 0*0042 

± trigonal axis 1*14 x 10* 4 ohm-cm. c. 0 0048 

It follows from the foregoing that the Lorenz function (p/rT } where T 
is the absolute temperature) for a bismuth crystal has the following values 
at room temperature; 

|| trigonal axis, 0-63 x 10-*, 

± trigonal axis, 0*80 x 10~*. 
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Aa the temperature is raised, these values diminish, and, in common with 
the Lorenz functions for many other metals, tend to converge towards the 
“normal” electronic figure of 0*59 x 10 ~ 8 which Sommerfeld’s theory in¬ 
dicates. Here, one may be reminded that the number of free electrons in 
bismuth is accepted as being much smaller than in most metals, being of 
the order of 1 /20 the number of atoms, instead of the order of one per atom. 
Incidentally, this accounts for the high diamagnetism which is some ten 
times that of a normal metal. 

With reference to the thermal resistivity at right angles to the trigonal 
axis, an attempt was made to detect the variation, if any, of the resistivity 
in relation to the positions of the binary axes. With the aid of appropriate 
specimens, measurements were made in directions both parallel and at right 
angles to a binary axis, but no difference greater than the order of accuracy 
(4 %) was detectable in the results at ordinary temperatures. It is inter¬ 
esting to note, however, that de Haas and Capel ( 1934 ) found, that at 
liquid-air temperatures, the thermal resistivity parallel to a binary axis 
(|| line) is some 20 % less than that at right angles (± line). 

2. Resistivity and magnetic fields 
A. Transverse magnetic fields 

As regards the effect of magnetic fields on the thermal and electrical re¬ 
sistivities of a bismuth crystal, it was decided to begin this section of the 
work by checking the preliminary observations with transverse fields and 
also by using stronger fields. The air gap in the electromagnet previously 
used was accordingly reduced to 12*5 mm,, when a series of uniform fields 
up to about 23,000 gauss could be obtained between pole pieces measuring 
100x84 mm. A “bar” type of conductivity apparatus was adopted, as 
being well suited to the restricted space between the pole pieces. Moreover, 
bismuth single crystals of bar shape and suitable size can be readily grown, 
and require little mechanical working, thus reducing the likelihood of dis¬ 
tortion and the formation of polycrystalline surface layers. 

Goetz’s method ( 1930 ) of growing crystals was adopted, as providing the 
minimum of external mechanical constraint. As is well known, the method 
is based on the progressive freezing of molten bismuth, the orientation of 
the specimen being controlled by inoculation with a seed crystal. The 
bismuth was contained in a horizontal graphite trough of 90° V section, the 
process being carried out in a stream of hydrogen. In view of Goetz’s in¬ 
sistence on the necessity for extreme purity of the hydrogen, elaborate 
arrangements were set up for the purpose. Later, however, the purifying 
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system was temporarily dispensed with, and as the results were no less suc¬ 
cessful, hydrogen direct from a gas cylinder was used thenceforward* 
With experience, it was presently found possible to grow crystals in any 
orientation desired, though the production of specimens in which the axis 
was parallel to the trigonal axis was always the most troublesome. On re¬ 
moval from the graphite trough, the bismuth rods were first etched with 
dilute nitric acid to determine whether or not the inoculation had suc¬ 
ceeded, and to what extent it had proceeded without interruption. The rods 
used for the transverse-field measurements had a V section about 5 mm. 
across, the test specimens, some 10 cm. long, being cut from these. 

Thermal-resistance measurements in transverse magnetic fields. 

If, as is well known, a rod which is heated at one end is allowed to radiate 
to its surroundings, then, on the assumption of Newton’s law of cooling, 


6 ^Ae^ + Be-t*, 


where 0 is the excess temperature above the surroundings at a point x of 
the rod, A and B are constants, and ji is inversely proportional to the square 
root of the conductivity of the rod. If now we derive the temperature 
gradient in the rod by measuring the excess temperatures 0 X , d 2 and at 
three points along the rod, spaced at equal intervals each of length c, then 

denoting the value of -2—2 by n, we have 
*#2 

/ MC = l 0 g e (» + v , (»*-l)). 


It follows that 


*h ( log, (»g+>/(»&-!)) !» 
r 0 l logrK + V( W 0-l)) 1 ’ 


where r B and r 0 are the thermal resistivities of the rod in field H and zero 
field respectively. 

The conductivity apparatus based on the above method is shown in 
section in fig. 3. The bismuth rod was surrounded by a constant-tempera¬ 
ture enclosure in the form of a copper jacket fitted at the ends with copper 
blocks round which circulated cold water supplied at constant pressure and 
temperature. The “cold” end of the bismuth rod fitted tightly into one of 
the copper blocks through the intermediary of a copper clip. At the “hot” 
end, the bismuth was sheathed by a small heating coil of platinum mounted 
in an ebonite bush. The space between the bismuth rod and the copper 
jaoket was filled with silocel powder. 
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The temperature gradient in the rod was measured by small eopper- 
constantan thermocouples made of 36 s.w.g. wires* A small hole about 
1 mm. deep and 0*5 mm. in diameter was drilled at each of the three 
selected points in the rod, and the couples were cemented in the holes by 
means of Wood’s alloy, the rod being momentarily dipped in hot water for 
the purpose. It appeared from microscopic examination after etching the 
regions round the holes, that the disturbance caused by the drilling was 
negligible. The temperature of a couple which was soldered to the outside 
of the copper jacket, served as the “zero ” for the couples on the rod. Each 
couple was calibrated before it was mounted in the apparatus. 



Fia. 3. “Bar” thermal-resistivity apparatus for use in transverse 
magnetic fields. 

For the purpose of the thermal-conductivity measurements, a bismuth 
rod of the particular orientation required was mounted in the apparatus, 
the axis of the rod being parallel to the faces of the pole pieces of the 
magnet. The water flow was adjusted to a convenient amount, and the 
heating current was set to give a suitable temperature gradient along the 
rod, the difference between the readings of the two remote couples being 
normally about 10° C for a mean temperature of the bismuth of about 
22° C. The steady state was reached after about 15 min., when a series 
of readings was taken both for zero field and for a variety of transverse 
field strengths. The magnetic fields were measured with a calibrated search 
coil and a Grassot fluxmeter, the accuracy being of the order of 100 gauss. 

For convenience, the four main orientations of a bismuth crystal with 
respect to the directions of heat flow and transverse magnetic field may be 
designated as in Table II, in which the lower part shows graphically the 
directions of the magnetic field and the heat flow, relative to the trigonal 
and binary axes. 
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Table II. Transverse magnetic meld (heat flow _l H) 


Crystal 

orientation 

A 

B 

Cj (line 1 H)) 
C, (lino || H) I 


Orientation of trigonal axis with 
reference to 

. - A . .. s 

Heat flow Magnetic field H 

± ± 

± II 

II 1 



A i Tnyarmi men - m • Binary axis, H • Muyntht field . • Htat Horn, 

Fig. 4. 


In the case of the crystal orientations C\ and C 2 , it was found that on 
rotating a crystal round its trigonal axis, the thermal resistance varied 
sinusoidally over a range which depended on the field strength, reaching 
a minimum whenever the direction of the field coincided with one of the 
binary axes (i.e. line || H), and a maximum at each of the mid-way positions 
(line ± H). Later, corresponding maxima and minima were also found in 
the electrical-resistance measurements (p. 569). Kapitza ( 1928 ) noted a 
similar effect in the electrical resistance of bismuth with very intense mag¬ 
netic fields of the order of 300 kilogauss. Fig. 5 gives a polar representation 
of the present magnetic and electrical results for a field of 20,000 gauss. 

In fig. 6 are shown the mean curves (omitting the numerous observation 
points) for the four orientations, the field strength being plotted against the 
ratio of the thermal resistivity in a field of strength H to that in zero field, 
f H \r 0 . The values of r H /r 0 for the smaller fields are in fair accord with 
the preliminary results.* For the larger fields, the ourves for orientations 
A and B become linear and parallel, while, on the contrary, those for 
orientation C are steadily separating, and tending to become “saturated”. 

* Kaye and Higgins (1929 a). Incidentally, in this paper, the notation of the two 
curves in fig. 1 should be interchanged, as also should the first and second values in 
column 3 of the table on p. 1050. 
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Electrical-resistance measurements in transverse magnetic fields . 

The measurement of electrical resistivity was carried out by comparing 
the fall in potential over a measured length of the bismuth rod with that 
over a standard low resistance in series. The current leads were attached to 
the ends of the rod; while for the potential leads, thin copper wires were 



Fig. 5. Heat flow or current flow parallel to trigonal axis (i.e. perpendicular to 
principal cleavage plane) of bismuth single crystal. Magnetic field perpendicular to 
axis. Polar representation of cleavage plane showing that as the crystal is rotated 
round its trigonal axis the thermal and electrical resistivities reach a minimum when 
the direction of the held coincides with one of the three binary axes or lines. Field 
strength 20,000 gauss. 

fixed in the holes previously used for the outer thermocouples. To minimize 
any thermoelectric effects at the points of attachment of the leads, the en¬ 
tire rod was immersed in a constant-temperature bath of acid-free paraffin 
oil. Any residual effect was cancelled out by reversing the current in the 
rod and taking the mean reading. The mean temperature of the bismuth 
rod was 16 ° C. 
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Transverse magnetic field (H) in gauss . 

Fro. 6. Variation of thermal resistance of a bismuth single 
crystal in a transverse magnetic field. 



Transverse magnetic field {H) in gauss. 

Fig. 7. Variation of electrical resistance of a bismuth single 
crystal in a transverse magnetic field. 
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The several crystal orientations are as in Table II, '‘heat flow” being re¬ 
placed by " current”. The mean values of the ratio of electrical resistivity 
in a transverse field of strength H to that in zero field, B ff /B 0y are shown 
plotted against field strength, in fig. 7. For the larger fields, all the curves 
become linear, those for orientations A and B being parallel, as was the case 
with the corresponding thermal curves. Incidentally, in the case of 
orientations A and B, two different specimens were used, one for each 
orientation. It was found that axial rotation of either specimen through 
90° gave points which lay closely on the curve for the other. As already 
mentioned, axial rotation of a specimen in orientation C resulted in alter¬ 
nating maximum and minimum values of the electrical resistance. 

B. Longitudinal magnetic fields 

For the measurement of thermal-resistance changes with the magnetic 
field parallel to the heat flow, the air gap of the electromagnet was in¬ 
creased to 25 mm., affording a maximum field of about 16,000 gauss. Even 
with the wider gap, it was not practicable, however, to construct a “bar” 
type of apparatus which would go “end on” in so small a space, and 
accordingly a “plate” method was adopted. For convenience, the electro¬ 
magnet was set up with its pole faces horizontal. 

The chief disadvantage of a “plate” method lies in the necessity for 
machining and polishing the specimens, though every precaution was taken 
to minimize any mechanical disturbances which might be so caused. Disks 
25 mm. in diameter and 2*5 mm. thick were carefully sawn and turned 
from a large single crystal of bismuth grown, as described above, in the 
orientation required. The final polishing was carried out in the optics work¬ 
shop of the Laboratory, the surface being made flat to about 1/10,000 in. 

The superficial structure of the specimens so prepared was afterwards 
examined by X-ray reflexion at the principal cleavage plane of the crystal. 
It was found that the surface consisted of a mosaic of small crystals whose 
linear dimensions were of the order of 0*05 mm. In order to reveal the 
depth of this disturbance the surface was etched away in stages, an X-ray 
examination being made at each stage. The multicrystalline structure 
finally disappeared after the removal of about 1 % of the thickness of the 
plate. 

Thermal-resistance measurements in longitudinal magnetic fields . 

A vertical section of the apparatus is shown somewhat diagrammatically 
in fig. 8. The bismuth disk was horizontal and below it was a hollow water- 
cooled “cold” plate of copper 25 mm. in diameter and mounted in an 
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ebonite base. Above the disk was the “hot” plate, also of copper, which 
was heated at its upper face by a platinum heating grid wound on mica, 
the whole being mounted in an ebonite block. The grid was provided with 
current and potential leads for power measurement. 

The temperatures of the hot and cold plates were measured by a pair of 
eopper-constantan thermocouples pegged flush with each surface, the cop¬ 
per plate serving as one element. The constantan wires entered through 
small insulated holes in the plates, as shown in fig. 8 . The faces of the plates 
with the couples in position were then ground flat to a high degree of 



accuracy and polished. Thermal contact between the bismuth and the hot 
and cold plates was further improved by the use of glycerine films (see 
Kaye and Higgins 1926 ). To ensure uniformity of thickness of the films, an 
axial load of about 8 kg. was applied to the system by means of a mild* 
steel plunger passing through the upper pole piece of the electromagnet, the 
lower end of the plunger being arranged to be co-planar with the pole face. 

A constant-temperature enclosure was provided by a brass cylinder 
25 mm. long, which also acted as a distance piece for the poles of the mag¬ 
net. Its temperature was measured by two couples. A steady temperature 
for the cold plate was maintained, as previously, by a constant-temperature 
water flow. The surplus space in the enclosure was filled with asbestos wool. 

The extraneous heat loss from the hot plate, which was determined by 
substituting balsa wood of known conductivity for the bismuth (Kaye and 
Higgins 1928 ), was of the order of 1 %. The temperature drop across the 
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glycerine films, which was ascertained by replacing the bismuth by a 
polished copper disk (Kaye and Higgins 1926 ), amounted to approximately 
8 % of the total temperature drop between the hot and cold plates. 

For the purpose of the thermal-conductivity measurements, the current in 
the heating grid was adjusted to give a temperature drop of about 4° C across 
the bismuth plate at a mean temperature of 25° C. Thermal equilibrium 
was very soon established, when a series of readings was taken both for 
zero field and for a range of longitudinal magnetic fields. Each time the 
conditions were changed, a lapse of a few minutes was allowed for the 
re-establishment of thermal equilibrium. 

The three main orientations of the crystal may for convenience be desig¬ 
nated as in Table III, of which the lower part is similar to the lower part of 
Table II. 

Table III. Longitudinal magnetic fields (heat flow || H ) 

Orientation of trigonal axis 
Crystal with referenco to heat flow 
orientation and magnetic field H 

y 11 

(line _L H)i 
Z a (line || H) J 


Lvngttudwat magnetic field 





A - Trifvnel axis , Binary uxij H * field, f“• Heat flew 

Fiu. 9. 


Three bismuth specimens, each of a different thickness, were examined 
in both the Y and Z orientations. The results, which showed no systematic 
dependence on the thickness, indicate that the effect of the longitudinal 
field on the thermal resistance is very nearly the same in all three orienta¬ 
tions and much less than with a transverse field. In fig. 10 , orientations 
Z x , and Z B are represented sufficiently accurately by one mean curve, which 
for high fields becomes linear and parallel to the curve for orientation T. 
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As we shall see presently, the corresponding electrical-resistance values 
show marked differences between all three orientations. 

Electrical-resistance measurements in longitudinal magnetic fields . 

For the electrical-resistance measurements, bismuth rods such as were 
used with the transverse fields were employed, their length, however, being 
just under 25 mm. Current leads were soldered to the two extremities of 
the rod, while the potential leads (of platinum) were similarly attached at 
about 5 mm. from each end. The rod was mounted vertically within a 
shallow cylindrical brass container 25 mm. deep. This container, which was 
filled with acid-free paraffin oil to assist in the establishment of thermal 
equilibrium, served also as a distance piece for the magnet poles. 



Fig. 10. Variation of thermal resistance of a bismuth single crystal in 
a longitudinal magnetic field. 


In the measurements, the current traversing the bismuth was first ad¬ 
justed to a suitable value, generally about 0-3 amp. The measured potential 
drop was then about 400^V, in the absence of a magnetic field. For each 
value of the field strength, the potential drop was determined for both 
directions of the current, the two readings rarely differing by more than 
I part in 400. The mean temperature of the bismuth was 16° C. 

The main orientations are the same as those given in Table III, “heat 
flow*’ being replaced by “ current ”, The several mean curves for the dif¬ 
ferent orientations, which are given in fig. 11, are quite distinct and so do 
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not resemble the corresponding thermal-resistance curves. The graphs for 
the Y and Z 2 orientations become straight lines for the greater part of the 
range, but in the case of the Z x orientation there is a definite tendency 
towards saturation for the higher fields. 



Longitudinal magnetic field. (H) in gauss. 

Fio. 11. Variation of electrical resistance of a bismuth single crystal in 
a longitudinal magnetic field. 

Summary of results 

The numerical values of the resistivity ratios for various orientations of 
a single bismuth crystal subjected to fields of 10,000 and 20,000 gauss 
(extrapolated where necessary) are summarized for purposes of illustration 
in Table IV, which is derived from figs. 6, 7, 10 and 11. A study of the 
various data and curves indicates that for a bismuth single crystal at 
ordinary temperatures: 

(1) For all orientations of magnetic field, in relation to the electrical or 
thermal flow and the trigonal axis, the invariable effect, under like con- 
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ditiona, is to increase the electrical resistivity more than the thermal 
resistivity, usually substantially so. 

(2) The effect of a magnetic field is most pronounced when the electrical 
or thermal flow is at right angles to the field and parallel to the trigonal axis 
(i.e. at right angles to the principal cleavage plane), orientation C. Under 
such conditions, the effect reaches a maximum when the magnetic field is 
at right angles to one of the three “lines” (i.e. at right angles to one of the 
three secondary cleavage planes)—orientation C x . The electrical and ther¬ 
mal effects simultaneously reach minima in the mid-way positions, i.e. 
when the magnetic field is parallel to one of the lines—orientation C 2 . 


Table IV. Summary of magnetic-field results 

Resistivity in field H 
Resistivity in zero field 




Thermal flow 

Electrical flow 

Magnetic field 

Crystal orientation 

/ . ' 

10,000 

gauss 

20,000 

gauss 

10,000 

gauss 

20,000 

gauss 

Transverse 

A (flow JL axis) 

1-06* 

M2, 

1*50 

2*09 

(H ±_ flow) 

(H J, axis) 

B (flow J_ axis) 

1*03 6 

M0* 

1 *22 6 

1*73 


(H II axis) 

C t (flow || axis) 

118 

1*33 

1*54 

2*28 


(H JL axis) 

(H J_ line) 

C t (flow |1 axis) 

M4 b 

1-23* 

1*43 

1*91 


(B _L axis) 

(H || line) 

C (mean of C x 

1*16 

1*28 

1*49 

2*09 

Longitudinal 

and C t ) 

Y (H |j axis) 

1 *02 # 

(1*05) 

1*07 

(1’17) 

(H || flow) 

Z Y (H axis) 

1 *02 5 

(106) 

1*15 

(1*20) 


(H 1 line) 

Z t (H 1 axis) 

1 *02 b 

(1*05) 

1*31 

(1*60) 


(fl || line) 

(3) The effect of a magnetic field is least pronounced when the field is 
parallel to the electrical or thermal flow and also to the trigonal axis 
(orientation Y), though in the case of the thermal flow the extent of the 
effect is much the same for all three orientations Y, Z y and Z t . 

(4) When the electrical or thermal flow is at right angles to the trigonal 
axis, the effect of a transverse magnetic field is least when it is parallel to 
the axis (orientation B), and greatest when the field is at right angles to 
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both axis and flow (orientation A). Kapitza ( 1928 , p. 413) using very much 
stronger fields found, on the contrary, that the electrical effect was greater 
in orientation B . 

(5) In all the orientations for both thermal and electrical flow, the curves 
in figs. 0, 7, 10 and 11 indicate relatively small and approximately parabolic 
effects for small fields up to 1000-2000 gauss. As the fields are increased, 
the curves become considerably steeper, so that if extended backwards they 
do not pass through the origin. At high fields, all the thermal-flow curves 
become linear, except those for orientations C\ and C %i which tend to show 
signs of “saturation”, while the corresponding electrical-flow curves are 
also all linear, showing no signs of saturation, except in the one case of 
orientation Z x . The linear portions of the thermal curves for orientations 
A and B are parallel to each other (or nearly so), while the corresponding 
electrical curves are not only parallel to each other but also to that for 
mean orientation (7. The thermal curves for orientations Y and Z are 
parallel and bear no resemblance to the corresponding electrical curves. 

( 6 ) It follows from the above, that the Lorenz function at ordinary tem¬ 
peratures and zero field, which already exceeds the “normal” value, 
steadily increases with a magnetic field for all orientations, the rate of in¬ 
crease being greatest (e.g. 90% for 20,000 gauss) when the field, flow and 
trigonal axis are all mutually at right angles (orientation A), and least (e.g. 
10 % for 20,000 gauss) when the field, flow and axis are all parallel (orienta¬ 
tion Y). This progressive departure with increasing field from Sommerfeld’s 
theoretical value would appear to withhold support for his basic assump¬ 
tion that electrical and thermal conduction are both due solely to the same 
electronic agency. It is apparent, too, that the nature of the conducting 
mechanism is bound up with the direction of measurement in the crystal. 


Discussion 

Electrical conduction in transverse fields 

According to Sommerfeld’s wave-mechanical modification of the theory 
of free electrons in metals, developed originally by J. J. Thomson, Drude 
and others, the electrons have the velocity distribution of a degenerate 
gas. Sommerfeld’s theory, which accounts satisfactorily for many of the 
electrical properties of metals, was used by N. H. Franck ( 1930 ), and later 
by EL Jones and his collaborators ( 1934 , 1936 ), to calculate the alteration 
of electrical resistance in a metal subjected to a transverse magnetic field, 
assuming the electron-gas to obey the Fermi-Dirac statistics. Franck’s 
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argument takes account only of the electrons, and ignores their possible 
interactions with the atoms, so that it makes no explicit reference to the 
lattice and predicts no variation with orientation, Jones makes allowance 
for the interactions between the free electrons and the electric field due to 
the atoms of a cubic lattice. Both workers conclude that the fractional 
change of electrical resistance, x e , is related to the square of the field H , by 
a formula of the type 

x,-aB*/(l+fi£P) 9 

where a and /? are functions of both the temperature and the mean free 
path of the electrons. 

The formula predicts that when H is small, so that is negligible in 
comparison with unity, x t should vary as H i 1 whereas for large fields, when 
the denominator is effectively f3H 2 , x e should become constant. The first of 
these predictions is in agreement with the results of both Kapitza ( 1928 ) 
and the present investigation on bismuth crystals, but the second is not. 
On the contrary, in both sets of observations the increase in electrical re¬ 
sistance at high transverse fields is approximately a linear function of the 
field. Kapitza, it may be remembered, was led to suggest that different 
mechanisms were needed to account for the results in high and low fields 
respectively. 

If, however, we suitably modify the above “i/ 2 ” formula to read 

x e ~yH*j(l + 8\H\), 

this new “| H | ” formula reduces to a quadratic law for small transverse 
fields, while at high fields it indicates a linear variation of x e with tf, as 
found experimentally. That the formula fits the present observations satis¬ 
factorily at all fields, is shown in fig. 12 , where H z jx e is seen to be a linear 
function of //. Furthermore, the formula also gives good quantitative 
agreement with Kapitza’s observations on electrical flow, as is demon¬ 
strated in fig. 13. 

From the curves in fig. 12 the values of y and 6 have been calculated. 
They vary with the orientation of the specimen, and no doubt also with its 
purity and state of strain. Indeed, if it may be assumed that, like the 
parameters a and /? of the “ H 2 >7 formula, y and 8 are functions of tempera¬ 
ture and mean free path, then, at constant temperature, they should de¬ 
pend only on the mean free path. This would explain the variation with 
orientation, and suggests that y and 8, being functions of a single variable, 
should be closely related to each other, a suggestion which is supported by 
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plotting the values of y against those of d for the four orientations, when we 
find that not only do the four points lie on a smooth curve, but the values 
of y and 5 calculated for Kapitza’s crystal also fall on the same curve. 



Transverse magnetic field (H) tn gauss. 


Fig. 12. 



Transverse magnetic field (H) in gauss 
Fig, 18. (Kapitza.) 

Thermal conduction in transverse fields 
As regards the mechanism of thermal conduction in metals, there appears 
to be no oomplete mathematical theory available, and, in particular, none 
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in which lattices other than cubic axe considered. Nevertheless if thermal 
conduction is attributable, in the main, to the energy carried by the same 
free electrons as those which transport electrical charge and thus account 
for electrical conduction, we should expect the two in general to follow 
parallel relations. It seems to be generally accepted, however, that the 
thermal process is of a dual nature, i.e. an “electronic” (metallic) com¬ 
ponent bound up with the mean path of the electrons; and a “lattice” 
(non-metaliic) component conveyed as elastic waves in the atomic lattice. 
There is disagreement as to how the effects of the two components imple¬ 
ment each other; Gnineisen regards the thermal resistivities as additive, 
Eucken, on the other hand, looks upon the conductivities as additive, while 
more recently Peierls rejects both assumptions, on the score that the two 
components are not independent. 

Extreme examples of lattice conduction are provided by such materials 
as sulphur, which while having so extremely small an electrical conductivity 
as to indicate a virtual absence of free electrons, yet have a thermal con¬ 
ductivity which, although only small, is readily measurable (Kaye and 
Higgins 19296 ). We must look to the energy transferred through the 
medium of the atomic lattice as almost wholly accounting for the thermal 
conduction in such high electrical insulators. 

We should anticipate that the nature and complexity of the two con¬ 
ducting mechanisms would be bound up with the direction of flow in a 
metal crystal such as bismuth, since the electronic mean free path is pre¬ 
sumably less in those directions which are rich in atoms. This is supported 
by the present experiments, which show that the influence of a transverse 
magnetic field on both electrical and thermal conductivity is least when the 
flow is parallel to the cleavage plane, and the magnetic field is at right 
angles to this plane, so that the lines of flow remain parallel to the cleavage 
plane. 

Furthermore, we note from Table I that, while for zero field the mean 
electrical conductivity at right angles to the cleavage plane (orientation O') 
is 80 % of that along the plane (orientation A ), the corresponding figure for 
thermal flow is under 60%. The effeot of a high transverse magnetic field, 
say 20,000 gauss, is to leave the electrical ratio unchanged, while the 
thermal ratio is reduced to 60 % (Table IV). This seems to indicate that the 
lattice contribution to heat flow is appreciably greater in the direction 
richest in atoms, unless the dimensions of the lattice in the two directions 
are differentially influenced by a magnetic field to an extent sufficient to 
affect the relative number of electronic collisions. 

In the light of the above, and in view of the success with which the “ | H t ” 
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formula interpreted the electrical observations, we are led to try whether a 
similar formula 

will fit the thermal observations (x t being the fractional alteration of ther¬ 
mal resistance in a transverse magnetic field \ H and y and 8 are con¬ 
stants). Plotting /f 2 /x, against H as before, we find that the formula holds 
excellently for orientation A, reasonably well for C\ and C a , and poorly 
for B. Furthermore, if the “best” straight lines are drawn to represent 
these ordinates for all four orientations, the derived values of y and 8 again 
fall on a smooth curve. * 

On the other hand, if we adopt a similar procedure with the 14 /2 2 ” 
formula, so that we now plot H*/x t against // 2 , we find that the linearity 
fails completely for orientation A , gives only a poor representation for C\ 
and <7 8 , but represents moderately well orientation B. The mean values of 
cl and in this formula are no longer functions one of the other. 

The present experiments may thus be looked upon as confirming the 
view that there are two mechanisms by which a transverse magnetic field 
can affect the conductivity of a bismuth crystal, one leading to an “ | U | ” # 
relation, and the other to an 4t // a ” relation: the former is predominant for 
electrical conduction, while both appear to be operative in the thermal case, 
their relative contributions varying witli the orientation. 

Electrical and thermal conduction in longitudinal fields 

As regards the electrical and thermal changes of bismuth in a longi¬ 
tudinal magnetic field, the present results show that they are much smaller 
than in a transverse field, as would be anticipated on the usual assumptions 
as to the behaviour of free electrons travelling parallel to the field. It would 
appear that a longitudinal field can influence the free paths of only those 
electrons which have components of transverse velocity, since the field is 
directly effective only on electrons with such motions. 

One should not ignore, however, the possibility of appreciable parasitic 
effects in the experimental observations due to the considerable mechanical 
working necessitated by the choice of 4 ‘plate” specimens for the longi¬ 
tudinal fields. Be that as it may, the extreme complexity of the phenomena 
in such fields may be gauged from the fact that while there is no theoretical 
prediction available as to the type of formula which should govern the 
longitudinal resistances, in point of fact, we find that, by comparison with 
the transverse-field results, the electrical resistance follows an 
formula for orientations Z x and Z 2 , the corresponding thermal resistance 
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obeys very closely an “H” formula, while both resistances for orientation 
Y subscribe to neither formula. 

I wish to express my acknowledgements to Mr D. E. A, Jones for 
valuable and efficient assistance throughout the work. I am also greatly 
indebted to Mr J. H. Awbery for helpful discussion. 


Scjmmaby 

The thermal and electrical resistivities of bismuth single crystals have 
been studied at a series of temperatures from 25 up to 160° C. In either 
case, the values for a direction parallel to the trigonal axis are greater than 
for those at right angles. The temperature coefficient is positive in every 
case, being roughly twice as large for the electrical resistivity as for the 
thermal. 

The effects produced on the resistivities of bismuth crystals by magnetic 
fields up to about 20,000 gauss have been measured for various crystal 
orientations using fields both parallel and at right angles to the thermal or 
electrical flow. In all circumstances, the resistivity is increased by an 
amount which is invariably greater (usually substantially) for the electrical 
resistivity than for the thermal. The effects are most pronounced when the 
thermal or electrical flow is parallel to the trigonal axis, and the field is at 
right angles to one of the three “lines” or secondary axes. The effects are 
least pronounced when the field, the flow and the trigonal axis are all parallel. 
In all the orientations, the effects are relatively small and approximately 
parabolic for fields up to about 2000 gauss, thereafter becoming linear and 
more pronounced for stronger fields, except for one or two orientations 
where there is a tendency to “saturation”. 

The observations lend support to the view that there are two conducting 
mechanisms through the medium of which a magnetic field can affect the 
conductivity, one predominating for electrical conduction while both appear 
to be operative for thermal conduction, their relative contributions varying 
with the orientation. 
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